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1 Introduction

The real exchange rate is an important policy variable, for instance determin-
ing part of the monetary policy conditions in open economies and conditioning
the optimal timing for monetary integration. Although it traditionally receives
special attention, the recent trend real exchange rate appreciation in majority
of the Central and Eastern European countries constitutes a puzzle for interna-
tional macroeconomics. Since the dominant part stems from the real exchange
rate for tradable goods, see Égert et al. (2007) and Cincibuch and Podpiera
(2006), it leaves a very limited scope for the mainstream theoretical explana-
tion of the real exchange rate appreciation, i.e. the Harrod-Balassa-Samuelson
type of convergence. In addition, in absence of the Harrod-Balassa-Samuelson
effect on real exchange rate, as documented for instance by Mihaljek and Klau
(2006) and Flek et al. (2003), the mainstream theory, represented by Obstfeld
and Rogoff (1996), would predict the real exchange rate depreciation for the
converging economy instead of its appreciation.

We associate the deficit of the mainstream models for explanation of the expe-
rience of converging countries in an implicit assumption that along the transi-
tion path products of all countries have comparable qualities. Consequently, a
product expansion in a converging economy results in a decrease in the price
of products produced in the economy because of the downward sloping de-
mand curve and apparently leads to its real exchange rate depreciation. The
changing quality of production might be a plausible explanation of the real
exchange rate appreciation, especially in tradables. This can be seen from the
difference between Slovenia and Visegrad-4 countries during 1995-2005. While
the proportion of medium and high-tech products was high and constant in
Slovenia and Slovenia did not experience real exchange rate appreciation, the
Visegrad-4 countries started at low proportion and have experienced signif-
icant but gradual shift towards high-tech products and recorded trend real
exchange rate appreciation, see Fabrizio et al. (2007).

Recent models by Melitz (2003) and Ghironi and Melitz (2005) introduce a
limited role for quality of basket of products in the explanation of the real
exchange rate appreciation. In their model, the number of basket varieties
can be taken as a metaphor for the quality of the basket of products through
the love-for-variety. The love-for-variety attribute of consumers’ utility makes
consumers pay more for a basket with a higher content of varieties and an
increase in varieties overestimates observed price indices. If the number of
varieties expands in the converging economy relatively more to its advanced
counterpart, the real exchange rate based on the observed consumer price
indices (as opposed to the rate computed using welfare-theoretic indices) will
appreciate for the converging economy.
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The strength of this effect is, however, conditional on two aspects. First, the
effect will be stronger for converging economy with relatively lower initial con-
tent of varieties, i.e. the greater the gap in development, the stronger the effect
from varieties. Second, the strength of the effect will depend on the degree of
initial openness and the dynamics of integration of the converging economy,
since a significant part of the increases in varieties is facilitated by imported
varieties into the converging economy. Nevertheless, the real exchange rate
appreciation seems to be strictly linked neither to the state of development
nor to the degree of openness or speed of opening up. Slovenia for instance,
started its convergence to the Euro Area countries at much higher level of
gross domestic product per capita than countries in the group of Visegrad-4,
had similar degree of openness, and experienced roughly the same speed of in-
tegration via foreign trade, however, unlike the Visegrad-4 which appreciated
by 30 to 50% over a decade 1995-2005, it did not experience the real exchange
rate appreciation.

Besides, as we show in this article using simulations for reasonable range of
parameters, the effect of quality (variety) is insufficient for explanation of the
typical pace of the real exchange rate appreciation of transition economies,
especially in Central and Eastern Europe. Therefore, we propose an extension
to the model by Ghironi and Melitz (2005) by introducing a direct vertical
quality investment margin, since exogenous quality shocks are shown by Dury
and Oomen (2007) to lead to appreciation of the quality-unadjusted real ex-
change rate. In essence, the content of quality in the product baskets in our
model is besides the effect of varieties given by optimal decisions of compa-
nies to invest into quality. The content of quality is again the source of the
observed real exchange rate appreciation as in Ghironi and Melitz (2005). We
show using simulations with the extended model for a reasonable range of pa-
rameters that the endogenous mechanism on quality decisions in a converging
transition economy readily generates the observed pace of the real exchange
rate appreciation.

The rest of the paper is organized as follows. Section 2 describes the proposed
model extension. Section 3 uses numerical techniques popular in the global
sensitivity analysis literature to assess potential of various investment margins
over a large set of parameters to deal with the real exchange-rate experience
of emerging economies. Section 4 concludes.

2 Description of the Model

This section presents the workhorse model used throughout this paper. The
two countries are modeled in discrete time that runs from zero to infinity. The
home country is populated by a representative competitive household which
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has recursive preferences over discounted streams of momentary utilities. The
momentary utility is derived from consumption. A similar household inhabits
the foreign country. Production takes place in heterogenous production entities
called firms.

2.1 Firms

In the domestic country, there is a large number of firms, which are owned
by the domestic household. In each period there is an unbounded mass of
potential, ex-ante identical, entrants. The number of potential entrants is de-
termined by the zero-profit condition. Firms differ by location 1 and vintage.

Firms ex-post entry differ by an idiosyncratic variation of the total factor
productivity: when a firm enters, it draws a shock z from a distribution G(z).
At the end of each period, there is an exogenous probability that a firm is hit
by an exit shock. This probability is δ and is assumed to be independent on
aggregate as well as individual states. Hit firms shut down.

The production function maps two inputs into two outputs. The first input is
fixed and we label it as ‘capital’; the second input is variable and is labeled as
‘labor’. The variable input is available in inelastic supply in each country and
is immobile between countries.

The first outputs is quality h and if the firm j uses kj units of capital, then
the quality of its product is given simply as hj = kj. Capital investment can
be thus considered as an improvement in quality. The second output is the
physical quantity of goods produced x. The production function is given as
follows: xjt = zjAt`(ljt, kj). The production function ` is strictly increasing
in the first argument (labor), but strictly decreasing in the second argument
(capital) 2 . This implies that investments in quality increase the labor inputs
needed to produce physical quantities. One may think that the production of
a more sophisticated good requires more labor or more skilled labor. Thus,
quality investment is costly for two reasons: first, it requires fixed input kj;
and second, more labor is required to produce better goods.

1 Since the paper explores the potential of various investment margins to explain
the observed pace of real exchange rate appreciation, it abstracts from the cross-
border asset ownership. Thus domestic firms are those firms, which are owned by
the domestic agent and are located at the domestic country, analogously for for-
eign firms. See Br̊uha, Podpiera, Polák (2007) or Br̊uha, Podpiera (2007a,b) for
applications with cross-border firm ownerships.
2 We require that the function ` is strictly decreasing in capital. If the function
` were not decreasing in capital, the linearity of hj in kj would imply endogenous
growth, as in Young (1998) or Baldwin and Forslid (2000).
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The production of physical quantities is increasing at the level of firm total
factor productivity Atzj, which has two components: (a) the idiosyncratic
component zj, which is i.i.d. across firms and which follows the distribution
G(z) introduced above, and (b) the common component At. Domestic firms
enjoy at time t productivity At, while foreign firms enjoy productivity A∗t .

We assume that the final output of the firm is given by the product of quality
and quantity as follows: qjt = hjxjt. The final quality-quantity bundle is what
is sold at the market. This assumption follows the standard approach of growth
theoreticians, for example Young (1998). Thus, the production of the final
bundle can be described as qjt = zjAtf(kj, ljt), where f is given as f(kj, ljt) ≡
kj`(ljt, kj). We assume that the final bundle production function is increasing
in both arguments and is homogeneous of degree one. We explicitly distinguish
the quality-quantity bundle from the physical quantity since the explanation
for the observed real exchange rate appreciation is based on a dichotomy
between quality -adjusted and -unadjusted prices.

The quality investment is a sunk factor, set at the time of entry, while labor
can be freely adjusted. Given a realization of the productivity shock zj, the
probability of the exit shock δ, and a chosen production plan, the value of a
firm is determined by expected present value of the stream of profits.

To make reading the paper easier, we introduce the following convention.
Location of firms is distinguished by superscript d - for the domestic country
and f - for the foreign country. Firms produce differentiated goods. The good
produced by the firm located in the destination market is denoted by the
d superscript, while goods imported are denoted by the m superscript. The
consumption markets are distinguished by the * superscript: goods consumed
by the domestic household are without superscript, while goods consumed
by the foreign household do have one. Thus pd

jt will denote the price of a
good produced by a firm j located in the domestic country at time t sold to
the domestic market, pm

jt is the price of a good j imported to the domestic
market from the foreign country, while pm∗

jt would be a price of a good from
the domestic country to the foreign household. We further assume that prices
are denominated in the currency of the market.

According to the introduced convention, Pd
jτt denotes the t-period real operat-

ing profit of a domestic firm of vintage τ and is given as follows:

Pd
jτt =

[
κjt

pd
jt

Pt

+ (1− κjt)
ηt

1 + t

pm∗
jt

P ∗
t

]
Atzjf(kj, ljt)−Wtljt,

where 0 ≤ κjt ≤ 1 is the share of product sold in the domestic markets, Pt is
the domestic price level, P ∗

t is the foreign price level, ηt is the real exchange
rate, which is linked to the nominal exchange rate st as ηt = stP

∗
t /Pt, t ≥

0 represents unit iceberg exporting costs, and Wt is the real wage. Firms
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of different vintage and different ownership have different levels of invested
capital, that is why Pd

jτt will be naturally different along these dimensions.
Similar definitions apply to the remaining types of firms as well.

Note that prices such as pd
jt are prices of the final quantity-quality bundles and

therefore derived indexes Pt, P
∗
t , ηt are related to aggregations of these final

bundles. The prices related to physical quantities are then given by ℘d
jt ≡ kjp

d
jt.

The discussion about distinct roles of prices of quality-quantity bundles and
of prices defined on physical quantities is left to subsection 2.3.

Firms may export only if special fixed costs are invested. If a firm at the time of
entry decides to invest the fixed export costs, then it becomes eligible to export
in all subsequent periods, otherwise it is in all periods not eligible to export.
Exporting decisions of eligible firms are taken on a period-by-period basis. Unit
iceberg exporting costs t represents transportation costs, policy barriers such
as tariffs, while the fixed costs may represent expenditures associated with
acquiring necessary expertise such as legal, business, or accounting issues of
the foreign markets.

Capital is the sunk factor and each firm decides how much capital to acquire at
the time of entry: this means that the firm decides the quality of its product at
the time of entry, while produced quantities are variable during its lifetime. We
assume that real investment costs take the following form: (k+ cξ), ξ ∈ {e, n}.
We assume that:

ce > cn > 0,

where the superscript refers to eligibility, i.e. e − eligible or n − noneligible:
eligible firms pay larger fixed costs. The cost structure implies – as in Melitz
(2003) – that in equilibrium there is a cut-off productivity value z, such that
firms with lower idiosyncratic productivity zj < z will not invest to become
eligible, while firms with a sufficiently high productivity level zj ≥ z will do.

Since capital is invested after learning zj, the invested amount of capital kj

will be different for firms with different zj. We assume that firm’s manager
maximizes the expected discounted stream of profits. Thus, the value of the
profit stream of the domestic firm of vintage τ , enjoying the idiosyncratic
productivity level zj is (in real terms):

V d
τ (zj) = max

ξ,k,{lτ},

∞∑
t=τ

(1− δ)t−τµt
τPd

jτt − (cξ + k), (1)

where Pd
jτt is the t-time real operating profit of a firm of vintage τ , enjoying

the productivity level zj under the optimal production plan (derived later in
Subsubsection 2.1.2), and the effective discount factor is given as (1− δ)τ−t µt

τ ,
where µt

τ is the marginal rate of intertemporal substitution between dates τ
and t. The rate of the intertemporal substitution is defined in more details
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in Subsection 2.2. The value of the firm owned by the foreign household is
defined analogously.

To summarize the sequencing, the timing proceeds first with the households’
decision about the number of new entrants. Then, each new entrant draws a
productivity level from the distribution G and it decides the amount of in-
vested capital and whether to invest for export eligibility. Then, labor demand
and production (of both entrants and incumbents) take place. At the end of
the period, some firms experience the exit shock and shut down.

Firms located in the same country differ along two dimensions: idiosyncratic
productivity level zj and vintage τ . The vintage affects incentives to invest
provided that macroeconomic conditions change (such as At increases). This
implies that firms of different vintage invest different amounts of capital, even
if they experience the same idiosyncratic productivity level. Therefore we shall
define the time-varying distribution measure over domestic firms as Γd

t (j, τ);
the counterpart of foreign firms is denoted by Γf

t (j, τ).

2.1.1 Market Structure

The final good Q in the domestic country is composed of a continuum of
quality-quantity bundles (goods), some of which are produced in the domestic
country and some are imported. There is imperfect substitution among these
goods, the substitution is modeled using the standard constant-elasticity-of-
substitution (CES) function with the parameter θ > 1. The aggregate good in
the domestic country is defined as:

Qt =

(∫
Ωξ

(
qd
jt

) θ−1
θ dΓξ

t (j, τ) +
∫
Ωξ

e

(
qm
jt

) θ−1
θ dΓξ

t (j, τ)

) θ
θ−1

,

where, qj is the output of firm j, Ωd denotes the set of domestic products. The
analogous convention holds for sets of foreign firms. If a set is labeled by the
subscript e, it reads as a subset of eligible firms. Thus, Ωf

e ⊂ Ωf is the subset of
goods produced by eligible foreign firms. The final good in the foreign country
is defined analogously. The market structure implies the following definition
of the aggregate price index:

Pt =
(∫

Ωξ

(
pd

jt

)1−θ
dΓξ

t (j, τ) +
∫
Ωξ

e

(
pm

jt

)1−θ
dΓξ

t (j, τ)
) 1

1−θ

, (2)

where pjt is the price of products of firm j at time t. Note that the final good
Qt represents both physical quantities as well as qualities and that the price
indexes Pt, P

∗
t aggregate both: available quantities and qualities. In that sense,

these are quality-adjusted price indexes. If one wants to construct counterparts
of empirical price indexes, one has to aggregate prices ℘d

jt, rather than pd
jt.
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2.1.2 Optimal Plans

In this part, we derive optimal production and investment plans using the
backward induction. We derive it for a domestic firm, which is easily general-
ized for a foreign firm. This part of the paper shows the backward induction
for general neoclassical production function. The parametric example of model
equations for the Cobb-Douglas production function is given in Appendix A.

Let us assume the problem of maximizing the value of a domestic firm. Since
there are no labor adjustment costs, labor decisions are made on a period-by-
period basis. Standard results of monopolistically competitive pricing suggest
that prices are set as a mark-up over marginal costs. Simultaneously with
prices, firms also decide κj.

Now, let us take the perspective of a non-eligible firm of vintage τ and produc-
tivity level At. Its real operating profit Pdn

jτt in a period t is given – conditional
on non-eligibility status, aggregate productivity, idiosyncratic productivity zj,
– as a solution to the following program:

Pdn
jτt = max

ljt

{
pjt

Pt

Atzjf(kj, ljt)−Wtljt

}
= max

ljt

{
[Atzjf(kj, ljt)]

θ−1
θ Q

1
θ
t −Wtljt

}
,

(3)

The second equality in (3) follows from the CES market structure. Similarly,
the real operating profit of an eligible firm Pde

jτt of vintage τ in a period t is
given by:

Pde
jτt = max

ljt

{(
κjt

pjt

Pt

+ (1− κjt)
ηt

1 + t

p∗jt
P ∗

t

)
Atzjf(kj, ljt)−Wtljt

}
= (4)

= max
ljt

{(
κjtQ

1
θ
t + (1− κjt)

ηt

1 + t
Q
∗ 1

θ
t

)
[Atzjf(kj, ljt)]

θ−1
θ −Wtljt

}
.

Then the expected present value of operating profit streams is given as follows

Pdξ
jτ =

∞∑
t=τ

µt
τ (1− δ)t−τPdξ

jτt

with ξ ∈ {n, e}. The expected present values depend on idiosyncratic produc-
tivity zj, invested capital kj, and the future path of productivities, real wages
and demands.

The optimal investment decision of a firm, which enjoys a productivity level
zj, maximizes the value of the firm given as Vdξ

τ (kj|zj) = Pdξ
jτ −

(
cξ + kj

)
,

for ξ ∈ {n, e}. The maximization of Vde
τ (kj|zj) (resp. Vdn

τ (kj|zj)) yields the
optimal demand for quality investment (capital) for eligible (resp. non-eligible)
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firms, and the value of the firm is:

V dξ
τ (zj) = max

kj≥0
Vdξ

τ (kj|zj),

where ξ ∈ {e, n}. Value functions V dn
τ (zj), V

de
τ (zj) implicitly define the cut-off

value z, which is the lowest idiosyncratic shock, which makes the the export-
eligibility investment profitable. Thus it is defined as

zd
τ = min

zj
(V de

τ (zj) ≥ V dn
τ (zj)).

The value of a firm is given by

V d
τ (zj) = max

ξ∈{n,e}
V dξ

τ (zj) =

 V
de
τ (zj) if zj ≥ zd

τ

V dn
τ (zj) if zj < zd

τ

,

and the expected value of a new entrant Vd
τ is:

Vd
τ =

∫ zu

zL

V d
τ (z)G(dz), (5)

This completes the backward induction.

The, just derived, optimal production plan induces a measure over firms. De-
note P̃d

τ,t the t-time expected 3 real operating profit of a domestically-owned

firm, which enters in time τ , P̃d
τ,t =

∫ zu
zL

Pd
jτtG(dzj), and c̃dτ the expected real

investment costs under such measure. Then:

Vd
τ =

∑
σ≥0

µτ+σ
τ (1− δ)σP̃d

τ,τ+σ − c̃dτ ,

and

c̃dτ = G(zd
τ )c

n + (1−G(zd
τ ))c

e +

zd
τ∫

zL

kopt,n
j G(dz) +

zU∫
zd

τ

kopt,e
j G(dz).

The first two terms correspond to the expected fixed costs, while the last two
terms correspond to the expected costs of capital investment.

3 Expectation is taken with respect to the measure given by the optimal production
plan.
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2.2 Household behavior

The home country is populated by a representative competitive household
who has recursive preferences over discounted stochastic streams of period
utilities. The period utilities are derived from consumption of the aggregate
good. Leisure does not enter the utility, so labor is supplied inelastically. The
aggregate labor supply in the domestic country is L, while L∗ is the aggregate
labor supply in the foreign country. Households can trade bonds denominated
in the foreign currency.

The domestic household maximizes

maxU =
∞∑

t=0

βtu(Ct),

subject to

Bt = (1 + r∗t−1)Bt−1 +
−1

ηt

(Ct −WtL) +
1

ηt

(
Ξd

t − c̃dtn
d
t

)
− ΨB

2
B2

t + Tt, (6)

where Bt is the real bond holding of the domestic household, Ct is consump-
tion, r∗t−1 is the real interest rate of the internationally traded bond, ΨB repre-
sents portfolio adjustment costs, as in Schmitt-Grohe, Uribe (2003) to stabilize
the model 4 , and Tt is the rebate of these costs in a lump-sum fashion to the
household. The flow of real operating profits from all domestic firms is denoted
as Ξd

t and is given by

Ξd
t =

∑
σ≤t

(1− δ)t−σ nf
σP̃d

σ,t.

Because of the law of large numbers and of perfect foresight, the ex-ante ex-
pected values of the key variables for household decisions (such as investment
costs or profit flows) coincide with ex-post realizations.

The number of new domestically located entrants owned by the domestic
household in time t is nd

t , and is determined by the expected zero-profit in
equilibrium.

4 In a strict sense, the model is stable even without portfolio adjustment costs (i.e.,
under ΨB = 0). The model is deterministic and therefore it would not exhibit unit-
root behavior even under ΨB = 0. On the other hand, if ΨB = 0, then the model
would exhibit steady state dependence on the initial asset holding. Therefore we use
nontrivial adjustment costs ΨB > 0 to give up the dependence of the steady state
on the initial asset holding.
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The first-order conditions for the domestic household are standard ones:

(1 + ΨBBt) =
ηt+1

ηt

(1 + r∗t )µ
t+1
t , (7)

lim
t→∞

Bt+1 = 0, (8)

c̃dt =
∑
v≥0

(1− δ)v µt+v
t P̃d

t,t+v, (9)

where the marginal rate of substitution is defined as usually as:

µt2
t1
≡ βt2−t1

u′(Ct2)

u′(Ct1)
.

It is worth to note that although there is an idiosyncratic variance at the
firm level, the model is deterministic at the aggregate level, thus the dynasty
problem is deterministic too. Therefore the marginal rate of substitution does
not involve the expectation operator. The household problem in the foreign
country is defined symmetrically.

Bonds are denominated in the foreign currency and since the model is de-
terministic, this is a completely innocent assumption. The international bond
market equilibrium requires that Bt +B∗

t = 0.

2.3 Notes on Price Indexes

As mentioned above, prices pjt and the corresponding price indexes Pt, and
P ∗

t are quality-adjusted prices. Therefore, the real wages Wt and W∗
t and the

real exchange rate ηt are measured in the terms of qualities. These measures
correspond to real-world price indexes only if the latter are quality-adjusted
perhaps using a hedonic approach, which is rarely a case for transition coun-
tries (Ahnert and Kenny, 2004, p. 28). To get indexes closer to real-world
measures, we have to define aggregate indexes over ℘jt. Denote such indexes
as Pt and P∗

t .

We follow Br̊uha and Podpiera (2007) and use a straightforward approxima-
tion to P :

Pt = KtPt,

where Kt is the total amount of invested capital by firms selling its products
in the domestic country:

Kt =
∫
Ωd
kjτ dΓd

t (j, τ) +
∫
Ωf

e

kjτ dΓf
t (j, τ).

Nevertheless, Pt might differ from the CPI-based real-world indexes by one
more term. The market structure based on the CES aggregation implies the
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love-for-variety effect, which means that the welfare-theoretical price index

differs from the ‘average’ price by the term ν
1

θ−1 , where ν is the number of
available varieties and θ is the parameter of substitution in the CES function
(see Melitz, 2003 for rigorous definition and derivation of the average price).
Therefore, we distinguish the following definitions of the real exchange rate:

Quality-adjusted theoretically-consistent RER ηt is the real exchange
rate, which enters the decisions of agents in the model.

Quality-unadjusted theoretically-consistent RER is the real exchange
rate defined over physical quantities and is related to the quality-adjusted
theoretically-consistent RER as

P∗t /P ∗t
Pt/Pt

ηt.
Quality-adjusted CPI-based RER is related to its theoretically consis-

tent counterpart as
(

ν∗t
νt

) 1
θ−1 ηt, where νt and ν∗t is the number of varieties

available at time t in the domestic and foreign country, respectively.
Quality-unadjusted CPI-based RER is probably the correct counterpart

of the measured real exchange rate and is defined as
(

ν∗t
νt

) 1
θ−1 P∗t /P ∗t

Pt/Pt
ηt.

The quality-adjusted theoretically consistent real exchange rate ηt depreciates
during the transition and the reason is the downward-sloping demand curve.
On the other hand, the three remaining indexes may appreciate under some
conditions, see Section 3 for discussion and intuition.

The distinction among various definitions of real exchange rate is reflected
also in comparison of the economic performance of countries. If one wants to
compute a model counterpart of the ratio of GDP per capita in PPP, one has
to use Yt

ηtY ∗
t

L∗
L , where Yt = Qt +ηtXt, Y

∗
t = Q∗

t −Xt are the model counterparts

of real GDP (in the currency of the respective country) and Xt is the value
of net real exports of the domestic country expressed in the foreign currency.
On the other hand, if one wants to compute a model counterpart of the ratio
of the nominal GDP using the nominal exchange rate (which is the same as
a ratio of real GDP using the measured real exchange rate), one has to use

Yt

ηtY ∗
t

L∗
L

(
νt

ν∗t

) 1
θ−1 Pt/Pt

P∗t /P ∗t
.

2.4 General Equilibrium

As usual, the general equilibrium is defined as a time profile of prices such
that all households optimize and all markets clear. Since there are no price
rigidities, only the relative prices matter. The general equilibrium requires
that the market-clearing conditions hold.

The aggregate resources constraints are given as follows:

Ct + nd
t c̃

d
t = Qt, (10)
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the labor market equilibrium requires:∫ zU

zL

ljt dΓd
t (j, τ) = L, (11)

where ljt is the labor demand by individual firms, and L is the aggregate, in-
elastic, labor supply. Analogous market clearing conditions hold in the foreign
country.

The international bond market equilibrium requires that

Bt +B∗
t = 0. (12)

The last equilibrium condition is the balance-of-payment equilibrium, which
requires that:

Bt+1 = (1 + r∗t )Bt +Xt, (13)

where Xt is the value of net real exports of the domestic country expressed in
the foreign currency.

The appendix summarizes steady-state model equations. The reader is referred
to the appendix A.2 in Br̊uha and Podpiera (2007a) for description of the
recursive form of a variant of the model, which can be used for dynamic
simulations. Papers by Br̊uha and Podpiera (2007b) and Br̊uha, Podpiera and
Polák (2007) applied the dynamic solutions for policy questions (economic
integration and monetary conditions in a small economy, respectively).

3 Quantitative Analysis

We use numerical techniques frequently applied in the global sensitivity analy-
sis literature to assess potential of various investment margins over a large set
of parameters to deal with the trend real exchange rate appreciation of tran-
sition economies. In particular we run the simulations for the model Ghironi
and Melitz (2005), which we reach by calibrating α = 0 and subsequently
perform the same set of simulations for the extended model introduced in this
paper for a range of reasonable values of α.

We define an a priori set of possible values of structural parameters and use
a scheme to draw a combination of the parameters. For each combination, we
compute a change in the steady-state values of the observable real exchange
rate 5 . These steady-state values correspond to (i) the initial situation of the

5 For the model without an explicit quality investment, the observable RER means
the CPI-based RER, for the model with quality, it means the quality-unadjusted
CPI-based RER, see Section 2.3 for more discussion.
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emerging economy being relatively underdeveloped compared to its advanced
counterpart and (ii) to the steady state of equal output per capita in both
countries. The experiment is calibrated so that initially the transition economy
attains 60% of the output per capita relative to its advanced counterpart 6 .The
expected real exchange rate appreciation is then computed as the change in
the steady-state value of the real exchange rate for each draw. The set of
parameter values is a multidimensional cube given in Table 1.

The numerical ranges for parameters are predominantly motivated by rele-
vant empirical micro and macroeconomic evidence. The range for parameter δ
was chosen relatively large since the exit rate for firms in advanced economies
might be smaller (0.1 in the U.S) but might be higher for less developed econ-
omy. The range for the parameter θ is derived from Rotemberg and Woodford
(1992), who use θ = 6 and Ghironi amd Melitz (2005) who opt for a value
of 3.8 (based on empirically found mark-ups for the U.S. by Bernard et al.,
2003). Iceberg cost was considered between 2.5 and 15% reflecting the em-
pirical evidence between 6 and 11% during 1980-2000, as reported by Gust
et al.(2007). The ranges for the remaining parameters for entry and export
eligibility costs were derived indirectly considering the empirical variability
of the share of consumption to output observed for the Central and Eastern
European transition countries, i.e. 0.7-0.8.

The rest of the parameters is set as follows: the final steady state value of
the productivity parameters: A∗ = A = 10, and the rate of the intertemporal
rate of substitution β = 0.95 7 . When computing the steady state, it is not
necessary to specify the parametrization of the momentary utility function u,
it is sufficient to assume the usual properties of u, i.e. that it is increasing and
concave.

The remaining part of the calibration exercise is the choice of the distribution
of idiosyncratic productivity shocks G(zj). We report the results for uniform
distribution on [0 1]. Our choice is motivated by its properties: it is a limit
of the Pareto distribution and has bounded support, which implies that the
value of a new entrant remains bounded. Nevertheless we replicated the ex-
ercises for the Pareto (used in Ghironi and Melitz, 2005) 8 and exponential 9

6 For each draw we find the initial productivity A so that the initial ratio 60% is
obtained.
7 In the steady state, the parameters β and δ are separately unimportant. They
matter through the product 1− β(1− δ) and thus it makes sense to fix one and to
let vary the other.
8 The parameter of the Pareto distribution k is sampled from a uniform distribution
on [2 6.5] subject the restriction k > θ − 1.
9 The exponential distribution shares the unbounded support with the Pareto dis-
tribution, but similarly to the uniform distribution it ensures the finiteness of the
new-entrant expected value for any θ > 1.
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distributions. The results of our experiment show that the outcome is robust
to the choice of the distribution G(zj).

As a sampling scheme, we use both a Latin-hypercube sampling and Halton
sequences 10 and we sample 10 000 parameter combinations for each. Both
sampling strategies give almost identical results and therefore we report the
results for Halton-sequences sampling only.

For the set of simulations with the extended model, i.e. a model with explicit
quality investment margin, we define the parameter space α ∈ [0.05 0.50].
Similarly to the first simulation, we sampled 10 000 different sets of the para-
meters and computed the change in the steady-state value of the real exchange
rate.

Given the sample size, we also approximate the negative of the percentage
change in real exchange rate 11 H as follows:

H ∼= H0 +
∑

i

Hi log(πi/πi) +
∑
ij

Hij log(πi/πi) log(πj/πj),

where H0, Hi and Hij are parameters of approximation and πi is a formal
argument for the structural parameters (δ, θ, cn, etc). By πi we denote the
lower bound on the respective parameter. Thus H0 is the change in the real
exchange rate for the lowest possible parameter values and Hi and Hij denotes
elasticities.

Based on the sample of 10 000 drawings we approximate the function H in the
least-square sense. The results of the projection of the real exchange rate ap-
preciation on parameters are displayed in Tables 2 and 3. Table 3 gives the full
projection onto all logs of coefficients and their cross-products. Nevertheless,
a majority of them do not contribute to the explanation of the real exchange
rate appreciation much and therefore we use a non-parametric specification
test to decrease the number of terms in the projection. The resulting parsi-
monious specification is given in Table 2 (the difference of the sums of square
residuals between the full and parsimonious projection is in both cases less
than 0.5%).

The parsimonious specification reveals that some parameters are unimportant
for explanation of the change in the real exchange rate. This is the case for
the probability of the exit shock δ and for the investment cost cn. Calibration
of the two parameters is nevertheless important if one wants to fit the GDP
composition.

10 Both strategies are popular in the sensitivity-analysis literature.
11 This means that a positive value of H means the appreciation of the currency of
the emerging country.
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We find the following: the appreciation of the observed real exchange rate is
consistent with low values of θ or with a combination of high values of trade
costs ce/cn, t. Low values of θ make the love-for-variety effect stronger, while
high-values of trade costs make the economy more closer (it is more difficult for
firms to become export eligible). If the converging economy is initially almost
close, it ceteris paribus implies that the relative expansion of new varieties
(both of domestic origin and imported) is stronger, which translates to the
higher observed appreciation. The other mechanism than low intratemporal
substitution and initial closeness seems to be of order less important.

Despite the two channels, the real exchange rate appreciation in a model
without explicit investment in quality is not stronger than 35%, see Figure 1.
Even this number is attained for an extreme closeness: the ratio ce/cn should
be greater than 3 (Ghironi and Melitz, 2005, calibrate this ratio to 1.235).
For values of the ratio ce/cn lower than 3, the observed appreciation does not
exceed 6%.

On the other hand, if we model investment in quality explicitly, one can attain
easily the observed real exchange rate appreciation about 30-50% even for
reasonable parameter values, see Figure 2.

The simulations show that the model that relies on quality only in the form of
expansion of varieties for explanation of the real exchange rate appreciation
in converging economies, such as by Ghironi and Melitz (2005), is insufficient
for explanation of the recent experience in transition countries in Central and
Eastern Europe. Nevertheless, we also show that an extension to the model in
the form of additional investment margin (investment in quality) endogenously
generates the real exchange rate appreciation in comparable magnitudes that
have been observed in these transition countries.

4 Concluding remarks

In this paper we address the recent puzzle of the real exchange rate appre-
ciation and the terms of trade and the real market shares improvements of
converging transition countries. In models frequently used in the interna-
tional macroeconomics the increase in productivity (uniform across sectors)
is consistent with the real exchange rate depreciation. This is because output
expansion can be sustained as equilibrium only if the corresponding prices
decline. However, empirical observations contradict this paradigm since more
advanced countries tend to have higher price levels. Also, the converging tran-
sition economies experienced both an increase in the real export market shares
and the real exchange rate appreciation.
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Also models with exogenous share of tradable goods and productivity con-
centration in tradable good sectors, thus generating the real exchange rate
appreciation through the Harrod-Balassa-Samuelson effect, proved to be dis-
satisfactory due to very weak empirical support at least for the European
transition countries. Besides, this type of models would assume constant or
declining terms of trade which is also in contradiction with the empirical evi-
dence of the terms of trade improvement for these countries.

Even the latest advance in explaining the real exchange rate appreciation af-
ter a uniform productivity increase is not fully satisfactory. In models that
combine an endogenous number of varieties with a market structure featuring
the love-for-variety effect (type of quality effect) implies the divergence be-
tween welfare-theoretic price index and price index based on average prices.
Consequently, an increase in productivity in converging economy expands its
relative number of varieties and causes the real exchange rate appreciation of
the exchange rate defined per unit of physical product. Nevertheless, as we
have shown, this effect is quite limited for reasonable range of model parame-
ters and thus it turns out to be insufficient for the recent empirical evidence.

Therefore, we have presented a model that introduces an endogenous verti-
cal investment margin into the consistent general equilibrium with trade and
investment costs and have shown that such an extension is needed for satisfac-
tory explanation of the size of the recent trend real exchange rate appreciation
for the Central and Eastern European transition economies.
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A Steady State under a Particular Functional Form

In this part, we characterize the steady state and we derive and present the
steady-state equations of the model for a particular functional form. Since we
deal with the steady state, we give up the time subscripts t.

A.1 The Steady State

The steady state is the long-run equilibrium and it is obtained when exogenous
parameters (particulary productivity parameters A and A∗) are constant for a
sufficiently long period of time. The steady state is characterized by a number
of features. The most important ones include:

• zero bond holding Bss = 0, which is due to adjustment costs ψB > 0;
• constant endogenous quantities and prices;
• the marginal rate of the intertemporal substitution µt2

t1 = βt2−t1 ;
• the steady-state effective discount rate R ≡ ∑

t≥0(1− δ)tµτ+t
τ reads as R =

1
1−β(1−δ)

and the steady-state interest rate rss = β−1 − 1;
• net exports are zero;
• the distribution of firms degenerate over the vintage dimension: thus one

can write Γd
ss(j) instead of Γd

ss(j, τ).

A.2 Derivation under a Particular Functional Form

As a benchmark calibration, we use the iso-elastic production function `(l, k) ≡(
l
k

)1−α
for production of physical quantities. This formulation implies the

Cobb-Douglas production function f(k, l) = kαl1−α for the production of the
quality-quantity bundle. The cost function associated with the Cobb-Douglas
production function is given as follows:

C(q,W, A, zj, kj) = W
[

q

Azjkα
j

] 1
1−α

.

The curvature of the momentary utility function u does not matter for the
steady-state properties as long as u is strictly increasing and concave.

Note that for α = 0 (and taking the relevant limits where necessary), the
production function is linear in a single input – labor, which corresponds to
the parametrization used by Ghironi and Melitz (2005).

First, we derive the optimal investment decision, and the present value of
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profit flows for a non-eligible firm 12 . Such a firm will supply the following
quantity-quality bundle qd

j to the domestic market:

qd
j =

[θ − 1

θ
(1− α) W−1

[
Azjk

α
j

] 1
1−α

]θ

Q


(1−α)

αθ+(1−α)

,

the real turnover is:

pd
j

P
qd
j = z

θ−1
(1−α)+αθ

j k
α(θ−1)

(1−α)+αθ

j

[
θ − 1

θ
(1− α) W−1A

1
1−α

] (θ−1)(1−α)
(1−α)+αθ

Q
1

(1−α)+αθ ,

and the period real operating profit is given by:

Pd
jτσ =

pd
j

P
qd
j − C(qd

j ,W, A, zj, kj) =

= z
θ−1

(1−α)+αθ

j k
α(θ−1)

(1−α)+αθ

j W
−(θ−1)(1−α)

(1−α)+αθ A
(θ−1)

(1−α)+αθQ
1

(1−α)+αθW1,

where we define W1 = α(θ−1)+1
(θ−1)(1−α)

[
θ−1

θ
(1− α)

] θ
(1−α)+αθ .

Second, we derive optimal production decisions of eligible firms is derived.

The CES market structure implies that qd
j =

[
θ−1

θ

(
MCj

P

)−1
]θ
Q, and q∗mj =[

θ−1
θ

η
1+t

(
MCj

P

)−1
]θ
Q∗. Some simple, but tedious, algebraic manipulations yield:

κj =
Q

Q+Q∗
(

η
1+t

)θ .

Observe that κj does not depend on individual characteristics of firms: zj

and kj; it depends only on relative demands of both markets and on the real
exchange rate corrected for transport costs t. Therefore, all eligible firms will
sell the same share of its products to the domestic resp. foreign markets. Thus
henceforth we will simply write κ for κj. Define

ξ ≡ Q+Q∗
(

η

1 + t

)θ

=
Q

κ
.

The total production of eligible firms can be written as follows:

qj =
(
zθ

jk
αθ
j

) 1
(1−α)+αθ


[
θ − 1

θ
(1− α) W−1 [A]

1
1−α

]θ

ξ


(1−α)

(1−α)+αθ

,

12 Also, in this part of the paper, we derive expressions only for domestic firms. The
expressions for foreign firms are easily derived then.
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and real turnovers on the domestic and the foreign markets, respectively is
given by:

pd
j

P
qd
j = z

θ−1
(1−α)+αθ

j k
α(θ−1)

(1−α)+αθ

j κ
α(θ−1)

(1−α)+αθ

[
θ − 1

θ
(1− α) W−1A

1
1−α

] (θ−1)(1−α)
(1−α)+αθ

Q
1

(1−α)+αθ ,

(
η

1 + t

) pm∗
j

P ∗ q
m∗
j = z

θ−1
(1−α)+αθ

j k
α(θ−1)

(1−α)+αθ

j (1− κ)
α(θ−1)

(1−α)+αθ

(
η

1 + t

) θ
(1−α)+αθ

×

×
[
θ − 1

θ
(1− α) W−1A

1
1−α

] (θ−1)(1−α)
(1−α)+αθ

Q∗ 1
(1−α)+αθ .

Real production costs of eligible firms read as follows:

Cj = z
θ−1

(1−α)+αθ

j k
α(θ−1)

(1−α)+αθ

j A
(θ−1)

(1−α)+αθ W
−(θ−1)(1−α)

(1−α)+αθ


[
θ − 1

θ
(1− α)

]θ

ξ


1

(1−α)+αθ

,

thus, the real period operating profit in a given period – say t – is given as:

Pd
jτt = z

θ−1
(1−α)+αθ

j k
α(θ−1)

(1−α)+αθ

j A
(θ−1)

(1−α)+αθ W
−(θ−1)(1−α)

(1−α)+αθ W1ξ
1

(1−α)+αθ .

Now, we are able to derive the expected present value of profit stream. We
start with an eligible firm Pde

jτ , the expected present value satisfies:

Pde
jτ = z

θ−1
(1−α)+αθ

j k
α(θ−1)

(1−α)+αθ

j W1RA
(θ−1)

(1−α)+αθ W
−(θ−1)(1−α)

(1−α)+αθ ξ
1

(1−α)+αθ︸ ︷︷ ︸
$e

τ

,

while the expected present value Pdn
jτ of a non-eligible firm satisfies:

Pdn
jτ = z

θ−1
(1−α)+αθ

j k
α(θ−1)

(1−α)+αθ

j W1RA
(θ−1)

(1−α)+αθ W
−(θ−1)(1−α)

(1−α)+αθ Q
1

(1−α)+αθ︸ ︷︷ ︸
$n

τ

.

The value of an eligible firm located in the domestic country and owned by
the domestic household – which enjoys a productivity level zj – is determined
by capital investment:

Vde
τ (kj|zj) = Pde

jτ − (ce + kj) ≡ z
θ−1

(1−α)+αθ

j k
α(θ−1)

(1−α)+αθ

j $e
τ − (ce + kj) ;

and similarly for a non-eligible firm

Vdn
τ (kj|zj) = Pdn

jτ − (cn + cnkj) = z
θ−1

(1−α)+αθ

j k
α(θ−1)

(1−α)+αθ

j $n
τ − (cn + kj) .
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If firms’ managers maximize the value of firms, they chose the following capital

level:kopt,e
j = zθ−1

j

[
α(θ−1)$e

τ

α(θ−1)+1

]α(θ−1)+1
, and the value of an eligible firm is:

V de
τ (zj) = max

kj≥0
Vde

τ (kj|zj) = z
(θ−1)
j [$e

τ ]
α(θ−1)+1 G − ce,

where G = 1
α(θ−1)+1

(
α(θ−1)

α(θ−1)+1

)α(θ−1)
.

Similarly, the value of a non-eligible firm is

V dn
τ (zj) = max

kj≥0
Vdn

τ (kj|zj) = z
(θ−1)
j [$n

τ ]α(θ−1)+1 G − cn,

and the optimal capital investment to quality is kopt,n
j = zθ−1

j

[
α(θ−1)$n

τ

α(θ−1)+1

]α(θ−1)+1
.

Value functions V dn
τ (zj), V

de
τ (zj) implicitly define the cut-off value z, which is

the least idiosyncratic shock, which makes the the export-eligibility investment
profitable. Thus it is defined as

zd
τ = min

zj
(V de

τ (zj) ≥ V dn
τ (zj)).

A.3 Market-clearing conditions

The steady-state market clearing conditions are as follows:

(1) Zero-profit condition in equilibrium;
(2) Goods-market clearing in both countries;
(3) Labor-market clearing in both countries;
(4) Balance of Payment

Zero expected profits in equilibrium The condition of zero expected
profits in equilibrium implies that the expected value of a new domestic entrant
be zero.

∫ z
zL
V dn

τ (zj) dG(zj) +
∫ zU
z V de

τ (zj) dG(zj) = 0. This can be restated as:

G
{

[$n
τ ]α(θ−1)+1

∫ z

zL

zθ−1
j dG(zj) + [$e

τ ]
α(θ−1)+1

∫ zU

z
zθ−1

j dG(zj)

}
= cn+(ce−cn) [1−G(z)] .

Under the parametrization, this reduces to

Aθ−1W−(θ−1)(1−α)

{
Q
∫ z

zL

zθ−1
j dG(zj) + ξ

∫ zU

z
zθ−1

j dG(zj)

}
=
cn + (ce − cn) [1−G(z)]

G(W1R)α(θ−1)+1
.

The analogous condition holds for foreign entrants.
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Goods-market clearing This condition simply says that Q = LW and
Q∗ = L∗W∗ because of the zero expected profits in equilibrium (and realized
and expected profits are equal by the law of large numbers).

Labor-market clearing The individual labor demand is obtained as lj =[
qj

Azjkα
j

] 1
1−α

, and integrating yields the aggregate labor demand as follows:

[W1R]α(θ−1)

[
α(θ − 1)

α(θ − 1) + 1

]α(θ−1)
A(θ−1)

W(θ−1)(1−α)+1

[
Q
∫ z

zL

zθ−1
j dG(zj) + ξ

∫ zU

z
zθ−1

j dG(zj)

]
,

which should be equal to L.

The Balance of Payment The balance of payment equilibrium condition
can be rewritten as:

η2θ−1

∫ zU
z∗ z

θ−1 dG(z)∫ zU
z zθ−1 dG(z)

=
(
n∗

n

)(
Q

Q∗

)(
A∗

A

)θ−1
(

W
W∗

)(θ−1)(1−α)

.

22



References

Ahnert, H., Kenny, G. (2004). Quality Adjustment of European Price Statis-
tics and the Role for Hedonics. ECB Occasional Paper Series No. 15.

Baldwin, R., Forslid, R. (2000). Trade liberalization and endogenous growth:
A q-theory approach. Journal of International Economics 50, pp. 497-517.

Bernard, A., Eaton, J., Jensen, J. B., Kortum., S. (2003) Plants and Produc-
tivity in International Trade. The American Economic Review XCIII, pp.
1268-1290.

Br̊uha, J., Podpiera, J. (2007a). Inquiries on transition economy convergence
in a two-country model, ECB working paper No. 791.

Br̊uha, J., Podpiera, J. (2007b). Transition Economy Convergence in a Two-
country Model: Implications for Monetary Integration, ECB working paper
No. 740.

Br̊uha, J., Podpiera, J., Polák, S. (2007). The Convergence Dynamics of a
Transition Economy: The Case of the Czech Republic. IMF working paper
WP/07/116.

Cincibuch, M., Podpiera, J. (2006). Beyond Balassa-Samuelson: Real Appre-
ciation in Tradables in Transition Countries. Economics of Transition, vol.
14(3) 2006, pp. 547-573.
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Table 1: Sampling scheme

Parameter Lower bound Upper bound

δ 0.050 0.750

θ 3.500 7.500

t 0.025 0.150

cn 2.000 10.00

ce/cn 1.050 5.000

Table 2: The projection of the real exchange rate appreciation (the parsimonious
specification)

Ghironi- Melitz model Extended model

Parameter Coefficient Parameter Coefficient

H0 0.0137 H0 0.1367

θ -0.0035 θ -0.2034

t -0.0105 t 0.1089

ce/cn -0.0036 ce/cn 0.5220

α -0.5181

θ2 0.0723 θ2 0.4478

θt -0.0155

θce/cn -0.0703 θce/cn -0.2092

t2 0.0044 θα -0.4223

tce/cn 0.0150 α2 0.2984

(ce/cn)2 0.0359

Notice that although the expansion is given in logs, we write – for sake of brevity –
only symbols of coefficients, thus δ means log(δ/0.05), while θ2 means log2(θ/3.5)
and so on.
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Table 3: The projection of the real exchange rate appreciation (the full model)

Ghironi- Melitz model Extended model

Parameter Coefficient Parameter Coefficient

H0 0.0134 H0 -0.0058

δ 0.0002 δ 0.0888

θ -0.0032 θ 0.0612

t -0.0099 t 0.0608

cn -0.0001 cn 0.1178

ce/cn -0.0037 ce/cn 0.4586

α -0.5371

δ2 -0.0002 δ2 -0.0026

δθ -0.0003 δθ -0.1134

δt 0.0003 δt -0.0413

δcn 0.0000 δcn -0.0147

δce/cn 0.0003 δce/cn 0.0233

δα 0.0143

θ2 0.0723 θ2 0.4471

θt -0.0155 θt 0.0019

θcn 0.0003 θcn -0.0364

θce/cn -0.0703 θce/cn -0.2085

θα -0.4307

t2 0.0044 t2 0.0305

tcn -0.0011 tcn -0.0045

tce/cn 0.0150 tce/cn 0.0525

tα 0.0109

cncn 0.0005 cncn 0.0138

cnce/cn 0.0000 cnce/cn -0.0362

cnα -0.0423

(ce/cn)2 0.0359 (ce/cn)2 -0.0212

(ce/cn)α 0.0180

α2 0.3007

For notes, see Table 2.
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Figure 1: The model without explicit quality investments (Ghironi-Melitz) 
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Figure 2: The extended model with explicit quality investments 
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