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The recession that started by the end of 2007 in the United States and later
on in Europe, popularly known as the great recession, has put a question mark
on some traditional methods for forecasting, in particular dynamic factor
models. These models exploit the comovement of a multiple set of variables
to predict macroeconomic aggregates such as inflation or GDP growth. But
this episode has demonstrated that the comovement story is incomplete when
the dynamics of the variances are not considered.

We show that introducing time-varying variances in traditional Dynamic
Factor Models helps not only to solve estimation problems but can also im-
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1. Introduction

The recession that started by the end of 2007 in the United States and later on in Europe,

popularly known as the great recession, has put a question mark on some traditional
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methods for forecasting. The majority of these models were incapable of predicting the
timing and also the magnitude of the recession. With the high uncertainty about the
recovery and indicators that were sometimes misleading, forecasting has become more
challenging. As a matter of fact, the magnitude of the recession was so important that it
is comparable to the recessions of the 1970s and so unusually big for the recent times that
it has become very complicated to make predictions about the future with traditional
methods. Some people have included financial variables in their macro models to account
for the volatility, because the recession started as a financial crisis and the financial
sector has a more important role than ever. However, there is increasingly a consensus
that what is crucial is to take into account the changes in the level of uncertainty or
volatility in models to predict macro variables such as GDP or inflation. In other words,
macroeconomics and volatility are closely related because finance and macroeconomics
are more interconnected than ever.

After the double-dip recession in the USA in the beginning of the 1980s, there was
a process of declining variance of the main macroeconomic aggregates called the great
moderation. Since then, the cycles were smoother, especially the recessions, but also
the recoveries were milder. The same smoothing phenomenon was observed in Europe,
although not as markedly. However, the last recession involved a sharp decline in output
growth. In the specific case of the Euro area, where the available historical data set is not
as long as for the US, the small sample size aggravates the problem because the impact
of the most recent observations is inversely proportional to the length of the data that
precede it. All the models, and in particular the Dynamic Factor models (DFM), failed
to predict the great recession. The key question is why they were not able to do it.

There is a consensus in the economic literature about some stylized facts for key
macroeconomic time series. First, there is a strong comovement or correlation among
most of the macroeconomic indicators, especially at business cycles frequencies (from
the earliest works by Burns and Mitchell (1947), Geweke (1977) and Sargent and Sims
(1977), to the most recent ones which exploit this comovement by means of factor models
to predict GDP growth, among others Camacho and Pérez-Quiros (2010) or Angelini et
al. (2011)). This explains the popularity of factor models to estimate and forecast
the business cycle. Second, in crises episodes the volatility of most indicators increases
(see Engle (1982) and Stock and Watson (2007) for inflation; Weiss (1984) and Ewing
and Thompson (2008) for industrial production; Ho and Tsui (2003) and Fang, Miller
and Lee (2008) for GDP growth). This is what is called wvolatility clustering or non-
constancy of the conditional variance over time. Third, the aforementioned phenomenon

occurs simultaneously in many macroeconomic series. Therefore, we can conclude that



there exists volatility comovement (related works: Bollerslev (1990) for exchange rates;
Cappielo, Engle and Sheppard (2003) for equities and bonds; Ho, Tsui and Zhang (2009)
for sectoral industrial production). And finally, given that the volatility is higher during
recessions than expansions, there is a leverage or asymmetric effect because negative
shocks have a higher impact on volatility than positive shocks (see for instance Ho and
Tsui (2003) and Fang , Miller and Lee (2008) for GDP growth, Ewing and Thompson
(2008) for industrial production, and Ho, Tsui and Zhang (2009) for sectoral industrial
production). Many models, such as the popular DFMs, have focused on the first stylized
fact without considering the others. But the recent crisis has shown how important it is
to take them into account.

In his recent book “Anticipated correlations” (2009) Robert Engle indeed pointed out
that a model which does not update volatilities and correlations will make much bigger
mistakes when the markets are changing. The literature on business cycles has focused
on the comovement and the non-linear behavior of the conditional mean in order to iden-
tify recessions and expansions, without explicitly considering time-varying features of
higher order moments (e.g. conditional variances or correlations). However, conditional
heteroscedasticity, asymmetric volatility and time-varying conditional correlations have
important implications for business cycle theory and especially for forecasting. Further-
more, Nelson and Foster (1994) argued that phenomena like fat residuals or leverage
effects are potentially more important than misspecifying conditional means. For all
these reasons we think that the comovement story is incomplete when the dynamics of
the second order moments are not considered.

The aim of this paper is to study in which ways we can modify the standard DFMs to
take into account the non-constancy of second conditional moments (i.e. the variance and
the correlations). Our point is to take this instability into account in the most parsimo-
nious way by introducing time-varying variances in the common factor of the DFM. As
we will discuss later, this involves that the conditional correlations are also time varying.
We will show that DFMs under serial heteroscedasticity do a better job at forecasting
than under homoscedasticity. Our empirical strategy entails several advantages: i) we
get an estimate of the volatility as a by-product; ii) we take into account the changing
level of uncertainty in the confidence intervals for the conditional mean forecasts; and iii)
the implicit conditional correlations are time-varying. However, this comes at the cost
of introducing an additional source of error, because in some cases the parameters of the
volatility models are difficult to estimate.

The structure of the paper is as follows. Section 2 reviews the literature on how works

in macroeconomics have dealt with the volatility problem. In Section 3, the DFMs and



possible extensions to account for time-varying variances are presented. The results of
a Monte Carlo experiment are explained in Section 4, and Section 5 presents Stock and

Watson’s (1991) coincident indicator as empirical application. Section 6 concludes.

2. Macroeconomics and volatility

2.1. Some stylized facts

The data we are going to use in this work correspond to the four monthly indicators
that Stock and Watson (1991) used to construct a coincident indicator for the United
States and that the National Bureau of Economic Research (NBER) closely monitors to
date peaks and troughs in the economic activity. These indicators are: i) The industrial
production index which is a monthly measure of production. The main shortcoming is
that it only represents manufacturing, mining and utilities sectors, excluding services
and government sectors. ii) The real personal income less transfers, which is the monthly
measure closest to real Gross Domestic Product (GDP) precisely due to the fact that the
transfers are subtracted and the nominal series is deflated with the interpolated quarterly
GDP implicit price deflator. iii) The employment series which is typically monitored and
included in Stock and Watson’s indicator is the number of non-farm payroll employees.
It consists of the number of filled jobs in the business sector excluding agriculture and
is based on the Current Employment Survey (CES). iv) Finally, the real manufacturing
and trade sales is another monthly indicator of output, although it only includes sales of
goods and imported goods but not services. In order to be comparable to real GDP, the
nominal sales are deflated in the same way than the personal income.

Figure 1 represents the rates of growth and the estimated volatilities using simple
GARCH(1,1) models for the quarterly real GDP and the four monthly variables of Stock
and Watson’s (1991) coincident indicator for the US mentioned above: industrial pro-
duction, real personal income less transfer payments, real manufacturing and trade sales,
and non-farm payroll employment. We see that the majority of these indicators exhibit
a higher conditional variance during recessions, especially in the recessions of the 1970s
and the last one in 2007. We also observe a global reduction in total variance since the
mid-1980s (i.e. the great moderation).

In the top of Figure 2 we plot the absolute value of the determinant of the correlation
matrix as a measure of linear relationship for these series. It will be 0 if the variables
are perfectly and positively correlated, and 1 whenever the variables are not correlated
at all. In order to make this measure more intuitive, we represent it as 1 minus this

determinant. In this way, values close to 1 indicate highly correlated series and 0 the



opposite. It is computed using a rolling window of 5 years over the sample from 1959 to
2011. We observe that the total mass of correlation in general has decreased over time as
it had passed from values around 0.8 to around 0.3. There is a turning point around the
mid-1980s, at the time of the great moderation, but during recessions (shaded areas are
the officially dated recessions by the NBER) the correlations increase, especially during
the great recession.

In the bottom of Figure 2 we show the same measure of global comovement as before
but this time for the estimated volatilities. The graph shows that there exists a certain
comovement between the volatilities, in particular during recessions. What we can con-
clude from all this is that the instability and asymmetries in variance are transmitted
to the correlations in a way that times of common high volatility coincide with times of

high correlation. Therefore, the correlations are also time-varying.

2.2. The importance of variance

As Hamilton (2008) stated, most macroeconomic studies have concentrated their ef-
forts on the conditional mean disregarding the information contained in the conditional
variance. However, there is an increasing number of more recent works that stress the
importance of accounting for variance instability for the reliability of the results.

The most well-known problem caused by non-constancy of the variance is the ineffi-
ciency of the estimates. The estimation of linear models by Maximum Likelihood (ML
henceforth) is consistent even when GARCH effects in the disturbance are ignored (Weiss,
1984), but the estimators will not be efficient any more. Hamilton (2008) shows that,
even when our main interest is the conditional mean, modeling the conditional variance
correctly is important for two reasons: i) OLS standard errors can be misleading and
result in spurious regressions because we strongly reject a true null hypothesis (i.e. type
[ error); ii) the inference about the conditional mean can be badly influenced by outliers
and high-variance episodes.

Another issue are identification problems. Fiorentini and Sentana (2001) found that if
factor models are estimated without taking time variation in the conditional variances
into account, neither the loading matrix nor the noise variance are identified without
extra restrictions. However, the identification problems are somehow alleviated when
this variation is accounted for, as there is a relative efficiency gain which increases with
the variability of conditional variances.

In estimation methods like ML there could be convergence problems due to a compli-
cated shape of the likelihood with multiple modes and some flatter regions. This could

even result in Heywood cases, a case in which ML accommodates the parameters to reach



maximum in-sample fit, with absurd parameter values such as negative or zero variances.
The likelihood can also have a point mass at zero values of the parameters (Stock and
Watson, 1998), which is known as pile-up problem. Usually this occurs when there are
convergence problems because the algorithm is going through points in a region of non-
identification. On the other hand, as pointed out by Box-Steffensmeier and Lebo (2008 ),
in methods like rolling window estimation or the popular Kalman filter, the most volatile
period dominates the estimations making the model lose memory. In the rolling window
case it is because the rolling estimation introduces a small sample bias. In the Kalman

filter estimation, as we will see later, it is due to the construction of the filter.

2.3. Literature review

There is an agreement in the literature that mean shifts are less important for the variance
than variance shifts are for the mean. In this respect, some works in the literature of
structural break tests in mean have noticed that the distribution of the test statistic
may be affected. Two of the proposed solutions are to consider either bootstrap p-values
adapted to the instability of variance for these tests (e.g. Blocks or Wild bootstrap)
or Bayesian mixture innovation models (Gerlach et al. (2000) and Giordani and Kohn
(2008)).

Regarding the literature based on unobserved component (UC) models, Bos and Koop-
man (2010) notice the relevance of modeling the mean and the variance at the same time
in an univariate UC model for industrial production. They introduce stochastic volatility
to improve the fit of the model because in this way observations from non-volatile periods
receive more weight.

In the VAR and SVAR literature the most influential works which have introduced
time-varying variance in this framework are those trying to explain the reasons for the
great moderation in the US. Basically there are two theories: good policy vs good luck.
The good policy approach argues that changes in the transmission mechanism of mon-
etary policy played a role in the great moderation. In contrast, the good luck story
focuses on the reduction of the volatility of the shocks. From a practical point of view,
for disentangling both effects it is necessary to extend the VAR/SVAR models in a way
that the variance of the shocks is time-varying and the impulse responses or covariances
also change over time, as in Primiceri (2005) and Koop et al. (2009).

In relation to the identification of turning points, Chauvet and Potter (2010) demon-
strated with Bayesian probits that the best model to predict turning points in the eco-
nomic activity for the US is one with recurrent breaks in variance, and Creal, Koopman
and Zivot (2010) show that the beginning of the recession in 2007 is better identified



when they introduce stochastic volatility in their multivariate trend-cycle decomposition
model.

For forecasting, most of the works that combine mean and variance modeling at the
same time are at an univariate level. Espasa et al. (2010) at a univariate level and Alessi
et al. (2009) at a multivariate level show that identifying the source of uncertainty helps.

When we turn to DFMs, there are very few works that have extended these models
to account for changes in variance. There are different ways in which the variance could
adapt over time. On the one hand, it could be observation-driven, such as in GARCH
models, where the conditional variance depends on past observations. Alternatively, it
could be parameter-driven, such as in Stochastic Volatility (SV) models, because the
conditional variance depends on a latent (or unobserved) component estimated in a state
space model. The latter is more flexible although more complicated to estimate. It is
important to notice that these time-varying parameter (TVP) models work well when
the changes in the parameters are gradual (“many small breaks”). Large and infrequent
breaks, such as the great moderation, are more difficult to pick up with these models,
especially with the observation-driven approach.

There are two influential papers based on the observation-driven approach. First, Har-
vey, Ruiz and Sentana’s (1992) static factor model including ARCH for the variance of
common and idiosyncratic factors. They show the importance of including a correction
term in the estimation that accounts for the estimation error in the unobserved factor.
Second, Alessi, Barigozzi and Capasso (2009) estimated a dynamic factor model distin-
guishing between static and dynamic factors. The static factors are linear combinations
of dynamic factors and are orthogonal. In contrast, the dynamic factors (or common
shocks) are correlated. This fact allows to exploit the multivariate dimension to account
for time-varying variances in the model as the variance-covariance matrix of the dynamic
factors will follow a multivariate GARCH model'. Therefore, the static factors will be
weak GARCH processes. The variance of the idiosyncratic factors will follow independent
and univariate GARCH models. In the empirical example, they demonstrated that this
approach leads to a small improvement in forecasting inflation at different horizons. As
a by-product they get estimates and forecast of the conditional volatility and the covari-
ances. Their model can be considered a special case of the structural ARCH developed
by Harvey et al. (1992). But notice that this paper belongs to a growing literature on
multivariate volatility models which are related to the conditional heteroscedastic DFM.

The philosophy of multivariate volatility models? is slightly different from the traditional

!They consider two possibilities: a BEKK model and a Dynamic Conditional Correlation (DCC) model.
See a survey on multivariate GARCH models in Bauwens, Laurent and Rombouts (2006).



DFM as their purpose is to estimate and explain conditional variance-covariance matri-
ces with the observed variables. But Sentana (1998) demonstrated that under certain
conditions, they are observationally equivalent.

Regarding the parameter-driven approach, a recent paper by del Negro and Otrok
(2008) estimates from a fully Bayesian perspective a DFM in which all parameters are
time varying. The variances follow geometric random walks and the loading coefficients
are random walks. In this framework many strong assumptions are required in order
to identify the model. In contrast, Stock and Watson (2010) proposed a DFM with
stochastic volatility in the variance of common and idiosyncratic factors. They account
for the large break in variance of the great moderation by introducing dummy variables.
In the next section we will provide more insights about how to extend traditional DFM

to account for variance instability.

3. Dynamic factor models and volatility

3.1. Dynamic factor models

Traditional factor models (e.g. the static factor model, the generalized dynamic fac-
tor model, etc.) have been successfully employed to forecast the conditional mean of
macroeconomic variables such as inflation or GDP growth. Typically, they assume that
there are some common unobserved factors that help to explain the comovement of the
series, although this does not explain the whole behavior of the series. There is a part
that is specific to each series which is the idiosyncratic component. In order to iden-
tify these components some assumptions are required. Here we present the state-space

representation of a simple factor model:

ye = H fi + &, (3.1)

fe=Ffi1+u (3.2)

with & «~ N(0,R) and w; «~ N(0,Q), where v = {y1s,...,yn¢} is the vector of N
series for t = 1,...,T; fi = {fit, -+, frt} 1s the vector of K common factors that follow an
autoregressive model (for simplification we assume p = 1); and &§ = {&u, ..., &N} s the
vector of N idiosyncratic components. To simplify we do not introduce dynamics in this
component. H is a NxK matrix with the factor loadings in the measurement 3.1, F'is a
Kx K matrix of the autoregressive coefficients for the transition 3.2, and R and @ are the

variance-covariance matrices of the idiosyncratic components and the innovations in the



factor equation. Both are diagonal matrices of dimensions Nz N and Kz K, respectively.

To identify the unobserved components the following assumptions are usually made:
i) u is an orthonormal white noise involving that var(u;) = @ = I. This normalization
assumption is crucial to identify the loadings and factors; ii) &; is a zero-mean stationary
process and independent across i; iii) &;—x and uj; are mutually orthogonal (indepen-
dent), for all integer k, i, and j (i.e. exact factor model). This orthogonality assumption
is sometimes relaxed to allow for a limited amount of cross-sectional correlation (i.e.
approximate factor model). Assumptions ii) and iii) guarantee that all the comovement
comes from the common factors and make it possible to identify common and idiosyn-

cratic factors. Notice that this model implies the variance-covariance decomposition

var(y)) = ¥ = Hvar(fy)H + R (3.3)

Regarding the estimation method, Maximum Likelihood with Kalman filter® is typi-
cally the preferred method for small or moderate IV, and Static and Dynamic Principal
Components Analysis (PCA and DPCA) for large N. Fiorentini and Sentana (2001)
showed that by estimating these models without taking time variation in the conditional
variances into account, neither the loading matrix nor the noise variance were identified
without extra restrictions. However, if only some factors have conditional heteroscedastic
variances and we take it into account in the estimation, the loading matrix is identifiable.
Therefore, the identification problems are alleviated when variation in factor variances
is accounted for because there is a relative efficiency gain to estimate the loading matrix
and the variances of the idiosyncratic components, which increases with the variability
of the conditional variances. Besides, the indeterminacy of factors is small when the
variance of idiosyncratic components is small compared to the variance of the common
component, Hvar(f;)H'. This means that in the hypothetical case that @ = I and
F =1, if the trace of HR™'H' is large, the indeterminacy of the factor is small. Notice
that in this case the inverse of the idiosyncratic variance-covariance matrix R~! is also
the inverse of the signal-to-noise ratio, and H will be unique if HR~'H' is diagonal.

An efficient method to estimate the state variables given the parameters is the Kalman
filter. This filter estimates the state variables as a weighted average of the most recent
observed values of the variables together with the past values, f,, i, = Z;:l w; (fr116)Ys-
Koopman and Harvey (2003) derived the weights w;(f;11};) of the Kalman filter analyt-
ically and showed that they vanish geometrically in a way that most recent values have

more importance than older values. The weights are crucial because they determine how

3Tt is important to take into account that this parametric method requires sufficient additional structure
to ensure identification. See Stock and Watson (2004).



the new information is incorporated into the estimation of the state variable and, there-
fore, into the forecasts. Following Koopman and Harvey, the expression for the predicted

state at time ¢ 4+ 1 given the information at time ¢ in our case is:

t—1 t
feop=FEKy+ ) FEKy; [[ FUI - KH) (3.4)
j=1 i=j+1

where the K is the Kalman gain at time j and given by: K; = Pj;_1H'(HP;;_1H' +
R)~!. Notice that the Kalman gain depends inversely on the variance of the disturbances
in the measurement equation R and also on the predicted state variance P;j;_1, which
is influenced by the initial state variance P; and the variances of the disturbances in the
transition equations Q.

The forecasts of the variables at time ¢ + 1 given the information at time t are

t—1 t
Yerrpp = Hfporp = HF Ky + Y HFKjy; [ F(I- KH) (3.5)
j:l i=j+1

The first term of the summation is equivalent to the pooling term in Pena and Poncela
(2004) and it is very important for the forecasts. The weight of this term depends on
the signal-to-noise ratio (Q/R), the squared of the loading matrix (H) and whether the
state variables are stationary or not (F).

The Kalman filter is designed in a way that it reaches the steady state in very few
iterations and the Kalman gain will remain in its steady state value, which is constant.
This creates problems in episodes of instability in variance. To understand why these
models have problems to predict a recovery, suppose we are in the beginning of the
recession and many variables drop dramatically. Assuming that the parameters are fixed
or known, the forecast of the Kalman filter one period ahead will be driven mainly by
the abnormal negative value of the last period, because past values and their weights
are constant and neglectable. Over time, abnormal negative values will go to the second
part of the sum, and even though their weights become smaller over time, they can still
play an even more influential role than the most recent values. It is as if the model
has lost memory and only the observations of the volatile period count. This is in
agreement with Box-Steffensmeier and Lebo (2008) who demonstrated that methods like
the Kalman filter or moving averages (i.e. rolling regressions or recursive regressions)
in linear regression models cause problems with statistical inference and forecasting in
presence of variance instability. They show that once the instability period is over, the

model seems to lose its memory and does not use the past history any more. In other
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words, the most volatile part dominates and the model has only short-run memory.

On the other hand, imagine that one variable or a set of variables with a small Kalman
gain or loading coefficients are among the first to signal the recession. Given that their
weights are going to be constant and small, these atypical values will hardly have an
effect on the forecasts. If the weights of the Kalman filter were not constant but instead
updated, they would react in some episodes in a way that the model would not lose
memory. One possible solution is to make the loading matrix time-varying. Alternatively,
we could modify the filter in order to allow the Kalman gain to change over time. This
is essentially what we do in the presence of missing values where the gain is fixed to zero
for those observations with the aim of giving them null weight.

In practice, what is going to happen in most cases is that the maximum likelihood
estimation accommodates the parameters to reach maximum in-sample fit. This can
cause problems in out-of-sample forecasting. Furthermore, there can arise convergence
problems because the likelihood function is flatter or its shape is complicated, for instance
because of multiple modes. Additionally, we could get negative or zero values for the
estimated variance of idiosyncratic factors (Sentana, 2000). These so-called Heywood
cases may be caused by including too many or too few common factors, N and T being too
small to provide stable estimates, a misspecified model, etc. The incidence of Heywood
cases increases with the variance of the idiosyncratic components and the maximum

likelihood method is especially vulnerable.

3.2. Proposed solution

One possible way of dealing with instability of second moments is to introduce time-
varying parameters in the loadings matrix. However, in a model of unobserved compo-
nents it would create further identification problems and some additional assumptions
would be required. Alternatively, we could consider switching regimes in the common
factor for the first and/or second moments (e.g. Camacho et al. 2012), but it might be
difficult to determine the number of regimes and the pattern of switching. Instead we
propose a more parsimonious solution that involves modeling the conditional variance
of the innovations of the common factor ;. Introducing heteroscedasticity in factor
models may improve forecasting and statistical inference because it is going to affect the
signal-to-noise ratio which is crucial for forecasting and to identify the components. We
will assume that @ follows either a GARCH or an Autoregressive Stochastic Volatil-
ity (ARSV) model. In this way the DFM implies the following conditional variance-

covariance decomposition:
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var,_1(y) = HQ:H' + R (3.6)

but if the factors are covariance stationary (i.e. E(Q:) = @), we will have the same

decomposition in unconditional terms:

E(S) =HE(Q)H +R=HQH' +R (3.7)

According to Sentana (1998) introducing heteroscedasticity in the common factors has
interesting implications for the conditional correlation between two variables, which is

given by:

P12t = fahage
vV (B3q + 1) (h3qr + 12)

Introducing time-varying variance in the common factor ¢; captures the aforementioned

(3.8)

stylized facts: the volatility clustering, the commonality in volatility clustering and the
relationship between variance and correlation. This is, that periods when the variables
are more correlated coincide with those when the variance of the variables increase si-

multaneously. Notice that the correlation is strongly related to the signal-to-noise ratios

qt/r1 and g¢/ro.

4. Monte Carlo experiment

4.1. Factor GARCH

The first experiment we have performed is to simulate 100 times a DFM for four series
(sample size 200) with only one common factor. The common factor and the idiosyncratic
components follow AR(2) processes, but our results are not sensitive to this choice.The

innovations of the common factor are conditionally heteroscedastic. In particular, they
follow a GARCH(1,1):*

Qi=(1—a—p)+aul i+ Qi1 (4.1)

We distinguish two cases: a) a = 0.3,8 = 0.5: persistent but smooth GARCH. b)

a = 0.5, = 0.3: persistent but volatile conditional variance. With the simulated series

“Notice that the model assumes that the unconditional variance is 1. As we use variance targeting
proposed by Engle and Mezrich (1996), the conditional variance is expressed in terms of the uncon-
ditional variance.
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we simultaneously estimate the parameters® and the conditional variances by ML. This
increases the efficiency of the estimation, especially in large samples, although it is com-
putationally more difficult. Alternatively, we could use a two-step procedure, but Engle
and Sheppard (2001) concluded that these estimators are not fully efficient as they use
limited information. Notice that in the estimation step we take the number of factors
and the lags of the idiosyncratic errors and factors as known, although this is in practice
an additional source of error.

Our interest is to study the one-step-ahead out-of-sample forecasting properties of
factor GARCH when we compare it with a standard homoscedastic DFM. The results
of the simulations are collected in Table 1. What we theoretically expect is that an
incorrectly specified model such as the homoscedastic one does a bad job. In contrasts,
what we obtain according to the root mean squared error (RMSE) is that on average
it performs comparable with the factor GARCH. Possibly the reason for the similar
forecasting abilities is that GARCH introduces an estimation bias because the GARCH
parameters are not very precisely estimated. As shown by Fiorentini and Sentana (2001),
B is much more imprecisely estimated than «. Apart from this reason, Bos and Koopman
(2004) and Harvey et al. (1992) demonstrated that in this situation the Kalman filter
is no more optimal because the filter is evaluating a likelihood that is not linear any
more as some of the parameters depend on squared observations. So, in reality it is
evaluating a quasi-likelihood function. Furthermore, the estimation of GARCH models
is very sensitive to the existence of non-normal residuals, outliers and structural breaks.

We also compare the factor GARCH with the DFM including stochastic volatility that
will be studied in the next subsection. The model with stochastic volatility performs
worse. Moreover, the test of forecast accuracy developed by Clark and West (2007) does
not reject in any case the null hypothesis that the forecast accuracy of the heteroscedastic

models is similar to the one in the homoscedastic case.

4.2. Factor stochastic volatility

The shocks governing the volatility may not necessarily be the innovations of the common
factor. Therefore, a natural step is to extend the model to account endogenously for other
types of shocks. This is the case of the ARSV model. Empirically it has been found
that a simple ARSV fits the data equally well as more heavily parameterized GARCH
models. Apart from that, ARSV is more flexible than GARCH models, even though

it requires simulation methods to estimate the unobserved innovation of the variances.

®To guarantee positive variances we reparametrise the GARCH parameters in the following way: o =
sin®(a*) and B = sin?®(8*)(1 — «). The initial value for Q; is Q1 = E(Qy).
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The complexity of estimating these models introduces an additional estimation bias and
the uncertainty in the estimation of the stochastic volatility must be taken into account
inside the likelihood. This together with the fact that the model is no more linear and
Gaussian gives as a result that there is no analytical expression for the likelihood, and
thus, numerical methods are required to compute it. Regarding these methods, there
are two approaches in the literature: the Monte Carlo Markov Chain (MCMC)% and the
Sequential Monte Carlo (SMC)7 simulation-based methods.

MCMC is an iterative algorithm and typically delivers smoothed estimates (i.e. smooth-
ing algorithm as the estimations of the parameters and variables of interest are based
on all the information available in the whole data set). In contrast, the SMC is a recur-
sive algorithm which is more appropriate for real time or on-line analysis® (i.e. filtering
algorithm). As noticed in Primiceri (2005), smoothed estimates are more efficient and
suitable when our objective is to identify and estimate the evolution of unobservable
states over time (e.g. identify structural shocks), whereas filtered estimates are better
for forecasting. As the latter applies to our study, we consider simulation-based filtering
SMC methods such as particle filters, which are also much easier to implement than
MCMC methods.

The purpose of SMC methods is to sequentially update samples from posterior distri-
butions via importance sampling and resampling techniques. According to Doucet, de
Freitas and Gordon (2001) particle filters produce Monte Carlo approximations to poste-
rior distributions by propagating simulated samples whose weights are updated against
incoming observations and taking advantage of the state-space representations of dy-
namic models. Therefore, each particle is a sampled value of the state vectors and/or the
parameters of interest. In the state-space framework, these filtering algorithms perform
reasonably well at filtering states in non-linear and/or non-gaussian models. Actually
Fernandez-Villaverde and Rubio-Ramirez (2007) show how particle filtering is useful to
estimate dynamic macroeconomic models, in particular, dynamic stochastic general equi-
librium (DSGE) models because the economies can be non-linear and/or non-normal.
Moreover particle filtering is a likelihood-based approach comparable to the Bayesian
averaging, where the weights depend on the likelihood of each particle.

The most popular SMC filter is the Auxiliar Particle Filter (APF) of Pitt and Shephard

(1999) that uses the optimal importance density to compute the importance weights in

6See Robert and Casella (2004) for an overview of MCMC.

"See Doucet, De Freitas and Gordon (2001) and Creal (2009) for a survey of SMC methods, and
Fernandez-Villaverde and Rubio-Ramirez (2004) for an illustrative example.

8Notice that the filtered estimates of the volatilities in DFM-SV estimated by SMC are directly com-
parable to the estimated volatilities in the DFM-GARCH because both rely on past information.
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the sampling step. The optimality involves perfect adaptation of the algorithm. A similar
but more efficient method is the Rao-Blackwellised Particle Filter (RBPF henceforth)
(Chen and Liu, 2000; Andrieu and Docet, 2002). It is based on marginalization via
Kalman Filter to reduce the Monte Carlo variation and improve numerical efficiency.

It is typically assumed that the parameters of the model (e.g. the loadings or the
autoregressive parameters for the state factor in our DFMs) are known or given. In
practice, however, these parameters are unknown and have to be estimated. This causes
problems in the previous algorithms because they should sequentially update the pa-
rameters given the estimated filtered states, and viceversa, update the estimated filtered
states given the estimated parameters. There are very few works that have dealt with
this problem. One possible solution proposed by Aguilar and West (2000) is to estimate
the parameters and the states with MCMC methods (e.g. Gibbs sampling) to fit the
model to historical data, and then to carry out sequential particle filtering only on the
states to forecast given the parameters previously estimated by MCMC. The problem
is that MCMC usually is computationally very intensive. Therefore, running MCMC
each time a forecast exercise is performed is not very practical, especially for real time
analysis. What is necessary is a method capable of modifying the filtered and predicted
values fast and efficiently as new information arrives. In this line of reasoning, a few
works have adapted the sequential filtering algorithms to allow for sequential parameter
learning. This learning process is based on one idea introduced by Gordon et al. (1993)
in a different context and consists in adding small random perturbances to the parameter
draws. This is a way of introducing an artificial evolution to the parameter as if they
were time-varying even though they are constant over time. In reality, what is changing
is the estimation of the parameters given the states. As the introduction of these shocks
can lead to problems in the precision of the inferences, Liu and West (2001) considered
a kernel smoothing of the parameters. They impose a Gaussian kernel with a shrinkage
rule for the mean value (kernel location) to reduce over-dispersion, and a scale of the
kernel that is a function of the smoothing parameter.

The aforementioned work of Liu and West (2001) proposed a general algorithm that
incorporates this kernel parameter learning into the APF. However, in this paper we
instead use the RBPF, also known as mizture Kalman Filter. It is preferable because
it combines the standard and popular Kalman filter with Gaussian mixtures. Given the
characteristics of our state-space model (i.e. conditionally linear and Gaussian), it is
more efficient and flexible to use this extended version of the Kalman filter because it
easily accommodates departures from normality and non-linearities. More details on this

algorithm can be found in the Appendix.
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Nevertheless, it should be noticed that there is evidence showing that the APF, and
to a lesser extent RBPF, could degenerate for sequential parameter learning and result
in inaccuracies, especially for the variance of the innovations of the volatility. This
parameter is crucial, not only for particle filtering but also for MCMC. As Liu and
West (2001) commented: “Sequential simulation-based filtering methods must always be
combined with some form of periodic recalibration based on off-line analysis performed
with much more computational time available than the filtering methods are designed
to accommodate”. They propose to monitor the learning process of the parameters and
compare it with their values when the model is estimated by MCMC. But as in some
cases the problem of parameter degeneracy is very serious, they also suggested to use the
parameter values obtained by MCMC or Maximum Likelihood (also known as off-line
methods) to avoid inaccuracies.

Additionally, when the number of parameters is very high, this problem could become
so important that it leads to a sample impoverishment or depletion. The reason is that
due to the high variance of the importance weights over time, very few particles are
used in each iteration to approximate the posterior distribution. Because of that, it is
necessary to monitor that there is no weight degeneracy or that the number of dead
particles is not very high. In order to do that we compute several measures such as: i)
the survival rate, SRy = (1 — N;)/D, where Ny is the number of non-selected particles
at time t and D the number of total particles; ii) the effective sample size (Liu, 1996),
ESSt=(1/ Zil wt(m)_1 where wt(i) is the importance weight of particle ¢ at time ¢; and
iii) the Shannon entropy, SE; = — Zi’;l wgi)ln(wy)). We have to check for instance that
the survival rate or the entropy do not decrease over time, and the effective sample size
is not lower than 60-80% of the total particles generated. In practice, the performance
of the parameter learning requires a bit of tuning of the width of the kernel and the
variance of the artificial noise.

Now we repeat the same forecasting experiment performed in the previous subsection.
First, we simulate 100 times a DFM for four series (sample size 200) and one common

factor. But this time the innovations of the factor follow the SV model

In(Qr) = In(Qr—1) + wy (4.2)

Then, we estimate again 3 models: the homoscedastic DFM, the DFM with factor
GARCH, and the DFM with factor SVY. The results are displayed in Table 2. In con-

9The resampling method used is the stratified sampling, and the discount factor in the parameter
learning algorithm is 0.9. Different resampling methods and values of the discount factor led to very
similar results.

16



trast to the GARCH case, this time the SV clearly outperforms the GARCH and the
homoscedastic models. In fact, the test of forecast accuracy does not support the hy-
pothesis that the homoscedastic model performs similar at forecasting. Nevertheless,
although it is not shown, notice that in the SV model the parameters are estimated with

a small bias due to the kernel smoothing method.

5. Empirical application: Stock and Watson’s (1991) DFM

Stock and Watson (SW, 1991) proposed a simple DEM to estimate a coincident indicator
of the economic activity for the United States from four monthly series. These series
are carefully monitored by the NBER in order to date a chronology of the peaks and
troughs, or beginning of recessions and expansions. This model became very popular
to construct business cycle indicators and has subsequently been extended by Kim and
Nelson (1999) and Mariano and Murasawa (2003). However, Stock and Watson (2008)
showed in their work about forecasting with DFM in presence of instabilities that the
estimates of the common factor are quite stable and, in contrast, the estimates of the
loadings or regression coefficients are quite unstable. Therefore, they concluded that the
best strategy to produce accurate forecasts in this framework is to use estimates of the
common factors using the full sample, and estimates of the loadings using only a sub-
sample or time-varying estimations. This is related to the idea that the best predictors are
not always the same indicators or, in other words, the time-varying relationship among
variables. Later on many subsequent papers considered a large number of indicators
because large cross-sections provide insurance against structural instabilities.

Using the same specification as SW(1991) and our proposed extensions, we perform
next a forecasting exercise out-of-sample and in pseudo real time. We predict one-period
ahead from 1994.01 until 2011.04, re-estimating the model each period but using the last
vintage of data available (May 2011). The results are collected in Table 3.

We see that introducing stochastic volatility in the common factor reduces the one-step-
ahead mean squared error (MSE) and the mean absolute error (MAE) when we consider
the whole period, 1994.01-2011.04, and especially for the great recession, 2007.12-2009.06.
In contrast, introducing GARCH does not lead to significant forecasting improvements.

We also compute forecast accuracy tests to compare all the specifications with the
homoscedastic DFM. There are two well-known one-sided tests in the literature: Diebold
and Mariano (1995) and Clark and West (2007). The former is very popular because it is
very robust to non-quadratic loss functions and when the forecast errors are non-gaussian

or have non-zero mean or under serial and contemporaneous correlation. However, it is
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more suitable to test forecast accuracy in non-nested models and it does not take into
account the noise introduced by the estimation of parameters. In order to do that the
second test introduces a correction term. Apart from that, Clark and West’s test is
designed to forecast evaluation in nested models, as in our case. It compares a small
model with a larger one which encompasses it. The results of Clark and West’s test are
collected on Table 4. Notice that to compute it we assume a quadratic loss function and
asymptotic normality of the computed statistic, and we use Barlett’s window to compute
the long-run variance together with the optimal lag truncation parameter suggested by
Newey and West (1994).

Considering both the MSE and the statistical test, we can conclude that in general the
models with heteroscedasticity in the common factor improve the forecast accuracy for
most of the series and also during the great recession. However, as stressed by Diebold
and Mariano, it is important to consider that the superiority of a particular model in
terms of forecasts accuracy does not necessarily imply that forecasts from other models
contain no additional information. Therefore, our conclusion does not mean that the
forecasts of the homoscedastic DFM are wrong or not informative at all. But in specific
situations such as in a very serious crisis like the great recession, or when the level of
uncertainty is very high, it could be worth to consider heteroscedastic models.

As we are going to see next, there are some additional advantages of our approach.
First, it is straightforward to obtain the implicit correlations. For simplicity we have
computed once more our measure of comovement with the estimated correlations that is
directly comparable with the recursive measure computed before.

In Figure 3 we see that in all cases we observe an inverse S shape. This means that the
correlations would have been higher in the beginning and would have gone down with
the great moderation. Nevertheless, there are some symptoms of increasing correlation
in the last part of the sample. This is in stark contrast with the constant correlation
assumption in the standard DFMs.

As a useful by-product of our approach we get an estimate of the volatility of the
common factor, which in this business cycle model can be interpreted as a measure of
the broad macroeconomic risk. The GARCH and SV (filtered) estimates of the common
factor’s volatility are displayed in Figure 4. It picks up the two facts mentioned before:
the great moderation and the higher volatility during the recessions. Notice that both
measures are realized volatilities as they are filtered estimations.

We have performed the exercise of estimating the smoothed volatility in the DFM
with stochastic volatility in the common factor by MCMC methods which is displayed in

Figure 5. We observe the same pattern as before in the filtered volatility but in an even
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clearer way.

One advantage more of our SMC method is that as it is designed for non-linear or
non-gaussian models, it is straightforward to introduce additional non-linearities in our
DFM-SV. In this way, we have estimated the model considering Markov Switching in
the mean of the factor, with two states corresponding to expansion and recession. It
is also straightforward to obtain the probability of being in recession as it is shown in
Figure 6. The periods when the probabilities of recession are near one coincide very
closely with the official recessions dated by the NBER (shaded areas). We also observe
that the model has more difficulties to signal the exit of the recessive phase in the last 3

recessions, characterized by jobless recoveries.

6. Conclusions

Episodes such as the recent Great Recession and moments of especially high uncertainty
have underlined the necessity of considering the changing level of uncertainty in models
for forecasting in macroeconomics such as the DFM. In this work we have extended the
standard DFM in a parsimonious way to take into account time-varying correlations
and variances. We do this by introducing heteroscedasticity (i.e. GARCH or ARSV)
in the common factor. We have also proposed a sequential Monte Carlo method to
estimate stochastic volatility in DFM, easier to implement than MCMC and, therefore,
more appropriate for performing forecasting exercises. Additionally, this method is fast,
efficient and robust to non-linearities and departures from gaussianity. Furthermore,
we have shown that the heteroscedastic models have better forecasting properties at
short-run (one period ahead) than homoscedastic models, especially in these specific
episodes. Apart from that, it takes the time-varying correlations between variables into
account and delivers the volatility of the common factor which we can interpret as an
indicator of global macroeconomic risk. Finally, it is possible to extend these models for
additional non-linearities such as markov switching in the mean of the factor to compute
probabilities of being in recessions or expansions.

Regarding our proposed method to introduce SV in DFM, it has however some short-
comings that must be considered. There could arise problems with the parameter learn-
ing, especially when the number of parameters is very high, the learning process is too
slow or the priors are not very realistic. The problem is that how to choose effective
particles still lacks of rigorous justification. And in some cases it could happen that the
Monte Carlo error grows exponentially. Although there are some recent proposals in the

literature to improve this methodology, there is no agreement on which is the best one.
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Most of them try to improve SMC by introducing MCMC steps. This requires further

research.

One step ahead in our research agenda is to extend these models to real-time data.

These datasets have interesting characteristics: the data have mixed frequencies, missing

observations, and ragged-ends, because the indicators are not released at the same time.

And therefore, the level of uncertainty is higher and the variance problems are even more

relevant. Nevertheless, to adapt the SMC methods is complicated because the number of

missing data is crucial. When the rate of missing data increases, it is harder to achieve

a certain tolerance and a large number of particles is needed.
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Figure 6.1: Volatility of some macroeconomic variables in the US
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Figure 6.2: Measures of comovement and volatility comovement
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Figure 6.3: Dynamic correlations
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Figure 6.4: Common factor conditional variance. Filtered values
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Figure 6.5: Common factor conditional variance. Smoothed values
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Table 1: Simulation exercise: Factor GARCH
RMSE one-period ahead

Estimated models

‘ variable 1 ‘ variable 2 ‘ variable 3 ‘ variable 4 ‘ average

Homosc. DFM 0.65 0.61 1.14 1.10 0.88
Factor GARCH (real) 0.63 0.61 1.11 1.08 0.86
Factor SV 1.08 1.00 1.28 1.33 1.17

Note: **

(a) Persistent GARCH

RMSE one-period ahead

corresponds to the significance level of 5% of the Clark and West (2005) forecast accuracy test.

Estimated models

‘ variable 1 ‘ variable 2 | variable 3 | variable 4 | average

Homosc. DFM 0.71 0.66 1.15 1.07 0.90
Factor GARCH (real) 0.70 0.66 1.14 1.05 0.89
Factor SV 1.13 1.03 1.36 1.34 1.21

Note: ** corresponds to the significance level of 5% of the Clark and West (2005) forecast accuracy test.

(b) Volatile GARCH

Table 2: Simulation exercise: Factor SV
RMSE one-period ahead

Estimated models ‘ variable 1 ‘ variable 2 | variable 3 ‘ variable 4 ‘ average
Homosc. DFM 2.25 2.37 2.59 2.72 2.48
Factor GARCH 2.13 2.20 2.46 2.58 2.34
Factor SV (real) 1.92%* 1.98** 2.39%* 2.34%* 2.16**

Note: ** corresponds to the significance level of 5% of the Clark and West (2005) forecast accuracy test.
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Table 3: Forecasting exercise with Stock and Watson’s (1991) DFM

IPI INC | SALES | EMP | Average
MSE | MAE | MSE | MAE | MSE | MAE | MSE | MAE | MSE | MAE
Homosc. DFM | 0.93 | 0.67 | 046 | 043 | 154 | 095 | 0.02 | 012 | 0.74 | 0.54
Factor GARCH | 0.90 | 0.65 | 0.45 | 043 | 151 | 093 | 002 | 012 | 0.72 | 053

Factor SV 049 | 050 | 0.28 | 033 [ 0.79 [ 0.67 | 0.03 | 0.15 | 0.40 | 0.41

(a) Period 1994.01-2011.05

IPI \ INC SALES EMP Average
MSE | MAE | MSE | MAE | MSE | MAE | MSE | MAE | MSE | MAE
Homosc. DFM | 3.94 | 1.51 | 059 | 061 | 1.71 | 1.03 | 0.07 | 020 | 1.58 | 0.84
Factor GARCH | 3.93 | 1.51 | 057 | 059 | 1.75 | 1.06 | 0.07 | 0.20 | 1.58 | 0.84

Factor SV 1.96 | 1.00 | 037 | 049 | 1.02 | 082 | 0.10 | 030 | 0.86 | 0.65

(b) Great recession

Table 4: P-values from the Clark and West (2007) forecast accuracy test
| IPI | INC | SALES | EMP |

Factor GARCH | 0.25 | 0.15 0.00 0.01

Factor SV 0.00 | 0.01 0.00 0.00

(a) Period: 1994-2011

\ IPI \ INC \ SALES \ EMP \
Factor GARCH [ 0.38 [ 0.18 | 0.29 [ 0.33
Factor SV 0.00 | 0.00 | 0.00 | 0.00

(b) Great recession
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Appendix

A. Modified Kalman filter for DFM with GARCH

Here we detail the steps of the extended Kalman filter to account for time-varying vari-
ances in the factor innovations following a GARCH model. First, the state-space repre-

sentation of this model is:

yw=m+Hfi +& (A.1)
fe=Ffi+w (A.2)
Qu=(1—a—B)+alui_, +Pyp1) +BQi1 (A.3)

And the steps are:
1. Initialise foj0, Fojo and Qgjo-
2. Fort=1,2,...T

a) In the forecasting step the states and their variances together with the volatili-
ties of the factor innovations (and idiosyncratic innovations, if we also consider
this case) at time ¢ are estimated using the information available until ¢ — 1

with the next equations:

Jtje—1 = Ffi—1je—1 (A.4)
Py = FPt—1|t—1F/ + Q-1 (A.5)
Qi1 =(1—a—p)+ a(uf—l\tfl + Pi_qji—1) + BQi—1j1—1 (A.6)

Notice that the variance matrix of the states P;_;;_is included in the second
term in the right hand side of A.6. Harvey et al. (1992) introduce this
correction term, given that the factor is an unobserved component and must

be estimated, to take the uncertainty in the factor estimates into account.

b) As soon as new data are available at time ¢, we compute the forecast errors

and their corresponding variances,
Vg =Yt — T — Hft|t—1 (A7)

S =HPy H +R (A.8)
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and update the estimates of the states together with their variances, and also

the volatilities.

Tee = feje—1 + Pt|t71H/Zt_lvt (A.9)
Py =Py — Py 1 H'S7 HPy (A.10)
Qi = Q-1 (A.11)

The log-likelihood function is calculated as function of the forecast errors and

their variances.

logliky = —0.5(In(27) 4 In(|%¢]) 4 vjX;  vy) (A.12)

B. Rao-Blackwellized Particle Filter (RBPF)

Rao-Blackwellized Particle Filter (RBPF) is an efficient sequential Monte Carlo (SMC)
method because it recycles the simulated random variables by means of the popular
Kalman filter algorithm. It is based on marginalisation and gaussian mixtures. In each
iteration candidate values for the unknown variables (also called particles, because this
methodology was developed in Physics) are generated. The name of Rao-Blackwellised
is due to the Rao-Blackwellised theorem, which says that the expected value of any
estimator conditioned on the information of a sufficient statistic is always better in terms
of mean squared error than the estimator itself. In this case the proposed estimators given
the information of the Kalman filter are better than the estimators themselves. Assuming
that the values of all the parameters 0(i.e. loadings, autoregressive coefficients, variances)
are known, the purpose of the filter is to generate particles from a posterior density (or
filtering density) P(fi|I;,0) using the likelihood P(y|l;,0) and the prior density (or
forecasting density) P(f¢|I;—1,0) in the nex way:

P(fi|lt,0) oc P(ys| fe, ) P(ftlli-1,0) (B.1)

The observation equation in the DFM provides information about the likelihood. And
given that the DFM is conditionally linear and gaussian, the likelihood is also normal

and can be written as a function of the forecast errors v; and their variances ¥;:

P(ye| fi, 0) ~ N(vp, 5) (B.2)

The state equation is useful to infer the prior distribution. Again, given that the model

is conditionally linear and gaussian, this density will be normal with mean F'f;_1;_; and
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variance FPt,l‘t,lF’ + Q¢—1, thisis, A4 and A.5. So, the prior density is

P(fe|I;—1,0) = P(fs|fi—1,0) ~ N(F fi_1j—1, FP_qp—1 F' + Q¢ 1) (B.3)

The posterior density is therefore approximated in this discrete way:

D
P(fille,0) = 3~ wi P(fil1,7),0) (B4)
j=1
where ng Jare the importance weights which are a function of the likelihood function.
Thus, the posterior density is approximated by a mixture of normals P(f1] ft(z )1, 0) with
U) " Due to that and the use of Kalman filter, this method is also known as
Migture Kalman filter.

Once the philosophy is clear, next we explain the steps of the algorithm.

weights w

1. INITIALISATION: At time 0 we generate D initial random particles for the states

i\ P o )
. Th j2)
{f0|0 }j=1 elr variances {

D
0|0} , the volatilities of the factor innovations

j=1
D N\ D
{ (()])}' X and the importance weights {wm}' . are also initialised. Typically
fo(\jo) follows a standard normal, P()(|J0) is the identity matrix, (()j )is a random draw

of a log-normal distribution and w(()j) =1/D.
2. Fort=1,2,....,T
N D
a) PREDICTION step of the Kalman filter to get the state variables {ft(ft)_l}
j=1

and their variances {P(j )

D s
t\t—l} . We also compute the forecast errors {vt(j )}
Jj=1

j=1
D
- given the ob-

D
and their variances {Zfﬂ )}4 .
]:

 and the likelihood {lik{}

served y;.

b) Compute the IMPORTANCE WEIGHTS for each particle from the likelihood
function {ﬁ/@ )} and normalize them w? ) = ﬁ;t(] ) /P ﬁ/iy ). This nor-
j=1 7=
malization is important for the next step.
¢) RESAMPLING of the particles: This step is necessary to reduce the sam-
pling variability of the generated particles and to stabilise the algorithm.
It consists in generating D values of a multinomial k£ which takes values

1,2,...,D with probabilities wij ), and select those particles for the states

(k) D . . (k) D o
i and their variances { P71, , and the volatilities of the
t=1t=1f ;4 t=1t=1f,_y
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N\ D
factor innovations{QElijl) } . In the literature some small modifications have
been proposed in order to reduce the resampling variance or Monte Carlo vari-

ation such as the stratified resampling (for more details see Douc, Cappé and
Moulines (2005)).

d) UpDATING step of the Kalman filter to get the filtered values of the state

D A D
variables { ft(ft)}‘ . and their variances {Pt(‘]t)}‘ v We also obtain the up-
j= j=

~Y D .
dated volatilities of the factor innovations {ng)}‘ ) given that In Q,EJ) ~
j:

N(ln Qg{)l, 0?,) and the weights ng) =1/D.

C. Parameter Kernel Smoothing (PKS)

Usually not only the state vector but the parameters are a priori unknown. This means
that a new unkonwn term 6 is included in the posterior density, in a way that it becomes
a joint density of the state vector f; and the parameters fgiven the information until

time t, P(f;,0|1;). Applying Bayes’ theorem,

P(fe,011;) o< Py fi, 0)P(fr, 01i-1) o< P(ye| fr, 0)P(fe| fr1,0) P(OL1-1) (C.1)

the joint posterior density P(fy,0|I;) is proportional to the likelihood P(y|fi,0), the
conditional or forecasting density of the state variable given the parameters P(f¢|fi—1,0),
and the density of the parameters given the information until ¢ —1, P(0|I;—1). Under the
assumption of known parameters, the latter density is degenerate and we can skip that
last term and in the joint distribution in C.1. But more realistically if the parameters
are unknown, the density of the parameters P(6|I;—1) must be approximated to obtain
draws from it. As already explained in section 4.2, one way of solving this issue is
to treat the parameters as time varying, even though they are fixed, by adding small
random disturbances to the parameters. Thus, the state vector is augmented with 6,.
But it is important to clarify that 6; means that our estimation about the values of the
parameters changes with the information available. However, the parameters are actually

fixed. Typically the following parameter learning evolution is imposed over the D draws

07 = 07, + ¢ (C2)

with ¢ ~ N0, W) for j =1,2,.,Dand t = 1,2, ..., T.
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This artificial evolution could lead to very diffuse values for the draws of the parame-
ters, and hence, cause problems of precision or loss of information. For this reason, West
(1993) proposed to smooth these draws using kernel smoothing methods. In this way, we
get draws of 6 at time ¢ given the information until ¢ — 1 by means of the next discrete

Monte Carlo approximation as a weighted mixture of normals

D
P(O|l-1) = > w N(0:m{,, h?Vi 1) (C.3)
j=1
where N (e|m;_1,h%*V;_1) is a multivariate normal density (i.e. Gaussian kernel) with

mean m;_1 (i.e. kernel location) and variance h%V;_i, and wgi)l are the importance
weights. Notice that h is a smoothing parameter, strictly positive, and V; = 2?21(9§J—)1 —
6:-1)%/D is the Monte Carlo posterior variance and represents the kernel rotation and
()
t

scaling. Furthermore, the next shrinkage rule for the mean m,;”’; is going to push draws of

0§j)towards the Monte Carlo finite mean 6;,_; = ZD

=1 07@1/ D and avoid over-dispersion

m, = ab?, + (1 - a)f,_, (C.4)

with the number a specified as function of a discount factor § € (0,1], this is, a =
(30 — 1)/24. In practice a typically takes values between 0.95 and 0.99. The smoothing
parameter h depends on a, usually specified in this way h = \/m . It is important
to mention that when dealing with variances and parameters restricted to a finite range
such as the autoregressive coefficients is necessary to transform them with the logarithm
in the first case or the logit transformation in the latter to use a normal approximation

implied in C.2.

D. General Algorithm

Finally, plugging together RBPF and PKS these are the steps of the general algorithm:

1. INITIALISATION step to get D draws from:
a) the parameters Géj) ~ p(by) for j =1,2,..,D.

\yD
b) the states {féfg}

D
and their variances {P(J )} , and the volatilities of the
j=1 j=1

0l0

: : @M P

factor innovations 0 .
Jj=1

c¢) the importance weights w(()j) =1/D for j=1,2,...,D.

2. For t=1,2,..,T
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a) Compute the mean m,@l using C.4 and the variance V;_; of the draws 091.

D
b) PREDICTION step of the Kalman filter to get the predicted states {f v 1} .
J

and their variances {P(j )

D
it 1} . We also compute the forecast errors { G )} and
j=1

j=1

their variances {Z(J )} J and the likelihood {lzk(] )}' given the observed
]— =

Yt-

¢) Compute the IMPORTANCE WEIGHTS for each particle from the likelihood
2D
function {ng)}j_land normalize them w = /Z] 1 w§9 .
d) RESAMPLING of the particles using draws from a multinomial &k that can take

(4)

values 1,2, ..., D with probabilities w;”’, and selecting these particles for the

D ‘ D
states { ft(fl\ til} and their variances {Pt(fjl)l til} , and the volatilities of
j=1 j=1

the factor innovation {Qt 1} "

e) UPDATING step for:
i. the parameters Gt(j) ~ N(mgljjl), h2Vi_1).
tt

filter and the selected particles from the previous step.
D

iii. the volatilities of the factor innovations {ng )} - considering that In ng )~
N(In ng,)l, o).

iv. the importance weights wt(j) =1/D for j=1,2,...,D.

D D
ii. the state vector {ft(é)} . and its variance {P(J)} using the Kalman
Jj= Jj=1
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