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Abstract

In this paper we develop a new way of modelling time variation in term premia. This is based
on the stochastic discount factor (SDF) model of asset pricing, observable macroeconomic factors
and the joint estimation of the no-arbitrage conditions for holding period returns of different
maturity and the factors using multi-variate GARCH with conditional covariances in the mean.
We estimate the contribution made to the term premia at different maturities by real and nominal
macroeconomic sources of risk. From the estimated term premia we estimate the term structure
of interest rates, show how it varies through time, and estimate the contributions made by the
macroeconomic factors. Finally, we examine the implications for testing the rational expectations

hypothesis of the term structure (REHTS) when allowance is made for time-varying term premia.
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1 Introduction

In this paper we develop a new way of modelling time variation in term premia. This is based on
the stochastic discount factor (SDF) model of asset pricing, the use of observable macroeconomic
factors and the joint estimation of the no-arbitrage conditions for holding period returns of different
maturity and the factors through a multi-variate GARCH model with conditional covariances in
the mean. We estimate the contribution made to the term premia at different maturities by real
and nominal macroeconomic sources of risk. From the estimated term premia we estimate the
term structure of interest rates, show how it varies through time, and estimate the contributions
made by the macroeconomic factors. Finally, we examine the implications for testing the rational
expectations hypothesis of the term structure (REHTS) when allowance is made for time-varying
term premia.

There is a large literature on the empirical evidence on the term structure. Much of the early
work was based on the rational expectations hypothesis of the term structure (REHTS) and came
to the conclusion that the REHTS was rejected by the data. Campbell and Shiller (1984) concluded
that the reason for the failure of the REHTS was that long rates under-reacted to short rates.
Campbell and Shiller (1991) and Hardouvelis (1994) took a contrary view, that the main cause
of a failure might be the over-reaction of long rates to short rates. An alternative opinion, first
emphasized by Mankiw and Miron (1986), followed by Hardouvelis (1988) and Rudebusch (1995),
and formalized in a theoretical model by McCullum (1994), is that short rates were responding
to changes in monetary policy. More recently, Favero and Mosca (2001) found that the REHTS
cannot be rejected for short-term bonds in periods of low uncertainty of monetary policy. Hsu
and Kugler (1997) attributed similar findings to the use by the Fed, since the late 1980s, of the
spread as an indicator for monetary policy. Another strand of the literature relates the failure of
the REHTS to “noise traders” and various other forms of irrational expectations of at least some

market participants, see Froot (1989), Bekaert, Hodrick and Marshall (1997a).



A more fundamantal criticism of the REHTS is that it is theoretically incorrect. It assumes that
investors are risk neutral, whereas they are well-known to be risk averse. The REHTS is therefore
misspecified due to omitting a time-varying term premium. The early studies of Fama (1984),
Keim and Stambaugh (1986), Mankiw (1986) and Hardouvelis (1988) supported the significance of
time-varying risk premia in bond returns. More recent evidence is by Froot (1989), Fama (1990),
Mishkin (1990), Tzavalis and Wickens (1997) and Cochrane and Piazzesi (2001). Froot (1989),
using survey data, found that for the short end of the yield curve, the failure of the REHTS is
due primarily to a time-varying risk premium, while on the very long end the principal reason is
expectations error. Tzavalis and Wickens (1997) found that, once allowance is made for a term
premium, long rates react to short rates as theory predicts. This suggests that omitted variables
bias may be the cause of the failure of the REHTS. Unfortunately, the omitted variable - the
term premium - is not directly observable, so the solution is not as simple as just including an
additional observable variable.

Two approaches to resolving this problem have been used. One is to find an observable proxy
for the term premium. Modigliani and Shiller (1973), Fama (1976), Mishkin (1982) and Jones
and Roley (1983) used various measures of the variability of interest rates. Shiller, Campbell and
Schoenholtz (1983) used a measure of the volume of trade in bonds. Campbell (1987) used a latent
variable model of the returns on bills, bonds and common stocks to infer time-varying risk premia
in all three markets. Engle, Lilian and Robins (1987) used a time-varying conditional variance
of interest rates derived from an ARCH-M model. Simon (1989) used the square of the excess
holding-period return to proxy the term premium. Tzavalis and Wickens (1997) used the ex-post
holding-period return of one maturity to provide a proxy for the risk premia of other maturities,
thereby allowing the yield curve to have a single factor representation. Cochrane and Piazzesi
(2001) used a single factor, a tent-shaped function of forward rates to predict one-year excess
holding-period returns.

A second way of trying to resolve the problem is to specify the term premium based on an



appropriate model of the term structure. The usual way to do this is to use latent affine factor
models of the term structure, see Campbell (1987), Knez, Litterman and Scheinkman (1994), Gong
and Remolona (1997), Cochrane and Piazzesi (2001) and Dai and Singleton (2002). Piazzesi (2002)
surveys this literature. Two widely-used affine models of bond prices are those of Vasicek (1977)
and Cox, Ingersoll and Ross (1985). The general conclusions to emerge are that the CIR model
provides a more flexible description of the yield curve than the Vasicek model, and that three
latent factors are required.

Both the Vasicek and the CIR models are examples of the SDF model, see Cochrane (2001).
Their attraction is that they provide linear models of yields and term premia. This also means
that they are a restricted type of SDF model. In general, the risk premia implied by the SDF
model are captured by the conditional covariances of the excess return over the risk-free rate. In
both the Vasicek and CIR models these covariances are linear functions of the factors. In single
factor affine models, for example, all bond yields are just a function of the short rate and the
shape of the yield curve is fixed through time. The single factor Vasicek model implies that the
shape of the yield curve depends just on the time to maturity and is the same for all time periods,
whilst the single factor CIR model allows the yield curve to move over time, but fixes the shape.
Multi-factor affine factor models are more flexible but, arguably, are still over-constrained.

Another problem is how to interpret the latent factors extracted from the data. Pearson and
Sun (1994), for example, labelled their two factors “short rate” and “inflation”. Such labels are,
however, in general only loose ex-post descriptions. They give only rough guidance of the causes
of changes in the shape of the yield curve. Using observations on the short rate and inflation
would, in principle, be preferable for interpretation purposes.

To date, very little work has been done on observable factor models of the term structure.
Ang and Piazzesi (2001) estimated a multifactor Vasicek model, allowing the SDF to depend
on shocks to both observable and unobservable factors. They use 3 latent and 2 observable

variables (measures of inflation and real activity), and draw on the literature on monetary policy



rules to justify their choice of variables. They find that time variation in bond risk premia
depends significantly on the macroeconomic factors. Lee (1995) used a multivariate model to
generate conditional variances and covariances, and a cash-in-advance general equilibrium model
to justify his choice of macroeconomic variables. However, by including conditional variances
of the macroeconomic variables in the mean of the holding-period return instead of conditional
covariances with the excess holding-period return arbitrage possibilities are not eliminated.

We address both of these criticisms of the standard approach to modelling the term structure.
Although greater generality is obtained by using multi-factor affine models, an even more general
approach, and one that deals with the issue of how to interpret the factors, is to estimate the
conditional covariances directly from the data. This requires the use of observable factors and
the specification of the joint distribution of excess holding-period returns and factors that has a
time-varying conditional covariance matrix. In order to satisfy the no-arbitrage condition derived
from the SDF model we must include conditional covariances of excess holding-period returns with
the factors in the conditional mean equation of the excess returns. The multi-variate GARCH
model has been widely used in empirical finance, and can be used here. In order to satisfy the
no-arbitrage condition, however, it is essential to include conditional covariances in the mean.
The failure of virtually all of the applications of multi-variate GARCH to do this means that, in
general, they do not satisfy a no-arbitrage condition. This is the approach proposed for FOREX
by Wickens and Smith (2000), and for equity by Smith, Sorensen and Wickens (2003). A general
survey of the approach is Smith and Wickens (2002). In this paper, we develop this methodology
for application to bond pricing and the term structure.

Our choice of factors is motivated from the well-known general equilibrium consumption-based
intertemporal capital asset pricing model (C-CAPM) of Rubinstein (1976) and Lucas (1978) which,
like most asset pricing models, can be shown to be a particular version of the SDF model. We
estimate time-varying risk premia for different maturities within a no-arbitrage framework. We

are then able to reconstruct the yield curve. Finally, we re-examine whether, by including our



estimates of the term premia, it is possible to account for the lack of empirical support for the

REHTS.

2 Theoretical framework

2.1 Basic concepts

We use the following notation. P, ;= price of an n-period zero-coupon (pure discount) bond at
t, where Py ;= 1 as the pay-off at maturity is 1. R,, ;= yield to maturity of this bond, where the
one-period, risk-free rate R; = S;. hp 41 = return to holding an n-period bond for one period

from ¢ to ¢ + 1. It follows that

1
P”L = T .
LT L+ Ry )”
and
1
Ryt~——InP,;,
n
Thus
Pnfl t+1
Lt hpyy = —obit
+ o Pn,t
- (1 + Rnfl,t)_(n_l)
(1 + Rn,t)fn

And if p,, + = In P, ; then taking logs

P41 ~ Pr—t141 — Pnt = Ry — (n— 1) Ry—1 041

The no-arbitrage condition for bonds is that, after adjusting for risk, investors are indifferent
between holding an n-period bond for one period and holding a risk-free 1-period bond. The risk

is due to the price of the bond next period being unknown this period.

Ei[hn 1] = st + ppy (1)

where p,, ; is the risk premium on an n-period bond at time ¢.



2.2 SDF model of the term structure

The SDF model relates the price of an n-period zero-coupon bond in period ¢ to its discounted

price in period ¢ + 1 when it has n — 1 periods to maturity. Thus
Pt = Ei[Myy 1Py 441]

where M4 is a stochastic discount factor, or pricing kernel. It follows that
Ei[Myy1 (14 hp 1) =1

and for n =1,

(L+ s¢) By [Myyq] = 1
If P, and M;,; are jointly log-normally distributed and m;y; = In M;4q then
1 1
Pt = Ey(mig1) + Ey(Pr—1,441) + 5‘/26(mt+1) + §Vt(Pn—1,t+1) + Covy (M1, Pn—1,t41)

and as po+ = 0,

1
it = Ei(mig1) + §W(mt+1)

Subtracting (3) from (2) and re-arranging gives the no-arbitrage equation

1
Ei(pn—1,441) —Pnt + D1t + §Vt(pn—1,t+1) = —Cove(Mi41,Pn—1,441)

This can be re-written in terms of yields as

n—1)>2
—(n—1)Ey(Rp—1,441) + nRpt — st + %V}(Rnfl,wrl) = (n—1)Cov¢(myy1, Rn—1,t41)

and, since byt ~ —(n — 1)Ry—1 441 + nRut, as

1
Ei(hpt41 — s¢) + im(hn,t—&-l) = —Covy(myy1, hn,t41)

(2)

(5)

This is the fundamental no-arbitrage condition for an m-period bond, and each point on the

yield curve must satisfy this no-arbitrage condition. The term on the right-hand side is the term



premium and 1V (hy, 441) is the Jensen effect. Comparing equations (1) and (5), we note that the

SDF model implies that

1
P = =5 Velhner1) = Cove(mets, haetr)

Empirical work on the term structure can be distinguished by the choice of p,, ; and the discount
factor m;. The expectations hypothesis, which is the basis of most tests of the REHTS, assumes
that p, , = 0. The evidence cited earlier rejects this assumption. We now consider the choice of

my.

2.3 Modelling the discount factor
2.3.1 Affine models

The affine multi-factor model is the most widely-used in empirical work. It has sufficient flexibility
to be able to describe the term structure quite accurately. The Vasicek and CIR affine models are
the most popular. They assume that m; is a linear function of a vector of unobservable variables
z and, as a result, so is p, ., the log price of an n-period bond. The following is a general

representation of these models, see Ang and Piazzesi (2002) and Dai and Singleton (2000)

Pnt = _[An + B;lzt}
—myr1 = Oz +New
zepr = = O(2 — p) + e

5
e+1 = S7PXer
St = Vvi+ bz

where £ is a vector of ones, S; is a diagonal matrix, ;41 is ¢.4.d(0, I), and 6 and X are both square
matrices. The Vasicek model sets 6 = 0 and the CIR model sets § = 1. It is also possible to

implement these models with observable variables. Ang and Piazzesi (2002) and Ang, Piazzesi



and Wei (2003), using the Vasicek model, which assumes that the factors are generated by a

VAR(1), have used a mixture of observable and unobservable variables.

2.3.2 General equilibrium models

Despite the practical advantages of affine models, a theoretically more attractive approach is to
use general equilibrium theory to choose the factors and the functional form of m;. The most
widely-used general equilibrium model is based on power utility which has a constant coefficient

of relative risk aversion o. It can be shown that for nominal returns
mt+1 = 9 — O'ACt+1 — 41

where ¢;= log real consumption. Thus, there are two observable factors, one real and one nominal.
The resulting no-arbitrage condition is, see Smith and Wickens (2002) and Smith, Sorensen and

Wickens (2003),

1
Ei(hpi+1 — st) + §W(hn7t+1) = 0Cov(hn,t41, Acii1) + Cove(hp 1, Te41) (6)

A generalisation allows utility to be time non-separable. Smith, Sorensen and Wickens (2003)

show that the resulting no-arbitrage condition can be written

Ei(hn 41 — s¢) = B1Vi(hn 1) + BoCovi(hn 41, Acit1) + B3C0v (hy g1, Teg1)

The j, are functions of the deep structural parameters of the general equilibrium model, and 3,

is no longer equal to o. This formulation is clearly more general than power utility.

2.3.3 SDF model

An alternative to the general equilbrium model is the SDF model. Assuming log-normality, this

assumes that the logarithm of the pricing kernel is a linear function of a set of stochastic discount



factors z;;
My = a+ E bizi 1.
i

The resulting no-arbitrage condition is

1
Ei(hpi+1 — st) + §Vt(hn,t+1) =- Z b;Covi(hn 41, Zijt+1)

Although the SDF model places no restrictions on the coefficients of the conditional covariance
terms, it does restrict the coefficient on the conditional variance. Unlike the general equilibrium
model, SDF theory provides no guidance on the choice of factors z;;. They can be latent or

observable factors.

2.3.4 Testable restrictions

Finally, we note that the coefficients in all of these no-arbitrage conditions are independent of
the time to maturity. This does not imply that the term premia themselves are independent of
the time to maturity. Time to maturity is reflected in the term premia through the conditional
covariance terms, which vary through time and with n. The constancy of the coefficients in the
no-arbitrage conditions across maturities provides a statistical test for the joint hypothesis of the
specification of the SDF model and the no-arbitrage principle against the alternative that one or

the other doesn’t hold.

2.4 Yield curve

Having derived the term premia, we now consider how they affect the shape of the yield curve.
Yields for different maturities can be obtained from the no-arbitrage condition by replacing holding

period returns with yields. Equation (1) can be re-expressed as
Eilhn 1] =nRut — (n— D) E[Ry1,041] = 8¢ + ppy

Hence,

(n—=D[Et[Rp-1,041 — Rntl = (Rnt — 5t) — Py



where R, + — s; is the term spread and

1(n—1)2 n—1
=——— " Vi(R,— -—0C SR,
Pn.t B n +( 1,t+1) " ov (Mg 1t4+1)
It follows that
n—1 1
R, = - Ey[Rp—1,441] + E(St + Pt

1 n—1
= Zi:O Ey[st4i + pr—itril
1 n—1
= ; Zi:o Et8t+i + wn’t (7)
where
1 n—1
Wt = — Zi:o Etpp—iiti (8)
Thus the yield to maturity is the average of expected future short rates plus the average risk
premium on the bond over the rest of its life, wy, ;.
>From the Fisher equation
s¢ =1 + Ey[miqa]

where r; is the 1-period real rate and m; is inflation, hence nominal yields can be decomposed into

n—1
Ry = — Do Belrevi+ mivn + pniyi]
Thus, each yield - and hence the shape of the yield curve - has three components: real, nominal
and a risk component. All are affected by the time to maturity.

In order to re-construct yields it is necessary to estimate w,, ;. In principle, this requires having

term premia at all maturities. But, in practice, only a few yields are observable at any time; other

yields are estimated by linear interpolation.

3 Econometric methodology

The problem is to estimate the term premia for each maturity. The usual way to do this is to

assume that the factors are affine and either latent or observable, see Ang and Piazzesi (2002),
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(2003). We adopt an approach that allows for a more general covariance structure, see Smith
and Wickens (2002) and Sorensen, Smith and Wickens (2003). The aim is to model the joint
distribution of the excess holding-period returns jointly with the macroeconomic factors in such a
way that the mean of the conditional distribution of each excess holding-period return in period
t + 1, given information available at time ¢, satisfies the no-arbitrage condition, equation (6)
The conditional mean of the excess holding-period return involves selected time-varying second
moments of the joint distribution. We therefore require a specification of the joint distribution
that admits a time-varying variance-covariance matrix. A convenient choice is the multi-variate
GARCH-in-mean (MGM) model. For a review of multivariate GARCH models see Bollerslev,
Chou and Kroner (1997), and see Flavin and Wickens (1998) for a discussion of specification
issues for their use in financial models.

Let Xi41 = (Bng t41 — Sty Png t41 — Styeees 21,441, Z2,441,---) , Where 2141, 22,441,... include
the macroeconomic variables that give rise to the factors in the SDF through their conditional
covariances with the excess holding-period returns. In principle, they may also include additional
variables that are jointly distributed with these macroeconomic variables as this may improve the

estimate of the joint distribution. The MGM model can then be written

xi+1 = a+I'xy + Bg; + €141

where

€41 | Iy ~ D[0, Hyy1]

g: = vech{H 1}

The vech operator converts the lower triangle of a symmetric matrix into a vector. The distribution
is the multivariate log-normal distribution. If there are K maturities (excluding the short rate)
then the first K equations of the model are restricted to satisfy the no-arbitrage condition.

It will be noted that the theory requires that the macroeconomic variables display conditional

heteroskedasticity. This is not something traditionally assumed in macro-econometrics, but seems

11



to be present in our data. Ideally, we would like to use high frequency data for asset returns, but
very little macroeconomic data are published for frequencies higher than one month, and then
only a few variables are available. Although more macroeconomic variables are published at lower
frequencies, they tend not to display conditional heteroskedasticity.

Whilst the MGM model is convenient, it is not ideal. First, it is heavily parameterised which
can create numerical problems in finding the maximum of the likelihood function due to the
likelihood surface being relatively flat, and hence uninformative. Second, asset returns tend to be
excessively volatile. Assuming a non-normal distribution such as a t—distribution can sometimes
help in this regard by dealing with thick tails. The main problem, however, is not thick tails,
but a small number of extreme values. The coefficients of the variance process of the MGM
model have a tendency to produce a near unstable variance process in their attempt to fit these
extreme values. In principle, a stochastic volatility model, which includes an extra random term
in the variance, could capture these extreme values. Unfortunately, as far as we are aware, no
multivariate stochastic model with in mean effects in the conditional covariances has been proposed
in the literature.

The choice of specification of the conditional covariance matrix is a compromise between gen-
erality and feasibility. The latter requires that we limit the number of parameters to estimate.
Accordingly, our specification of H; is that of Ding and Engle (1994), the vector-diagonal multi-

variate GARCH-in-mean

Hy = Ho(it' —aa’ —bb') +aa’ x $y_1 +bb' « H;_4

where i is a vector of ones, x denotes element by element multiplication (the Hadamard product)
and X;_1 = e;_1&;_,. This is a special case of the diagonal Vech model, in which each conditional
covariance depends only on its own past values and on surprises. The restrictions implicitly im-
posed by this parameterisation of the multivariate GARCH process guarantee positive-definiteness

and also substantially reduce the number of parameters to be estimated, thus facilitating compu-
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tation and convergence. Stationarity conditions are imposed.

First we estimate the whole system as a standard homoskedastic VAR. This gives a consistent
estimator of the long-run variance covariance matrix Hy. In the subsequent estimation step we
constrain Hy to this value. Our sample has 348 observations. The estimation is performed using

quasi-maximum likelihood.

4 Data

4.1 Term structure data

The complete sample is monthly, from January 1970 to December 1998. Until 1991, the term
structure data are those of McCulloch and Kwon. After this, and until 1998, we use the data
extended by Bliss which is based on using the same technique. Excess holding-period returns are
taken in excess of the one month risk free rate provided by K. French. This is essentially the
one-month Treasury bill rate. Selected yields are plotted in Figure 9a.

McCulloch used tax-adjusted cubic splines to interpolate the entire term structure from data
on most of the outstanding Treasury bills, bonds and notes, see McCulloch (1975) and McCulloch
and Kwon (1993). These data have been used extensively in empirical work are considered very
“clean”, in that they are based on a broad spectrum of government bond prices and are corrected
for coupon and special tax effects. Furthermore, spline-based techniques allow for a high degree of
flexibility, since individual curve segments can move almost independently of each other (subject
to continuity constraints). Hence they are able to accommodate large variations in the shape of
the yield curve. Even so, fitting the yield curve is a complex procedure, and is itself subject to
error. The main errors seem to arise at the long end of the term structure, see Deakon and Derry
(1994) and McCulloch and Kochin (2000). In constructing holding-period returns we use the
change in n-period yields AR, ;41 instead of R,,_1++1 — Ry . This will be a good approximation

for medium and long yields.
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4.2 Macroeconomic variables

The macroeconomic variables used are the month-on-month growth rates of: the consumer price
index for all urban consumers (abbreviated here as CPI), real retail sales (RRETS), industrial
production (IP), real total personal consumption (TPC) and real personal consumption on non-
durables and services (PCNDS).! The USA is one of only two countries to keep monthly personal
consumption data.?  Hence, in order to allow for potential comparison with similar work on
other countries, we also use real retail sales, a common proxy for consumption. The estimations

including industrial production are exploratory rather than theoretically motivated.

4.3 Descriptive statistics

Table 1 presents some descriptive statistics for our dataset. All data series are in annualized
percentages. Our yield curve data are characterised by some standard stylised facts. The average
yield curve in our sample is upward sloping. Average excess holding-period returns are positive
for all maturities and increase with time to maturity. Like most financial data, excess holding-
period returns exhibit excess skewness and kurtosis, particularly for short maturities. Fitting a
univariate GARCH(1,1) to them indicates there is also significant heteroskedasticity.®  Their
unconditional variance increases with maturity, and so do the unconditional covariances of the
excess returns with the macroeconomic variables, in absolute terms. Among the consumption-
measuring variables, real retail sales are by far the most variable, skewed and leptokurtic.

Table 2 presents the unconditional sample correlations. The unconditional correlations of all
excess returns with the macro variables are negative and generally also increase with maturity.
Industrial production is an exception to this, being most highly correlated with the 1-year bond’s

excess return in particular, and the shorter bonds in general. All excess returns at different

I Data on CPI were obtained from the U.S. Department of Labor’s Bureau of Labor Statistics, IP data are
obtained from Datastream, while all three measures of consumption, as well as RRETS were obtained from the
Federal Reserve Bank of St Louis.

2 The other is the U.K.

3 Estimation results are available upon request.
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maturities are highly correlated, especially at the short end of the yield-curve. For example, the

6-month and 1-year excess returns have a correlation of 0.95.
5 Empirical results

We provide estimates of a number of different models. The models differ in the number of holding-
period returns included and in the choice of observable factors. Every holding-period equation is
constrained to satisfy the no-arbitrage condition.

It is important to note that the model being estimated is non-linear and as a result the
coefficient estimates are not independent of the units of measurement. According to the C-CAPM,
the estimated coefficient of the covariance of consumption is equal to the coefficient of relative
risk aversion o, while that of inflation is 1. However, the theory was developed in absolute terms,
and our data have been converted to annualized percentages. Consequently, the coefficient on the

and not %; the coefficient of

own variance of the holding-period return is constrained to be ﬁ

the inflation covariance in the general equilibrium model is constrained to be Tloo and not 1; and
1

the estimated consumption covariance coefficient should be interpreted as 15550 and not o.

5.1 Coefficient estimates

Our results are reported in Tables 3a and 3b. First, we estimate C-CAPM, equation (6). We then
relax the assumptions imposed by C-CAPM and test the theoretical restrictions of C-CAPM. The
general alternative model (with the own variance constrained) is the SDF model. We consider
two combinations of maturities using 3 and 5 maturities:

(i) 6 months, 2 years and 10 years

(ii) 6 months, 1,2,5 and 10 years

We note that, in general, the most reliable results are obtained when the short end of the
yield curve is adequately represented, i.e. when the 6-month excess return is included. Although

the statistical significance and the explanatory power of the model vary slightly, the signs of
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the estimated coefficients and the trends along the yield curve are almost identical for all other
combinatins we examined.

For the sake of brevity, estimates of the covariance structure are not reported. All of the ARCH
and GARCH coefficients are highly significant for the excess holding-period return equations and
for the macroeconomic variables; typically, the ¢-statistics have more than two significant places.
The GARCH coefficients are always much larger than the ARCH coefficients. Typically estimates
are close to 0.9 and 0.3, respectively. Further, the GARCH parameter shows a tendency to increase
with maturity. As a result, the conditional covariance structure of excess holding-period returns
depends almost entirely on the lagged conditional covariance matrix, and much less on lagged
innovations. In the equations for the macroeconomic variables, the constant and own lagged
values are always highly significant.

Table 3a is based on using 3 maturities and C-CAPM with total personal consumption and
inflation. The first row contains the estimates of coefficients in the conditional mean of the excess
returns; the coefficient of inflation is constrained to its theoretical value and, as C-CAPM predicts
that the coefficients of the consumption covariances are the same for all maturities, we impose
this as an additional constraint. Thus, in effect, only one parameter is being estimated in each
system of equations for the conditional means of the excess holding-period returns.

The coefficient of the consumption covariance is estimated to be —0.03, implying an estimate
of o of 36. This is implausibly large. It is, however, typical of estimates of the coefficient of relative
risk aversion found in the literature. We also note that this estimate is not statistically significant
at conventional significance levels, and that the consumption covariances of all maturities are
also jointly insignificant (see column 7), implying that the term premia are not significant. The
explanatory power of the models is very low (see columns 12 — 14), suggesting that excess holding-
period returns are due almost entirely to innovations in the price of bonds.

If we relax the constraint on the coefficient of inflation and drop the interpretation that the

coefficient of the conditional covariance of consumption is the coefficient of relative risk aversion
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then our model becomes an unrestricted SDF model. The estimation results for the same com-
bination of bonds are given in the second row of Table 3a. An entirely different picture emerges.
The coefficient on the consumption covariance has changed considerably; it is now positive and
significant. The estimate of 0.09 would implying an estimate of o of 108, if this were still an
appropriate interpretation. The estimate of the coefficient of the inflation covariance is —0.41 and
is highly significant. This is very far from its theoretical value under C-CAPM. The conditional
covariances included in the conditional mean of the excess returns are now jointly significant, see
column 7. A likelihood ratio test of the C-CAPM restrictions strongly rejects the model in favour
of the more general SDF model. Finally, we now find that the explanatory power of the model has
increased dramatically. 19% of the variance of the excess holding-period return on the shortest
bond and 6% on the longest bond are now explained.

A key prediction of the SDF model is that the coefficients in the no-arbitrage equations are the
same, no matter the time to maturity. We examine this prediction by allowing the coefficients to
differ for each maturity. Thus we remove the cross-equation constraints. Table 3a row 3 retains the
cross-equation restriction on the coefficient of the consumption covariance but removes it on the
inflation covariances, row 4 is the reverse, it retains the cross-equation restriction on the coefficient
of the inflation covariance but removes it on the consumption covariances. Row 5 removes the
restrictions on both.

The main finding is that the coefficient estimates decline in absolute size as time to maturity of
the holding-period returns increases. All but the coefficient on the consumption covariance for the
10-year maturity in row 5 are highly significant. These results suggest that investors’ perception of
risk is better informed at shorter than longer time horizons. As a result, term premia are adjusted
more often, and hence are more volatile at short horizons than at longer horizons. Comparing the
unrestricted estimates, row 5, with the C-CAPM models of rows 3 and 4, we find that coefficient
restrictions on the inflation covariances are rejected at the 5% level, but those on the consumption

covariances are not, see row 5, column 10.
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Table 3b reports the corresponding results for the model with 5 maturities. The estimates
are remarkably similar to those of Table 3a. The main difference is that all of the cross-equation
restrictions are now rejected, including those of the consumption covariances. A possible expla-
nation for this difference is that without the 1-year bond we are unable to capture the curvature
of the yield curve at the short end as well as when we include it. In all subsequent calculation we
use the estimates of the unrestricted model in Table 3b.

Looking at the estimated coefficients in greater detail, we observe that all of the inflation co-
variance coefficients are negative, whilst all of the consumption covariance coeflicients are positive.
We note, however, from Table 2, that the unconditional covariances and the average conditional
covariances between every excess holding-period return and each macroeconomic variable are neg-
ative. Hence, to make a positive contribution to the term premium the coefficient estimates must
be negative. The inflation terms all satisfy this, and hence make a positive contribution to the
term premia, but the consumption terms do not. They seem to be making a negative contribution
to the term premia. One possible explanation might be that the choice of macroeconomic factors is

incorrect. Relevant factors may have been omitted, thereby introducing biases in the coefficients.

5.2 Estimated Term Premia

Figure 1 plots the total time-varying term premia (plus Jensen effect) and the separate con-
tributions from the two macroeconomic factors for the unrestricted version of the model with
five maturities. Table 4 gives summary statistics for the estimated risk premia. The total term
premium is positive in nearly every period, it is due almost entirely to inflation risk and the contri-
bution of consumption risk is very small. The “incorrect” sign of the consumption coefficient has
hardly any effect. Figure 2 plots the total term premium together with the excess holding-period
return (which is scaled). The graphs reveal the large noise component in excess holding-period
returns.

Inspecting the term premia as they change through time, we note that investors required a
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large term premium in order to be willing to hold government bonds during the 1979-82 period,
which corresponds to the “monetary experiment” by the Fed. This temporary change of monetary
policy to strict money-base targeting led to high and volatile short rates. It was also accompanied
by very high and volatile inflation and a US recession. We would therefore expect that both real
and nominal factors would contribute to the term premium during this period. It is, however,
the inflation risk premium that dominates. Term premia are also relatively high in the early
1970’s, during the first oil crisis, and throughout the 1980’s. In both periods inflation volatility
was still relatively high. The 1990’s was a decade of macroeconomic stability and low inflation
(the Greenspan era). Term premia are much lower and more stable as a result.

The graphs also show that the term premia increase in magnitude with maturity. As the
coefficients decline in absolute value with maturity, this is attributable to an increase in the
average size of the conditional covariances with maturity. This finding supports the conclusions
of McCulloch (1987) and Wickens and Tzavalis (1997) who found that risk premia increase with
maturity, but at a decreasing rate. Heston’s (1992) conjecture that risk premia on excess holding-
period returns of different maturities are related to each other also finds some support here, as the
estimated risk premia seem to follow a similar pattern in all maturities and are highly correlated
with each other, see Table 5.

We also find that the explanatory power of the model decreases with maturity. This result
is consistent with that of Ang and Piazzesi (2001) who also find that their two macroeconomic
factors primarily explain movements at the short end and middle of the yield curve, while their
unobservable factors account for most of the movement at the long end. This suggests that
additional factors might be needed in our model.

Although the results are not reported, we experimented with different definitions of consump-
tion and additional variables. We found that using retail sales instead of total personal consump-
tion allowed us to explain a maximium of 12 — 13% of the variance of the excess holding-period

returns on the shortest bond. Using personal consumption on non-durables and services gave
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similar results, but using industrial production gave much worse results. We conclude that there

is little to choose between the alternative measures of consumption.

6 Reconstructing the Yield Curve

6.1 Estimating the rolling risk premia

In order to estimate the yield curve from the estimated term premia we require an estimate
each period of the average term premium over the rest of the life of each bond. We refer to
this as the rolling risk premium, see equation (8). We consider two estimates of this. The first
uses estimates of the current term premia and a linear interpolation of missing maturities. The
second uses estimated future term premia plus linear interpolation. Thus the first method assumes
static expectations, and the second assumes perfect foresight. All calculations are based on the
unrestricted model with five maturities.

A time-series plot of the rolling risk premium for each maturity is provided in Figure 4 based
on static expectations, and in Figure 6 based on perfect foresight. Figure 5 expresses the rolling
premia based on static expectations as a percentage of the total yield, and Figure 7 gives the
corresponding information based on perfect foresight. Being averages, the rolling premia show
much more persistence than the term premia. Otherwise, they reflect previous findings, with
rolling premia being highest during the early 1980’s, later in the 1980’s and during the recession
of the early 1990’s. Tables 6a and 6b present some descriptive statistics for the two sets of rolling
premia.

Considering first the results based on static expectations, the average estimated rolling risk
premium included in the 6-month yield during the 1970’s is 0.27 (which is 4.3% of the yield); in
the period from 1979-1982 the corresponding figure is 0.92 (7.6%); the average until the end of the
1980’s is 0.20 (2.5%). During the 1990’s, a decade associated with low and very stable inflation
as well as positive growth rates, estimated rolling risk premia are very low. For 6-month bonds

the average is 0.09 (1.8%). These estimates seem plausible, at least for short and medium term
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maturities, and are comparable to those found in other studies. The rolling risk premia are larger
the longer the time to maturity. On a few occasions our estimates become negative. Sometimes,
particularly during the period 1979-1982, they are clearly excessively large as in April 1980 when
our estimate for the 10-year bond is 114% of the actual yield.

The rolling premia based on perfect foresight are clearly very different from those based on
static expectations, particularly in the 1970’s. The reason is that they assume that the market
anticipates the high term premia of the period of the Fed’s monetary experiment. These esti-
mates are clearly not plausible. This becomes obvious if we reconstruct the yields implied by the

estimated rolling premia.

6.2 Reconstructing the yield curve

To estimate the yields we combine the estimated rolling term premia with estimates of expected
future short rates as in equation (7). Again we consider two estimates: static expectations and
perfect foresight of expected future short rates. Under static expectations expected future short
rates are set equal to the current short rate s;. This implies that the shape of the yield curve and
of the term structure reflects nothing more than changes in the rolling risk premia at different
maturities.

Figures 8 and 9 give actual and estimated yields under static expectations for short rates and
term premia and perfect foresight for three maturities: 1-year, 2-year and 10-year bonds. The
panels in Figure 8 are for each maturity, and those in Figure 9 are for each type of estimate. The
two Figures show that yields are better estimated at shorter than longer maturities, and that static
expectations provide better estimates than perfect foresight. The estimation errors for 6-month
and 2-year yields based on static expectations are remarkably small. Even for 10-year bonds they
are small from 1984 onwards. Perfect foresight does not introduce large errors for 6-month bonds,
but for 2-year bonds they are larger. And for 10-year bonds prior to 1984 the errors are huge.

Inflation is well-known to be an important factor affecting short rates. And we have shown
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inflation volatility is the major factor in term premia. When inflation is low it appears to be
both more predictable and to have lower and more predictable volatility. It is in this case that we
are able to estimate yields best. The larger estimation errors under perfect foresight suggest that

markets are more likely to mis-price bonds when inflation is more volatile.
7 Testing the REHTS

We now return to consider the question raised earlier of whether the empirical failures of the
REHTS are due to the omission of a time-varying risk premium. We can include our estimate of
the risk premium as an additional observable variable in the model. The model based on returns

can be written

hp41 =+ Bse + 7o, + Enttr (9)

where €, +41 is a zero-mean disturbance. According to the REHTS o = 0 and 5 = 1. If we have
estimated the risk premium reasonably accurately then we also expect that v = 1. Alternatively,

we can express the model in terms of yields as
(n—=1D(Rn—14+1 — Rut) =0+ p(Rnp — 8¢) + V9, 4 + €nta (10)

where we expect 6 =0, p=1,v=—1and €, 141 = —€n t+1.

OLS estimates of these equations are reported in Table 7 for each of the five maturities. The
columns a and d are estimates of the standard tests of the REHTS without a risk premium, and
columns b and e include the estimated risk premium derived from the unrestricted model with
five maturities. In the models without the risk premium the estimates of 8 are close to unity
for each maturity, but those for p are not. This is the usual result. The difference is due to the
holding-period returns and the short rate in equation (9) being I(1), or close to I(1), variables.
This results in super-consistent estimates of 3 even if there is an omitted term premium, provided

it is I(0). Whereas, in equation (10), the change in the yield and the term spread are I(0) variables,
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and so an omitted term premium is likely to give biased estimates of u.

Including the risk premium is expected to have little effect on the estimate of 8 but ought,
if the risk premium is well estimated, to remove the bias in the estimate of p. The results in
column two confirm this for equation (9), but not for equation (10). The bias is increased for most
maturities in equation (10). Except for the 10-year maturity, the estimate of «y is close to unity
and the estimate of v is not far from —1. This suggests, once more, that the estimates of the term

premia are less accurate at long maturities.

8 Conclusion

We have shown how it is possible to estimate time-varying term premia derived from observable
factors whilst satisfying the condition of no-arbitrage along the yield curve. Based on the stochastic
discount factor model, this requires the specification of the joint distribution of excess holding-
period returns and observable factors in which the conditional mean of the excess returns is the
no-arbitrage condition. Although multi-variate GARCH is widely used in empirical finance, it
is rarely specified with conditional covariances in the mean. We show that, in general, this is
essential if a no-arbitrage condition is to be satisfied. An exception is when a Vasicek model is
used, but this has the drawback of not having a time-varying risk premium.

This paper is the first application of this methodology to the term structure. We find that the
main source of risk at all maturities is nominal risk due to inflation. We also find that consumption
is a significant, but less important, source of risk. Term premia at shorter maturities are better
explained than at longer maturities. The magnitude of the term premia tends to increase with
maturity due to the size of the conditional covariances, not the coefficients on the conditional
covariances. Contrary to SDF theory, these coefficients appear to alter with time to maturity.

We show how it is possible to reconstruct yields, and hence estimate the term structure, using
term premia. Our estimates seem to be more accurate for the shorter maturities and for longer

maturities when inflation is predictable and has low volatility. The larger errors when estimating
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yields under perfect foresight suggest that markets appear to mis-price bonds more when inflation
is hard to predict and is volatile.

Finally, we re-examine whether or not the main cause of the familiar finding of the failure of
the rational expectations hypothesis of the term structure is an omitted term premium. Using our
estimates of the term premia to proxy the term premium, we find that there is some reduction in
bias at shorter maturities, but we are unable to attribute the failure of the REHTS solely to an

omitted term premium.
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Tahle 3: Descriptive statistics of estimated risk premia
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Table 6a: Reconstnuicted rolling risk premia and yields

(static expectations)
b st rities E!hgenred Rec::unstructed Rnlling.Risk Rglrl::rgisrik Errar Errar
rields (A “rields (B Fremium (% of &) =] [a= a% of &)
Porerage of period 197 0-1995
& months ¥.098 TOgg 0zar ENIE ootz 073
1wear T2 T8 0A82 7N -0.038 00531
2 wears TG40 TaR 1033 13520 -0.192 -2.507
5 years 2044 B33 1834 22800 -0.5849 Rrac vy
10 years 8322 QAa80 3081 avnin -1.558 -18.720
Porerage of period 97097 E
& mornths G283 G114 02vs 4338 RIS 1hH14
1wear G.510 G356 Ao TEH 054 2364
2 years 6.7 16 G2 Oa14 12.140 [INEES oa0v
5 years ¥.051 yooz 1156 16390 0049 OAAG
10 wears 7281 Thdb 17894 24710 -0.365 -5.007
Porerage of period 19751922
G mornths 12.060 12 A60 IR K] TAET -00.600 -4 977
1year 12.110 132510 1767 14530 -1.400 -11.550
2 years 11.930 14490 a03d 15360 -2.803 -23.390
5 years 11.770 16 260 5117 43470 -5.081 -43.240
10 wears 11.650 19170 7418 G 5460 -7 811 -G 450
Porerage of period 19331930
& months T.865 Trzd 01895 2483 0126 1604
1wear 8237 g00 0AG7 S570 0236 TRA3
2 wears B.725 2471 0aaY 10740 0264 Ta0g
5 years O 296 aAa7YT 2043 21880 0281 -3.020
10 wears 9 526 11430 3A95 40 460 -1.802 -18.720
Forerage of period 1280- 1293
G mornths 5103 5056 (L] 1835 0047 oaz0
1year 5342 5174 oz1v 4053 0163 3045
2 years 5774 5303 0430 ¥ A4450 IpctR| GAOS
5 years G 386 5839 e 13730 0 546 EEEES
10 wears G Bdd 67 1774 25870 0107 1 566
Nicde s

1.

E=stimated risk premia from estimation 10 hawe been used

33




Tahle 6bh: Reconstructed rolling risk premia and yields

(perfect foresight of short rates and risk premia)

b st rities E!I:ns anyed Rec::nnstructed R-:nlling.Risk Rgllr:rgnii:k Errar Errar
“rields (&) “rields (E) Fremium 4B [a= a% of &)
[% of A
Poierage of period 19701522
& months T RGE T H9G 0392 4 501 -00ov 0482
1 wears 8242 &40 077 8723 0168 -1ro0
Zwears 8 405 9 058 1336 14 391 -0A62 ErcEy
5wears az0 10166 Facra| 2T 5E3 -1.345 -10.868
10 wears 9 026 11 500 3 A02 45 266 -2Avd -36 676
Poierage of period 19701973
& months 0283 G.193 02a0 4317 0085 1532
1wears 6510 fi A62 0538 8.138 -00a2 -0a0m
Zwears G Fi6 T 336 oA 14 057 -0z0 -8 467
Swears T 051 9 Add 2380 32703 SRRA3 Bt B
10 years 72 13 A58 4 981 68183 RAKE -85 184
Porerage of period 19791952
& months 12.062 12 F2d [EE] T A07 0561 -5 560
1years 12,115 13 464 14874 15 567 =134 -13.324
Zwears 11.984 14 448 3062 26188 -2 A6 -24.734
hyears 11.773 13 485 AN 3309 Ari 20,745
10 e ars 11.655 12 527 4195 37 820 IATE -11.814
Porerage of period 193319233
G months TorE3 T AAT [(REX 2800 0 226 TEIT
1years g 209 T rao 0388 a8 027 0 449 4875
2wears graa T A0g 0rz3 8887 0 yao T360
Ayears 9 487 & 280 1517 16174 1177 10021
10 wars 0843 X 2118 21 515 1811 18164
digde g
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Tahle 7: Tests of the REHTS with and without risk premia

Holding period equation | Termspread equation
a b [ d g 1
S manth bond
Constant -0.183 0.5 -0.243 Const ant -0.173 0.2z 0243
a2 063 -1 43 1725 1.410 1.3
Short rate 1.076 0,904 1.000 Spread 0.4 0402 1.000
363 3835 . 143 1333 .
Risk Fremium 0. 225 1.000 Risk Fremium 0,54 -1.000
20713 . =160 .
R-=quared 04233 0,501 0.oa0 F-=squared 0.z0 0051 0.0
Audj. Frsquared 0.432 0. 922 0.oa0 Adj. R-=quared 0.7 0.065 0.0
Drurkire'iV ats on stat 2103 2,196 2,146 D urbin- ats on stat 1257 1912 21496
1-year bond
Constant -0.725 0.052 -0.433 Coret ant -0.411 0529 0423
.440 ond3 -134 0723 10349 1344
Short rate 1.197 0.917 1.000 Spread 0532 0546 1.000
1.133 LR . 1102 1029 .
Risk Fremium 1.0 1.000 Risk Fremium -0.917 -1.000
1355 . -1289 .
R-zquared 0.0rF 0.249 0.000 R-zquared 0.040 0.0z 0000
Audj. Frsquared 0205 0214 0.oa0 Adj. R-=quared o.oor o.ozy 0.0
Courbire il ats o n stat 1.845 1,855 1.855 Crurbin-t ats on stat 1,774 1,786 1855
2-year bond
Constant -0.833 0. 452 -0.520 Conet ant -0.537 1315 0.
4314 o211 -1217 043 1063 1217
Short rate 1.269 0.7ar 1.000 Spread 0457 0,259 1.000
2.350 1847 . 0535 0:3349 .
Risk Premium 1,095 1.000 Risk Fremium -0.972 -1.000
1158 . =114 .
R-=quared 0.orr 0.2 0.oa0 R-=quared 0.z 0.0z0 0.0
Audj. Frsquared 0.07 g 0. 024 0.oa0 Adj. R-squared -0.001 0.014 0.0
CrurbircWlf ats o stat 1.733 1,737 1735 Crurbin- ats on stat 1654 1,883 1.725
S-year bond
Constant 1.115 2.8 =122 C onet ant 0.7 2915 1.221
0.z32 0553 A8TE .14t 1204 oaTe
Short rate 1.082 0,396 1.000 Spread -0.721 -0.878 1.000
1.368 osm . 1553 72 .
Risk Premium 1,023 1.000 Risk Premium -0.775 -1.000
1242 . a7 .
R-=quared 0014 0.021 0.oa0 R-=squared 0.0z 0.00%s 0.0
Audj. Frsquared 0o 0.015 0.oa0 Adj. R-squared -0.001 0oz 0.0
Crurbirclf ats o stat 1777 1.781 1776 Crurbin-t ats on stat 1,745 1,745 1,775
10year bond
Constant 54T 4 223 -2.4960 Const ant 2420 4538 29680
0.624 1=121] -1083 os1s Oads 1063
Short rate 0643 0. 167 1.000 Spread -2.044 2142 1.000
0531 oz . -1.137 -1251 .
Rizk Fremium 0.783 1.000 Risk Fremium -0, 52 -1.000
0510 . -0.413 .
R-=quared 0oz 0,003 0.oa0 F-=quared 0. o.ooy 0.0
Audj. Frs quared 0,009 -0.002 0.000 Adj. R-=quared 0003 000z 0000
Drurbire'V ats on stat 1.765 1. TG 1.759 Drurbin- ats on stat 1.796 1.746 1.759

Mg g

1. BEstimated risk premia from estimation 10 have been = ed
2. Tstatistics using White heteroshedas ticity- cons istent standard errors are below the estimated parameters.




Figure 1: Estimated Risk Premia (including Jensen effect)
and their macroeconomic components
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Figure 2: Estimated Risk Premia (including Jensen effect) and Excess Returns
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Figure 3: Estimated Risk Premia (including Jensen effect)
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Figure 5: Rolling risk premia in honds of different maturities as %o of yield
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Figure 6: Rolling risk premia in bonds of different maturities
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Figure 7: Rolling risk premia in honds of different maturities as %o of yield
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Figure 8: Yields
a. G-month hond yields

b f W

b (A

20

i

14

g

5

=] =it L |
L ag-iegy
I QE-1T]h]
L sg-aniy
I FE-ITLA
L gg-aeiy
I ZE-1T]h]
L bg-amin
F QE-1T]h]
Leg-aepy
el BN I |
L dg-aegy
L ag-iepy
L sg-aegy
Fpg-anl
Fg-anly
F 2g-anly
SR
Fng-ael
FEL-aey
b L-ae
LLi-ampy
L aL-aey
Lsi-ampy
L pL-aegy
Lga-angy
L 2u-1my

FEL-I%LN

0L-1ed)

h. 2-year hond yields

A

L §

1"m-"|L

-~

22

13

14

&

F2E-I50A
L g-aegy
F QE-Ith]
L se-aety
F PE-ITA]
L eg-tepy
F ZE-ICh]
LI
F OE=-ITh]
L eg-iey
F oo-Ieh]
L ag-1ey
L ag-iepy
L sg-1egy
b po-aeig
Fgg-iey
b 2g-ieg
SR
b og-aeig
- Iey
b al-aey
L Li-eiy
L al-aey
L si-teiy
L p1-aegy
L ea-aegy
L 21-1my

FEL-IELY

0l-1epy

year hond vields

10-

s
=i

C.

T

leIll--.|.ll.~\.l'q.r..nl .I“'.IJ‘-'u I"hfh
ST N

¥ U"‘,IM‘I

—_—

1

b LN pr™

b}

ALY

—_—

i

s

L zE-teL
LY
I QE-ICLh]
L sie-ae1y
L pE-aeL
L zg-tei
L 2E-1e1
L Lg-eing
L og-1e1
L po-tepy
L gp-aeiy
ST
L ag-tepy
| se-1elt
L pg-aepy
L gg-aeiy
L 2g-1e1
L pa-aniy
L og-aei
L ga-eiy
Lo
LY
L aa-ei)
ALY
L pa-ei)
L pa-eiy
L 21101

FEL-I=LY

OL-1epy

a0

26

22

15

14

0

[}

sctual Yields |

Static Expectations

Perfect foresight of rizk premia and shott rates

41



Figure 9: Term Struciures
a. Actual Yields
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h. Reconsirucied Yields
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