Analysis of the Government Expenditure
Multiplier
under Zero Lower Bound:
the Role of Public Investment!

Mariam Mamedli?

Abstract

In times of economic downturn fiscal authorities face the need to stimulate the
output by most efficient instruments which are in the fiscal policy toolkit. In
the paper of Eggertsson, Krugman (2012) authors illustrate that the multiplier
of government expenditures can be significantly higher under zero lower bound
comparing to the case of the positive interest rate. This work follows Eggertsson,
Krugman (2012) by exploring the fiscal multiplier within a borrower-saver frame-
work. However, it incorporates the productive government expenditure along with
the standard utility-enhancing type of public spendings. We consider public in-
vestment in order to compare an effect of productive expenditures on the value
of the fiscal multiplier under zero lower bound and in the case of positive interest
rate. Two types of government expenditures are distinguished as the value of the
expenditure multiplier highly depends on the structure of public expenditure and
on the interest rate framework. It was found that both the share and productivity
of public investment lower the value of the multiplier under zero lower bound and
increase it in the “normal” case. The results, therefore, point out in favour of old
Keynesian wasteful government expenditure under zero lower bound.
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1 Introduction

The recent economic crisis has renewed an attention to the question of fiscal
policy efficiency, especially government spending, in stimulating economic activity
in the recession. The interest in the fiscal stimulus has been highly increased in
the recent years because the short-term nominal interest rate has reached very low
values in a lot of counties (e.g. US, Canada and countries of the European Union).
Thus, further stimulating interest rate cuts have become impossible. Moreover,
the examination of fiscal policy is linked to the special framework of the zero lower
bound. This framework is crucial for the analysis and evaluation of the stimulating
policies performance as the prescriptions for fiscal authorities in “normal” circum-
stances (with positive interest rate) can differ dramatically from those, obtained
taking into account zero lower bound (Eggertsson, 2011).

A new insight to the analysis of the fiscal multiplier can be brought by con-
sidering productive as well as utility-enhancing type of government expenditures.
The former was shown to gain a higher share in the total government expendi-
tures during the recession period (Leeper et al., 2010; Bachmann, Sims, 2012).
Therefore, it should be taken into account, as the results can be altered, when
government expenditures begin to affect directly the productivity.

Starting from the work of Eggertsson (2011), followed by Christiano, Eichen-
baum, Rebelo (2011) and Eggertsson, Krugman (2012), authors point out in favor
of government expenditures as a stabilization tool used in recession. The paper Eg-
gertsson (2011) illustrates, first of all, how different is the effect of macroeconomic
policies when zero lower bound is considered as opposed to the normal case. Sec-
ondly, it shows, that the most efficient are those policy measures, that are aimed
at stimulating aggregate demand, not aggregate supply. More precisely, some tax
cuts (taxes on labor income, taxes on capital), which are known to have an expan-
sionary impact on the economy in the positive interest rate case, can even worsen
the recession under zero lower bound. It happens due to an upward-sloping de-
mand curve, which occurs when nominal interest rate is at the zero bound. While
it is shown that temporary increase in government expenditures and temporary
cuts in sales taxes or investment tax credit can perform very well in decreasing
output gap. Moreover, Eggertsson illustrates that government expenditures are
especially efficient under zero lower bound, contributing to a series of papers, that

illustrated the fiscal multiplier being even higher in these circumstances (Hall,



2009).

Christiano, Eichenbaum, and Rebelo (2011) extended this framework to the
medium-size DSGE model, coming to the same conclusion as Eggertsson (2011)
and obtaining the multiplier of 1.6 with a peak at 2.3 after 5 quarters (for the
government shock which lasts for 12 quarters).!

A similar framework has been widely used in the analysis of fiscal policy
and different types of financing of the stimulating policies. In the paper of Eg-
gertsson, Krugman (2012), for example, authors consider borrowers (liquidity con-
strained agents). The authors highlights the efficiency of the government spending
when zero lower bound is binding, showing that the multiplier in this case is higher
than one.

However, it may not be the case, as it was shown by Roulleau-Pasdeloup
(2013), if productive government spending along with utility enhancing public ex-
penditures are considered. Author has illustrated that in the case of excess savings
liquidity trap government spending multiplier can be lower than in "normal” case
of positive interest rate if public investment is taken into account and enters into
the stimulus package. As it was shown by Bachmann, Sims (2012) the structure
of government expenditures is different in normal times and recessions, with pub-
lic investment taking a bigger part at the downturn. Roulleau-Pasdeloup (2013)
shows that for high share of productive spending in total expenditures (bigger
than 0.6412) it is possible for private consumption to be crowded out by pro-
ductive government spending. Moreover, even with an equal share of productive
spending author obtained a smaller government multiplier in the type of the reces-
sion compared to the normal times. It was shown that this multiplier is decreasing
with the share of productive government expenditures and can become negative
for high values. In both papers the same context is considered: excess-savings lig-
uidity trap and an upward-sloping aggregate demand curve is analyzed. However,
the difference of results can be explained by the fact that in Eggertsson (2011) it is
assumed that aggregate demand is effected more by government spending than the
aggregate supply. An increase in aggregate demand and its rightward shift occurs
in both cases due to the same reasons. However, in Roulleau-Pasdeloup (2013)
productive expenditures having a high share in total expenditures enhance the
higher positive effect of public spending on the aggregate supply which in the case
of upward-sloping demand curve is contractionary.

In this work we focus on the topic of government spending multiplier, intro-

ducing public investment in the Borrower-saver framework (Eggertsson, Krugman,

!Christiano, Eichenbaum and Rebelo (2011), p. 110
2Roulleau-Pasdeloup (2013), p. 21



2012). It is interesting to analyze the value of the multiplier in this framework:
the introduction of debt constrained consumers is known to increase spending
multiplier (Gali, Lépez-Salido, Vallés,2007; Eggertsson, Krugman, 2012), while
productive government expenditures tend to work in the opposite direction, when
zero lower bound is considered (Roulleau-Pasdeloup, 2013). With an aim to ana-
lyze the interaction of these assumptions the case of zero lower bound and the case
of positive nominal interest rate are compared in the model with productive and
utility enhancing government spendings. The magnitude of the multiplier is found
to be higher in the zero lower bound case, despite the introduction of productive
expenditures. Both the share of productive expenditures and its productivity af-
fect negatively the multiplier under zero lower bound and positively in the case of
positive nominal interest rate. Moreover, it was found that fiscal multiplier can
become negative, when fiscal stimulus consists only of public investment. However,
for this to be true a sufficiently high share of borrowers in the economy is needed.
While the threshold level of productive investment share is surprisingly decreasing
with the share of debt constrained consumers. An impact of other parameters on

the multiplier is analyzed as well, underlining the difference between the two cases.

2 The model
2.1 Households

Households are represented by a continuum of mass 1 with exogenous share of
savers ys and 1 — x, of borrowers. Agents differ in their time preference: borrowers
are less patient and value more their current consumption in comparison to the
future one. While savers are standard Ricardian agents, who are more patient and
prefer to smooth their consumption over time. Thus, the only difference between
agents is the difference in the discount factor: savers have a higher discount factor
B(s) = > B(b) where (i) € (0,1) and i = s, .

Consumer of each type maximizes an expected present value of utility in all
future periods. While a utility function is additively separable between consump-
tion Cy, hours worked h; and utility-enhancing government expenditures GV (as
in Christiano et al., 2011).

Be S B [UT((Ch0)) — v (ha(i) + 9(GY)] (L1)

with ¥() — a concave function and 7 = s, b

Consumption of differentiated good is represented by Dixit-Stiglitz aggrega-



tor with each firm j producing its own type of good:

1 0—1 0/6—1

C, = /qm_7df (1.2)

0

with 6 being an elasticity of the demand.

And corresponding price index is set as follows:

1 1/6-1

o /%@kwj (1.3)

0

As utility function is additively separable, consumer’s maximization problem
can be broken down into static problem of optimal choice of the set of products
consumed each period and dynamic problem. Solving the static problem of mini-

mization of total expenditures, the following aggregate demand function for each

-0
p.
Cijt = Cit (P%t)
t

Or aggregating it by two types of consumers:

-0
t

As for the aggregate consumption, it can be presented as a weighted sum of

good can be obtained!:

per capita consumption of two types of agents, which can be interpreted as per

capita consumption in the economy:
Cy = xsCF + (1 — x5)CP (1.4)

In order to define intertemporal choice of consumption and labor supply, the
utility maximization problem is solved subject to the following budget constraint

and debt limit constraint.

Bii) + W, Phy (i) + / I,(6) = (1 +is1)Ber(i) + PCi(i) + PTG (15)

%?SDt (1.6)

Thus, process of borrowing is realized by sell and purchase of one period

(1+7)

'For greater details see Appendix 1.1



riskless nominal bonds, B;(i) with i; being a nominal return on the bond in the
current period. Despite the borrowed amount, each agent receives a labor income
for hours worked hy(i) and is paid hourly real wage W;. Together with a profit
from firm ownership distributed equally among agents the total income is spent
on the consumption of a set of goods, on repaying (in case of a borrower) the debt
with interest included and on paying lump-sum taxes, that can differ for each type.

The second equation is a debt limit constraint. It postulates that real value
of debt, taking into account the real interest paid r; on this debt, can’t be higher,

than an exogenous real debt limit Dj.

Savers

It is assumed, that for the saver the debt limit constraint is not binding, so savers
maximize their objective function subject to the presented above constraints with
respect to consumption, hours worked and the amount lent. After solving this

problem? the following optimality conditions can be obtained:

U (C5) = B(1+i0) BUE (C2y) %} (L.7)
_ up(hg)
(e (18)

First equation is an Euler equation, defining intertemporal substitution be-
tween consumption today and consumption tomorrow. Marginal utility of current
consumption should be equal to the expected marginal utility of future consump-
tion, taking into account the discount factor and the real value of money tomorrow.

Second equation defines labor supply, postulating that marginal gain, ob-
tained from hours worked in terms of consumption good, should be equal to
marginal disutility of labor. Or putting it in another way, real wage has to be

equal to the marginal rate of substitution between consumption and labor.

Borrowers

In the case of borrowers debt limit constraint is binding and borrower’s consump-

tion is defined by the budget constraint in real terms taking into account that

2For greater details see Appendix 1.1



debtors borrow up to the debt limit3.

1

D 1
Cl=—Dyy + +t + Whhb + /H”— — T (1.8)

1+ 'p ¢
0
Thus, consumers of this type spend all their disposable income together with
what is left from the money borrowed after repaying last period debt and interest
on it. The fact, that borrowers’ consumption is defined by the current income
allows to consider this type of agents as standard Keynesian type.
For the labor supply the same equation as for the savers can be obtained

from the utility maximization problem:

(1.9)

2.2 Firms
There is a continuum of firms measure one, where a fraction A can set their
prices at all periods while 1 — X firms sets the prices one period in advance.
Firms choose their optimal price by maximizing the infinite sum of profits

subject to the demand function and the production function.*

E3572 00 [0e(9)ye(5) — WePehe(5)] (1.10)
st =1 (%)

ye(7) = (G)*(ha(4))"

Where W, = W (s) W (b) and ¢y = x*¢5, — (1—x*)¢5, is used as a discount factor
and ¢7, and ¢35, are Lagrangian multipliers from utility maximization problem.

It is assumed that production of each type of good is obtained from a combi-
nation of labor h(j) needed to produce good of type j and productive government
expenditures. The second type of public expenditures, productive spendings G,
which are included directly in the productive function, can be interpreted (as
in Agénor, 2005) as government investment in the infrastructure. The relative
weights of these two inputs ¢ and 7 are assumed to satisfy the constant return of

scale condition ¢ +7n = 1.

3For greater details see Appendix 1.1
4For greater details see Appendix 1.3



2.3 Monetary policy
Central bank follows Taylor rule, taking into account non negative restriction

on the nominal interest rate:
1+, = max{1, (1 + ") (1 4 I1,)*"} (1.11)

Where 7} is natural interest rate, II; is the inflation rate and ¢, > 1 deter-
mines the degree of aggressiveness of monetary policy in setting interest rate with

respect to changes in the inflation.

2.4 Fiscal policy

Fiscal policy is conducted by the government, who chooses total government
expenditures G; together with an amount and allocation of taxes among con-
sumers. Two types of government expenditures are introduced: utility-enhancing
spendings GV (government consumption) and government investment G (produc-
tive spendings). Public spending is financed by taxes 77 and T}, paid by savers
and borrowers correspondingly, and by issuing government bonds BYf. Interest on
public bonds 7; equals to the interest on private borrowings, so there won’t be any
possibilities for the arbitrage.

Taking the assumption about two types of public expenditures into account,

government budget constraint in real terms can be written as follows:

BQ Pt—l Bg
GU+GP+ t—1-t—-1 144, :_t_|_ STS+ 1 — sTb
t t P, P, ( t-1) P, XsT + ( Xs) Ty

Or after simplifying:

Gt + Dtgfl (1 + T’t71> = Df + E (112)

with D{ = B?';g being real value of debt and Ty = 17 + (1 — x,) 1Y
This equation postulates that current government expenditures and debt re-
payment are financed by issuing new debt and by taxes on both types of consumers.
Total government expenditures G; has the same structure as private con-

sumption, represented by the Dixit-Stiglitz aggregator:

1 6/6—1

G, - / g(7)°7dj (1.13)

0

The demand for particular good, as well as for private consumption, is defined

from the minimization problem of expenditures subject to the definition of the



aggregate index, presented above:®

—0
p.
95t = Gt (P%tt) (1.14)

The sequence of government expenditures, taxes and debt, chosen by fiscal
authorities each period, should satisfy intertemporal budget constraint. This con-
straint postulates, that on the infinite horizon the current value of debt should be

covered by present value of future surpluses and future debt.

- E+T_Gt+T . Df N
DI = _ 1 e 1.15
P T P (1.15)

The sustainability of the government debt is ensured by the transversality
condition (no Ponzi game condition), precising that the discounted value of public

debt equals to zero in the infinite horizon:

DY
li t+N —0
N30 (14 r)N

In each period of time present value of future government surpluses should be

equal to the current level of the public debt.

3 Market equilibrium conditions
Aggregate market clearing condition of the goods market postulates that

all output produced is purchased by two types of consumers and the government:

Y, =C, + G, (1.16)

Where
Cy = xsCf + (1 - XS>C£)

Equilibrium on the bond market is ensured by the following equation:
B + (1 — xs)B} = —xsB} (1.17)

It determines that negative borrowings of the savers (savings), taking into ac-
count the share of savers in the economy, cover both private and public borrowings.

All the government bonds are assumed to be bought by savers.

5For greater details see Appendix 1.1



For the equilibrium on the labor market, the labor supply should be equal

to labor demand for each type of consumers, which can be represented as follows:!
1=xs S S
Wt <h_g> * — Uy, (ht )
hi Us(C7)
hs Xs b hs
Wi (%) - V]Z( tb)
ht Uc (Ct )

Where W, = W (s) W () and xp = 1 — xs.

However, according to the Walras’ Law only two market equilibrium condi-

tions (for example (1.16) and (1.17)) are needed to ensure equilibrium on these

markets.

3.1 Equilibrium dynamics

In order to analyze the effect of the deleveraging shock on inflation and output
in the short run, the model needs to be log-linearized around the steady state with
zero inflation. The steady state values are denoted by bar and the deviations from
the steady state by hat. It should be noted, that the steady state value of real
debt limit is assumed to be equal to the low level of debt D = D', This means
that the economy is not in the steady state before the shock and comes to it after
debt limit falls from the high value to the low one. Below the main log-linearized
equations of the model are presented.?

Log-llnear model

Borrower’s budget constraint: Cb Y —i—ﬁfYDDt—’yDDt 1+ypme—PB (i — Eymyq — T)

Saver’s Euler equation: CS EtC'tH o (i — By —T)
Aggregate consumption: Ct Xsé\ + (1 Xs)é\b

Savers’ labor supply: Wt = wshs( )+ o5 ICS

Borrowers’ labor supply: W, = wbhb( ) + ot~ le

Labor market clearing condition: ht Xsh +(1 Xs)hf

Production function: Y} = nh; + (g*

Phillips curve: = /f(l + sO)YQ — k(g — gp/@'Gt + B,
Resource constraint: C’t + Gt

Taylor rule: ztjinax(o, Y+ ¢rmy)

Government budget constraint: é\t—i—Df_l(l—i—F) = l/?\tg+ﬁ (iy — Bymp — 7))+
T,

Where 7 =log 5", m = log i, i = log 1+ i) 70 = B Ci =log ¢
Gr—tog % A = log . DT = og 2. x = () (w + 0-1), = -2

'For greater details see Appendix 1.3
2For greater details see Appendix 2



—s T —b T —=s —b
s _ Tpph b Tpph s UL b _ U s _
@Z , W El;l , 07 = U(}SC?’ g = Ug,;?’ w” =W

Considering model in log-deviations from the steady state, it is convenient to

b=w>0,0=0"=0>0

represent two types of expenditures as shares of the total government spendings.
Thus, in log-deviations from the steady state: é\t =gl + gV
Let ¢ € (0,1) be a share of of government investment in total government
spending. Then we have: g = %G, and ¢V = (1 — ¢)G,

The resource constraint can, thus, be expressed as follows:

Y, =Ci+ G =Ci+9gf +9 =Caf +nh

4 The derivation of the fiscal multiplier and com-
parative statics

4.1 Short run and long run dynamics

To simplify the analysis, economy is split into the ”short run” and the ”long
run” period. An unexpected shock occurs in the short run, while in the long run
economy returns to the steady state with a low value of debt limit.

For the long run equilibrium of the model from Phillips curve m; = k(1 +
gp)}?t —rCgl — gmé\t + E,_qm; it is clear, that output gap equals to zero in the long
run ifz = 0 when the economy returns to flexible price equilibrium. Moreover,
applying that in the long run interest rate equals to its steady state value - natural
interest rate 75, = r} =7, we obtain zero long run inflation 7 = 0.

In the short run the shock occurs, lowering the borrowing limit. Thus, in
order to analyze an effect of the shock, the model is rewritten, applying that all
variables in the current period t are assumed to be the short run variables, while
next period variables ¢ + 1 are at their long run value.

The budget constraint of a borrower transforms into the following?:

C? :Yé’—ﬁ+vD7r5—7D5 (i —mp, —T) — T4 (2.1)
R high _ )
Where D= u
Y

'For greater details see Appendix 3.1
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The borrower’s consumption has the following representation?:

Y2 = 1¥sto (w o Ne— DG —(Lw)Cn g5 +w v xoo (G —ois— Eyry—7))
(2.2)

with = (1 +w H(wn ™t +o07Y) —olw iy, ' > 03

Thus, the deviation of borrower’s consumption from the steady state in the
short run positively depends on the deviation of his disposable income and cur-
rent inflation, as it reduces real value of debt. While real interest rate, paid for
borrowings, and the deleveraging shock itself (the drop of the debt limit from its
high value to steady state) have a negative impact on the consumption. Moreover,
there appears to be an additional negative impact of the productive government
expenditures on the borrowers’ consumption, coming from the substitution effect
between public investment and labor. This negative effect falls with the higher
weight of the labor in the production function 7.

As for the consumption of the saver, given by Euler equation in terms of

short run and long run variables, it looks as follows:
Cs=C% —olis—m, —7) (2.3)

As opposed to the borrowers consumption, saver’s consumption depends on
the expected future consumption and doesn’t depend on the disposable income.
This once again illustrates the different nature of the two types of consumers and
the fact, that fiscal policy, in terms of taxes, doesn’t affect the consumption choice

of savers. As it will be shown later Ricardian equivalence holds for savers.
4.2 Aggregate demand and the effect of the deleveraging
shock

To derive the aggregate demand, first, the expressions of consumption of two
types of agents in the short run are substituted into the new resource constraint.
Second, implying the fact that C/‘\z = 0 and 7, = 0, the following expression for

the aggregate demand in the short run can be obtained:*

> Xslo+w ™)+ Xb’YDﬂ(iS —F) Xo A Xb

Yy = - D — T+
1 — pxe 1 — pxo 1—pxp °

2For greater details see Appendix 2.3
3For the positivity of u there should be a sufficient number of constrained consumers, or more
—1,,—-1

precisely their share should satisfy the following condition y; > (+w Ve T +o 1) which

for the calibrated parameters is equal to 0.32
4For greater details see Appendix 3.3
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XbVD l+otw s —xeo ' =~ (4wl x
g + Gs — ( ) 9% (2.4)
1 —pxe 1T — pxe L — pxe

Comparing to the baseline model of Eggertsson and Krugman (2012), now

+

there appears to be a positive effect of total government spending which looks as
before, but with a different ;1 and an additional negative impact of productive
government spending on the aggregate demand. The new value of u, parameter
measuring the sensitivity of borrower’s income to the change in the output, has
become a little bit higher as now labor has to be increased by more than 1 in order
to increase output by one, due to the decreasing returns to scale of the production
function with respect to labor. It varies from 0.13 to 1.13 instead of 0 and 1 with
an increase of borrowers in the economy from % to % correspondingly. Moreover, a
condition on the share of borrowers is introduced as in the baseline model in order
to ensure, that aggregate output will fall in response to an increase in the nominal
interest rate. For this to be true 1 — uy;, > 0, and taking into account the change
in the p it will mean that y, > 0.64.°

The negative impact of government investment disappears, when there are
no borrowers in the economy, y, — 1, as it comes from an impact of this part
of spendings on borrowers’ labor income. This effect decreases with the higher
elasticity of the output with respect to the labor 1 and increases with the weight
of public investment in the production function.

Applying the definition of the natural interest rate to the equation, the IS

curve can be rewritten as follows:

> Xs(o+w™) + xo708 . n
Yg = — 11— G (ZS - ’I“S) (25)

Thus, with a fall in the nominal interest rate, savers are encouraged to consume
more, than under a previous level of the interest rate. The higher consumption of
savers results in the higher income of both savers and borrowers. Due to the fact
that borrowers are liquidity constrained, they consume all their additional income,
increasing the demand and, thus, the output once again.

The natural rate is an interest rate in the flexible price equilibrium, when

output gap is equal to zero.
Where

Xb D+ TDXb o
Xs(o +w™) + xo7DB Xs(o +w™) + xo7DB

1+ tw™t
(I+w)nt+o-twt)

re =7 —

5For this condition to be satisfied y;, <

, or using the calibration

presented below y; < 0.67

12



Yo —~ 14+olw iy, —xpo ! - (1+w)Cn "X P

Ts + S —
Xs(o+w™) + xpypf Xs(o+w™) + xp 0B Xs(0 +w™t) 4+ xp 0 8

This rate depends negatively on the value of the deleveraging shock, because

due to the cut in consumption of borrowers natural interest rate should fall to
stimulate the consumption of savers.

In the long run, as it was already mentioned, natural rate equals to the
steady state value 7. In the short run it increases with inflation and government
expenditures, while deleveraging shock and taxes diminish natural interest rate.

Thus, taking into account Taylor rule, two possible regimes emerge. In the
case of a relatively small shock natural interest rate will remain positive and nom-
inal interest rate will be able to fall to stimulate the demand and offset negative
impact of the shock. On the other hand, if the shock of the debt limit is high
enough, natural interest rate can become negative and zero lower bound would
become binding. In this case, output gap will be negative, with output falling
below its potential level. Eggertsson and Krugman has illustrated, that in this
case AD curve becomes upward-sloping, as inflation now increases output due to
its negative effect on the real value of debt.

In order to evaluate an impact of the shock on the output and prices one
needs to combine AD and AS curves, to take into account the response of the
aggregate supply.

The aggregate supply in the short run is set by the Phillips curve, which

will have the following representation:

7 = k(1 +¢)Y, — wCgl — orGr+ Eram (2.6)
1 A -1
where Kk = Em(l +w), p= ?j—w

Besides the change in parameters, now prices are affected by productive
part of government expenditures as well as by the total expenditures. Productive
expenditures are included separately in the Phillips curve due to its effect on
aggregate supply. This negative impact «( in the Phillips curve comes from the
fact that increasing productive government expenditures raise marginal product
of labor, decreasing, therefore, marginal costs and, thus, prices.

Combining AS and AD equations we can obtain an expression of the output

gap in the short run:”

6Eggertsson and Krugman (2012) assume, that the slope of the AD curve, when it is upward-

sloping, is higher, than the slope of AS curve to ensure the equilibrium stability. For this to be
L — pxe

————, thus xp <

o . XoVD > K KYD + i
in the calibration presented below satisfy this condition.

"For greater details see Appendix 3.3

. The values used

true the following condition must be satisfied:
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> XS(O-_’_wil)—'—Xb’yD/B ( _F) Xb AN

YS - - s - -
1 — xp(p+ vps(1 + ) 1 — xp(p+ vps(1+ )
N Xb Th4 LT x Xo(0~! + yppr) Gu
L —xo(p+vps(1+¢)) L —xo(p+vps(1+¢))
~ KCYpxe + (1 + W)CU_1ngp
1— x(p+ypr(l+ ) 7°
-1

YS — XS(O- tTw ) + Xbr)/Dﬂ (.s . f) Xb _

1= (gt Rl + @) 1= (p+ sl + )

Xb
1 —xp(pe +ypr(l+ )

+1 + o tw s — xo(07t + vppr) — X (kyp + (1 +w)n™t)
1= xo(p +vpr(14¢))

Negative impact of productive government expenditures on the demand is

Th+

Gs (2.7)

supplemented by a negative effect of productive expenditures on prices and both
of them disappear, when there are no borrowers in the economy. Productive
expenditures affect output gap, because current consumption of borrowers depends
positively on the current level of inflation, which decreases real value of debt. Thus,
this additional impact on the output disappears, when there are only savers in the
economy.

Depending on the size of the deleveraging shock two cases can be considered:
when nominal interest rate remains positive and when zero lower bound constraint
becomes binding. An upward-sloping demand curve appears as in the model in the
case of the zero lower bound. So an additional condition on the share of borrowers
X» should be satisfied to precise, that AD curve is steeper than the AS curve, in

order to ensure an equilibrium stability.®

4.3 Comparison of the fiscal multiplier under two cases
Case of a positive nominal interest rate

If zero lower bound doesn’t bind the Central Bank follows the Taylor rule for

nominal interest rate:

l.t = T:L + ¢W7Tt

1 —
8For this to be true the following condition should be satisfied: AL > (

XvYD
1
————— . For the calibration presented below this condition transforms into
Kyp(L+ ) + 1

14 p)k.

Thus x, <
o < 0.52.
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with ¢, > 1

Substituting the definition of positive nominal interest rate and the definition
of the inflation in the short run from the Phillips curve in the IS curve equation,
the following expression for the output gap can be obtained:”

1
Py = XoloFw ) FxwypbB ro) (2.8)

L — pxe

Y = Ox(KCY + ) (Xs(0 +w ™) + x570) G,
T 1= e+ 6ar(1+ 9) (s(0 +w ) + x708)

With the following fiscal multiplier:

(2.9)

dx(KCY + ©)(Xs(0 +w™') + xo7DB)
1 — pxp + oxk(1 + ) (xs(0 +w™) + x5708)

The parameter values used for calibration are:!® 3 = 0.99, k = 0.54, ¢ =
1.1
302
are functions of structural parameters x = 0.33 and ¢, = 1.5 as in Christiano

multg = (2.10)

031, 0 =2,w = %, Yo =1,xp = These values specify the parameters, which
et al. (2011), the value of elasticity of output with respect to public productive
investment ¢ = 0.08 and ¢ = 0.5 as in Roulleau-Pasdeloup (2013). Using this
calibration the values of 0.4 and 0.36 for y, = % and y, = %, correspondingly, can
be obtained. These estimates are lower, than in the paper of Roulleau-Pasdeloup
(2013): author has found a fiscal multiplier to be equal to 0.57 in normal times
when zero lower doesn’t bind and stimulus package composes equally of utility-
enhancing and productive expenditures.!

This brings up a question of how sensible is the value of the fiscal multiplier
in the "normal” case to the share of borrowers in the economy. When there are
only savers in the economy the value of the multiplier equals to 0.38, thus, being
higher than in the case when economy consists by a third of borrowers and lower
when there is a half of borrowers in the society. By taking partial derivative and
analyzing how it changes in the sign the threshold value of x; can be found. It is
equal to 0.13: for higher values multiplier is increasing with respect to the share of
borrowers and for lower - it is decreasing. This explains the magnitudes presented
above. However, it should be noted, that the corner case of y, = 0 and values of
X» < 0.32 don’t satisfy the condition needed to have p being positive. Thus, for
possible values of the borrowers’ share fiscal multiplier is increasing with respect

to this share.

9For greater details see Appendix 3.3
0These values are used for example in Krugman, Eggertsson (2012)
HRoulleau-Pasdeloup (2013)
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The effect of all other parameters was analyzed and the summary of this
analysis is presented in the Table 1 below. Although a comparison of the two cases
is presented in the separate section it is worth mentioning some key relationships
between parameters and the fiscal multiplier. In the context of positive interest
rate and, thus, standard downward-sloping AD curve, fiscal multiplier is increasing
with price rigidities. As with a lower price flexibility increase in the aggregate
demand would lead to a lower inflation, which is contractionary under "normal”
circumstances. Moreover, increase in the share of productive expenditures and the
degree of their productivity augment multiplier. The increase in public investment
gives an additional push to aggregate supply, while the rise in aggregate supply is
expansionary in the normal case of downward-sloping AD curve.

Table 1. Impact of parameters’ values on the size of the fiscal

multiplier under positive interest rate

K| Xb || |0 |w| (|9

sign | - | +/- |+ | - |+ |- |+ +

XoT|-| + [+ + |- |+]|+]|+

Case of a zero lower bound

If deleveraging shock is sufficiently high, zero lower bound becomes binding due
to the deflation effect. The following expression of the short run output gap can

be derived in this case:?

~ Xb ~ Xb —
VouT — D— Th
L—xo(p+vp6(l+¢)  1—xs(p+yE+e—1)°

1+ o0 w™xs — xo(0™ +p9k) =~ wCypxs + (L+w)Cnxe
i 5 — g (2.11)
1 — xo(p +vpr(1 4 ¢)) 1 — xo(p +vpr(1 4 ¢))

Xs(o + w_l) + Xo YD =
1 —xs(p+ ypr(14¢))

This expression shows that there exist two effects of productive spendings on

with I' =

(2.12)

the output: through total government expenditures and a separate negative effect.
For the analysis of the fiscal multiplier an other representation is more convenient,

presenting an impact of total government expenditures, taking into account that

12For greater details see Appendix 3.5
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gf =Gy
Thus, it becomes clear, that government spending multiplier, putting aside
the method of financing (assuming that an increase is financed by taxes on savers

or debt) can be written as follows:

1+o twty, — Xb(cfl + oK) — YCxp(kyp + (1 + W)nil)
L — xo(p+vpr(1+¢))

multg =

It should be noted, that although multiplier of government expenditures
(both productive and utility enhancing) seems to be positive, an additional nega-
tive effect comes from an impact of productive spending. This effect is a combina-
tion of the negative impact public investment has on the aggregate demand and
on prices. Both these effects, as it was already mentioned, disappear, when there
are no borrowers in the economy. First negative effect (1 +w){n~' comes from an
effect of productive expenditures on the wage and hours worked through increased
marginal product of labor, making workers more productive. The negative effect
on price comes from a negative effect of productive expenditures on marginal cost.
It affects output gap through borrowers, as their current consumption depends
positively on the current level of inflation, which is negatively affected by the
production part of the expenditures.

Government multiplier would be positive if 14+0 1wy, —xs(c ™t +vpprK) >
P (kyp+ (14+w)n~!) taking into account the assumption postulated before, that
denominator of the multiplier is always positive. This condition corresponds to
the case, when positive effect of productive spending on the output through the
demand is higher than its effect on the aggregate supply.

The results of calibration give the value of multiplier, varying from 1.96 to
>
value of the multiplier can be explained by the change in the value of y from 0.13

13.8 with increased share of borrowers from % to 5. The dramatic increase in the
to 1.13. Although the multiplier seems to be increasing with respect to the share
of borrowers an analysis of the sigh of partial derivative shows that it changes the
sign from negative to positive when their share increases from one third to one half.
The threshold level of x, was found to be equal to 0.34, which explains why the
share of borrowers has a negative impact on the multiplier at % and a positive at
%. The result presented above can be explained by the fact that negative impact of
productive expenditures disappears when there are no borrowers in the economy.
So, on the one hand, multiplier is increasing with respect to the share of borrowers,
when there are no productive spendings, on the other hand, in the model with

productive spendings due to the method of derivation of the aggregate output
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negative effect of productive spendings is proportional to the share of borrowers
introducing the ambiguity of the effect of x;, on the value of the multiplier.

However, the magnitude of the multiplier and the threshold level depend
crucially on the values of parameters used for calibration. Before turning to the
effect, these parameters have on the multiplier, it should be noted that, opposed to
the positive nominal interest rate case, the multiplier under zero lower bound can
become negative for sufficiently high share of productive investment in the total
government expenditures. For this to be true all fiscal stimulus should consist of
productive expenditures: ¢ = 1 for the multiplier to be negative when x;, = 0.52.13
Roulleau-Pasdeloup (2013) has found that consumption is crowded out by public
spendings if productive part of fiscal stimulus is higher than 0.64.'4 For this, the
share of productive expenditures bring multiplier below zero the share of borrowers
should be higher than 0.65 which doesn’t satisfy several restricting conditions on
X» introduced earlier.

As for the parameters’ impact on the value of multiplier a negative impact of
the both share and productivity of public investment should be underlined. This
impact decreases with the rise in the share of constrained consumers. Moreover,
from the partial derivatives presented below it can be seen that this negative effect
on the multiplier disappears when there are no borrowers in the economy. This can
be explained by the method used to derive the multiplier, as productive expendi-
tures affect output only through the inflation (which appears in the expression of
the consumption of borrowers) and borrowers’ labor income.

The results of the calibration concerning the effects of parameters are pre-
sented in the Table 2.

Table 2. Impact of parameters’ values on the size of the fiscal

multiplier under zero lower bound

K| Xy |¢|TD |0 |w ||

sign |+ |+/- |+ |+ |- |-]-]-

xo T |+ + |+ |+ |-]-1-]-

13This is the value of the share of borrowers from the condition y;, < 0.52 needed to ensure
that AD curve is steeper than AS curve
4Roulleau-Pasdeloup (2013), p. 21
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This table also illustrates what effects disappear, when there are only savers
in the economy. Although the case of x;, being equal to 0 doesn’t satisfy the
conditions on the share of borrowers Yy, it still shows the transmission channels of

parameter effects.
4.4 Comparison of the two cases: the role of zero lower
bound

First of all, it should be noted, that the results presented above correspond
to the results of Eggretsson, Krugman (2012), Christiano et al. (2011): the value
of fiscal multiplier being higher in the zero lower bound, than in the normal case,
despite the introduction of productive government spending. However, this result
depends crucially on the calibration used and the assumption about the share
of productive spendings. The difference with results presented in the work of
Roulleau-Pasdeloup (2013), where author has found a lower multiplier under zero
lower bound than in "normal” times, can be explained by the introduction of an
additional channel, by which fiscal policy proceeds through the presence of bor-
rowers, which partially offsets the negative impact of the productive expenditures
and facilitates the higher impact of public expenditures on the aggregate demand
than on the aggregate supply.

As for economic characteristics, higher price flexibility (higher k, steeper
AS curve) assures higher increase in the output under zero lower bound as it allows
prices to change more in response to an increase in the government expenditures
leading to a higher increase in prices and to a higher inflation, which is expan-
sionary in this framework. In the "normal” case, and, thus, downward-sloping AD
curve, on the contrary less price flexibility (lower k) is better for the size of the
fiscal multiplier as prices change less.

As for the share of borrowers Y, it has non-linear effect on the multiplier,
negatively affecting it when this share is below threshold level and affecting it
positively when it is above this threshold. This threshold level highly depends
on the values of parameters used in the calibration and its relevance depends on
whether this threshold level is in the interval provided by conditions on the Y.
Anyway, this non linearity is important to understand how the prerequisite about
two types of agents and the introduction of productive government spending in
the fiscal stimulus interact with each other.

The results concerning the effect of ¢, a coefficient in the AS equation in
front of the government expenditures and in front of the output, are the same in

the case of zero lower bound and in the normal case. Recalling that Phillips curve
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has the following representation:

= k(1 + go)?t — kgl — gp/i/G\t + B, m

-1

1 A
where x = Em(l +w), = {]j—w
It could be seen that the results concerning the sign can’t be compared with

the case of zero lower bound without public investment as in the second model
it stands for a different effect on the prices. In the baseline model of Eggertsson,
Krugman (2012) ¢ stands for the sensitivity of the prices to the change in gov-
ernment expenditures, and the higher ¢ the lower are prices for a given level of
government expenditure. Which in it’s turn increases the real value of debt hav-
ing a contractionary impact on the economy due to the "paradox of toil”. In the
model with productive expenditures it is also included in the coefficient in front
of the output, changing the slope of the AS curve. The positive effect of ¢ can be
explained by the fact, that in the case of the zero lower bound this effect works as
increased flexibility of prices, compensating the negative effect of ¢ through the
change in prices, due to the change in total government expenditures. While in
the case of the positive interest rate, with standard downward sloping AD curve,
decrease in prices, due to increased aggregate supply in the response to fiscal stim-
ulus, is greater, than jump in prices, due to increase in aggregate demand under
values of parameters used. As this result is very sensitive to the calibration a
further investigation is needed and possibly other expression for the Phillips curve
to specify precisely the role of this parameter in the framework.

The effect of the debt to GDP ratio ~p is different under zero lower bound
and in "normal” case. This parameter appears in the expression of the borrower’s
consumption specifying, how consumption changes in response to the real interest
rate. Under zero lower bound its effect is positive, as the increase in prices, which
follows an expansionary fiscal policy, would result in a higher consumption of the
borrowers due to the lower level of the real debt, while nominal interest rate is
zero. This effect is the same, as in the case of the zero lower bound without public
investment. In the case of a positive nominal interest rate this parameter is a
part of the coefficient in front of the interest rate in the IS curve, which specifies
negative relationship between the output gap and the deviation of the nominal
interest rate from its steady state value. Thus, in this case the negative impact
of vp coming from the fact that the higher is the interest rate on the debt of
borrowers the lower is their consumption.

An impact of o, an elasticity of intertemporal substitution, has a different

sign under two cases considered. It has a negative impact under zero lower bound.
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With a higher o labor supply is less responsive to the consumption, or putting
it in another way with an increase in wage under higher o workers tend to work
more and increasing their consumption by less. In the case of the positive interest
rate there is an effect coming from the behaviour of the savers and effect of public
spendings on the prices: higher government expenditures increase aggregate sup-
ply decreasing price and lowering nominal interest rate, with a higher o it will lead
to a bigger increase in the current consumption of the savers. Of course this is
only an impact from aggregate supply side. The other effect of increased govern-
ment expenditures is captured by the other parameters in the multiplier. In the
positive interest rate case an impact of an elasticity of intertemporal substitution
is decreasing with respect to the share of borrowers because the positive effect of o
is coming through the savers’ channel. In the case of zero lower bound this impact
is coming through borrowers and becoming more negative as their share in the
economy increases.

The effect of w (measures the curvature of the disutility of labor), is negative
in both cases, increasing in the absolute value with the higher share of borrowers.
The higher w, the lower labor supply elasticity) leads to a lower increase in labor
supply in response to an increase in the wage, which decreases the labor income of
borrowers taking wage as given. An impact of an increase in government expendi-
tures on the wage level is captured by the other combination of parameters). This

effect could be seen from an expression of the labor income of borrowers:

Ve = pYsto (w i xs—1)Gs—(1+w)Cn  gh+w™ o x0T (C—a(is— Eymp—T))

with p= (1 +w ™ H(wn ™t +o7!) —olw ' >0

As it was already mentioned, the effect of the share of productive expendi-
tures and the productivity of public investment is different under zero lower bound
and positive interest rate as well. As expected in the case of zero lower bound in-
creased share of productive expenditures of their productivity leads to a bigger
increase in aggregate supply, comparing to the baseline model without productive
investment, lowers the magnitude of the multiplier partially offsetting an increase
in the output provided by an increase aggregate demand due to the upward-sloping
demand curve. The same effect was shown by Roulleau-Pasdeloup (2013), who has
illustrated that in the case of excess savings liquidity trap fiscal multiplier can be
lower than in "normal” times and even negative for a sufficiently high share of
productive investment. Although the negative effect of productive investment re-

mains in the framework considered here, the magnitude of the multiplier in the
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zero lower bound case is still higher than in normal case under calibration used.
This could be explained by the introduction of constrained agents what provides
an additional transmission channel of the fiscal policy. However, the multiplier
still can become negative under sufficiently high share of productive spendings.
This threshold level is higher than the one found by Roulleau-Pasdeloup (2013)
and decreases with the share of borrowers in the economy. Moreover, these two
effects disappear when there are no borrowers in the economy. The result may
emerge due to the methodology used for the derivation of the aggregate output,

as these two effects come through an expression of the borrowers’ consumption.

5 Conclusion

In the recent years the way government conducts the stimulating policies has
become a topic of the interest since the monetary policy toolkit is limited in the
case of the low nominal interest rates.

In this work productive government expenditures were introduced in the
simple borrower-saver model to analyze how the assumption of debt constrained
agents interacts with productive expenditures, providing an additional push to
aggregate supply (which is contractionary in this framework). Introduction of
borrowers whose consumption depends on the current income seems to increase
the value of the multiplier under zero lower bound comparing to the case where
homogeneous agents are considered!. Although, both the share and the produc-
tivity of public investment decrease the value of the multiplier, pointing out in
favor of old Keynesian wasteful government expenditures. In the case of a posi-
tive nominal interest rate both public investment productivity and its share in the
total expenditures positively affect fiscal multiplier working in the same direction
with the introduction of two types of agents in the model. Moreover, an increase
in the share of borrowers intensifies the effect of production expenditures on the
multiplier value. Positive effect of public investments increases with the share of
borrowers in the positive interest rate case. While, negative effect of this type of
government expenditures can be partly compensated by the a sufficient number of

borrowers in the economy.

Isee, for example, Roulleau-Pasdeloup (2013)
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Appendix
A.1. Derivation of the model equations

1.1 Derivation of private and public demand
As the steps of derivation are the same for private and public demand here the
derivation of the public demand on a differentiated good i would be presented.

Government demand can be obtained analogously.

Consumer ¢ of each type solves the following minimization problem:

1

win [ p()ei()d
t\J 2
1 0/(6—-1)
s.t.CH > /ci(j)(el)/edj
0
1 1 /61
,Ci: -\ 1 Ndi i C«z_ i '9—1/0d~
’ (e () d + py | C; () j
0 0
1 1/6—1
oL, . | iga—170 / [ N\O=1/0 -
7 = i) — g | Gl c(J dj =0
() t(7) — n | () J 1(J)

1
Taking into account that Ctl/e =[c (5)0-1/0q5)1/6-1
0

. -0
We get: pi(j) = piic, "’ (j)C* = ci(j) = Ci (pt(i))

My
1 o (o-16 79/0-1 I 6/(6—1)
;= — ; lj == p (J)dj ‘
o Ky
0 0
| ) 1/(6-1)
Thus pf = | [ pi“g(j)dj} =D

0
Substituting this in the demand function we have:




Or if aggregated by two types of consumers:

=)’

Using the same procedure government demand can be obtained:
N
. pe(5)
=G
) = G ()

1.2 Utility maximization problem

Ey Y 5'(0) [U'((Cu(d)) = vi(ho(D)) +94(GY)]

with i =sor b

s.t. By (i) + W, Py (i) + /Ht(i) = (14 4t-1)Bi—1(1) + P.Cy(i) + P, T:(7)

1

Ly=Eo) . 6t(i)[Ui(Ct(i))—vi(ht(i))+19i(Gij)ﬂou(i)(BZ(Z')JrWZRht(i)Jr/ I,(i)—

—(1 4 i4_1)Bi_1 (i) — P,Cy(i) — PT,(i)) + @ (i) (Dy — (1 + n)B;(f) )
82?@') = 0= U(G(D) = pu()1;
a(zié) = 0 <= vi(hu(i)) = r (i) PW;

82?(%) = 0 4= puli) — B) Evprann ()1 + 1) — i) —;trt »

And the slackness condition:

wa(1) = 0,D(i); = (1 +rt)Bt(i)
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and

©a:(1)(Dy — (1 + 1)

Savers’ consumption and labor supply

For savers debt constraint is not binding, thus, the Lagrangian multiplier of
this constraint ¢g:(s) = 0 from the slackness condition. Tanking this into account
and substituting the definition of p1,(s) from the first order condition into the last

one we get the Euler equation for the saver:

By

U (CY) =B (1+14,) BUS ( ts+1) K

]
And combining first two first order conditions labor supply function can be

obtained: s
_ Vh(ht)
Us(CY)

Borrowers’ consumption and labor supply

Wi

In the case of borrowers debt limit constraint is binding, thus, borrowers con-
sumption can be defined by budget constraint where real value of debt is expressed

through the exogenous debt limit.

1

D, 1
C’=—-D,_ WPn? /Hb——Tb
t t1+1+7’t+ t t+ tPt t

0

Labor supply of borrower can be obtained from the utility maximization

problem as in previous case.

1.3 Firms

The demand on a good j consists of private and public demand of this good. Thus,

market clearing condition for good j can be written as follows:

ye(j) = ce(g) + 9:(5)

Taking into account that

. -0

c(j) = Ct (ng)
-0

) = G (1)
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Output of good j can be written as follows:

n) = €+ 6 (M) X

Or taking into account market clearing condition for the goods market Y; =

Cy + Gy »
w(g) =Y (Z%f))

Profit maximization problem and price setting

There is a continuum of firms measure one, where a fraction A can set their
prices at all periods while 1 — X firms sets their prices one period in advance.

Firms maximize the infinite sum of profits using ¢, = x°¢3, — (1 — x*)¥3,
as a discount factor. Where ¢3, and ¢35, are Lagrangian multipliers from utility

maximization problem.

EXZ o [pe(3)y:(3) — WePihi(5)]

. DPijt -’
yt(]) =Y, <E>
i(5) = (GO (he(5))"

From the first order condition of this problem we get prices for both types of firms.

s.t.

For the firms, who set their price freely:

0 Wi
0 =1 [n(GP)e(h(5)) ]

And for those who set their price one period in advance:

pe(1) P,

0 Wi
Pe(2) = By (0 —1 [n(Gf)<(ht(j))”l]H>

Where M =

o . :
1 is a markup over marginal cost.
A.2. Log-linearisation of the model

2.1 Linearisation of the demand side

Let us consider first the budget constraint of the borrower:

1+4-1\ P D,
Ct=— D,_ C—-T°
! (1+Tt1> P, t1+1+7’t+ !

29



Log-linearizing it around steady state when D, = D' = D and Y, =Y

<C’f — @) =— (Dt—l — E) +Ei b (log ho_ log 1) +

+ Tt—1

1
1+7

1 _ N
o (D= D)+ (v ~V7) -D

where Y2 = W,h?.
In the steady state the real interest rate is given by the discount factor of
=1

P
(log (141¢) + Eilog ;1 —log(1 + F))

t

the patient consumer so that g = T inflation at steady state is zero
T

t—1

. Moreover, we have 1 + 4,1 = 14 r,_1 at the

and that 1 + r, = (1+14;)
steady state.

Cl =Y+ BDy— Dy +ypmi — vpB (i — Eymyyr — T)

P,
— iy =log(1+1i,) and

where 6’? = log%ﬁb Y} log .7 =logp~t, m = log 5
t—1

E — o~ ~
’}/D:? and Sftb:Wt—i‘h?
Combining first order conditions of the utility maximization problem of a

saver the following Euler equation of the saver can be obtained:

P
U (CF) =B (1 + 1) EU; (Cf+1) (E)

Log-linearizing this equation and dividing it by U2Y we get:

(Ct__ C) By (Ct+1 - C) + sz_ (Tt . F)
Y Y Usy

Cts = Eth+1 — 0 (Zt — Etﬂ-t—&-l — T)

— Cs Us
where Cf = log <+ and 0 = -5

cc

Log—hnearlzmg aggregate consumption which is set as Cy = x,C; + (1 —
Xs)CP we get:

(Ci = C) = xs(Cf = O) + (1 = xs)(C; = O)
Dividing by Y we get:
Ct = Xscts + (1 - Xs)ctb

G

~ C —
where C, = log ?t, C; = log ,Cb =log =
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While log-linearized aggregate output is
2 = é\t + é\t

Thus we get:

~

Yt:Xséf—f—(l_Xs)Cf—’—é\t

2.2 Derivation of the Phillips curve

From the first order condition of this problem we get prices for both types of firms:

0 Wi
pt(l) = 0 —1 [n<Gf)<(ht(j>>n_l]Pt
(@) = B 0 Wi P,)

0 —1[n(G)(he(4))7]

is a markup over marginal cost.

0
Where M = 7
Log-linearizing this equation we get:
log pus = W, +log P, + (1 = n)hy, — (g
— Wy ~ h
Where W; = log Wt, h; = log ?t
Then an unexpected inflation can be expressed as follows:

A )\ - -~
m—FEym = log B—Ey 1 log By = m(logpt(l)—log p) = E(Wt‘i‘(l_ﬁ)ht—fgf)

From first order conditions we get labor supply for two types of consumers:

_vp(hy)
We=Tecr)
AL
LUr(CY)

Log-lenearizing this conditions we obtain:
W, = whi(i) + 05_16’}
W, = wPhl(i) + o*'C?

_ _ —s —b
Upnh _ Upph U. b U.
S

= 0" = ——, 0 = —

) [ ) )
v§ vy Usy ULy
It is assumed that w® = w? b

~ hb
Where w® = nb(i) = log ?t

=wand o =0’ =o0.

31



Aggregating these conditions we get:

ﬁ\/t :wi?t +0'_lé\t

A N . .
T — By ym = ﬁ(Wht +0'Cy + (1—=n)h — Cgf)

;L\t:_ﬁ__gt
n

From market equilibrium condition: @ = }A/t — é\t = }/}t — gtU — gf

A l1s 1/
'/Tt:—1_>\[(1+W)EY;—%(1+W)Q,5P+U 'Y= —9))+ Eiam
. A 1 —1\v C P -1
Wt*m[((l‘i‘w);‘i‘(?' )Yt—5(1+w)gt —o G+ Eam

m = k(1 + @)Y — (gl — oGy + By

no~!

1+w

1 A
where £ = ;m(l +w), o =

2.3 Derivation of labor income of the borrower
YP =W+

Combining Euler equation of the saver together with

Labor supply of the borrower: h? = w TV, — o lwTtC

Borrower’s consumption from the resource constraint: C? = Xzflf/t— XbileéE_
xo Gy

From the production function: h, = n=tY, — (n~tg?

Subbstituting it into the aggregate labor supply together with the resource
constraint:

Wi = (wn + 07, —wy ¢ — o' G,
We obtain:

—

V) = M}//\;“‘U_l(W_1Xb_1Xs_1)Gt_(1+w)€77_1gf+w_1Xb_1XsU_l(Etcts-i-l_a(it_Eﬂrt-i-l_F))

where i = (1+w™)(wn™ +07) = 0~y
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A.3 Analysis of the model
3.1 Short run dynamics of the model

Thus the budget constraint of a borrower transforms into:

—

@’:Yg—ﬁ+7D7Ts—’yDﬁ(it—7TL—F)

A_ﬁDhigh_E Vb 1, —1 —1 ~ —1,, -1 —1¢;
where now D = — v and Y2 = pYs+o Hwxy ' —1)Gs—w Xy x0T (ig—
T)

Taking into account that l/)\t and 5,5_\1 are deviations from steady state so
that

=y N Dy — D Dy — D EﬁDt — Dy
D - D -1 = p— — — = = —
Byp D¢ — vpDi—1 = Bp 5 = % 5

In period ¢ debt limit falls from D"9" to D'* = D, thus in t-1 we have D"9" and
D% in period ¢
Therefore, this part of the budget constraint becomes

BD,~Di.y _ D"~ D

Y Y

The budget constraint of a saver transforms into:
afg:ai—a(is—wL—f)

3.2 Derivation of the output in the short run

1 -
o — Xs(0 +w )+><va5(@.3_77) Xo 5 X 7h

1 — pixy Cl-pxe o 1
l+o'whvs—x0o ' —~ (14+w)n!
+ Xb oy 4 Xs — Xb G — ( )<n ngg
L — pxe L — pxe L — pxe

Implementing the definition of the natural interest rate:

xs(0+w™) + Xb’YDﬁ(

Vo= —
i L= pxe

is — T’g)

Xb D+ TDXb T
Xs(o +w™) + xpypf Xs(0 +w™) + xp7pfB
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Yo —~ 14+olw iy, —xpo ! G (1+w)Cn "X P

— Ts + S
Xs(o+w™) + xpypf Xs(o+w™) + xp 0B Xs(0 +w™t) 4+ xp 0 8

Phillips Curve now will have the following representation:

Ts = (k+ ¢ —1)Ys — k(gl — ¢Gs

A 1 A
where k = ——(1 +w)—, p = !
n

1— X -7
Combining AS and AD equations we get:

1 P
YS:_XS(U‘HU )+Xb’YD/6(Z.S_f>_ Xo 5 Xb o+
1 — pxe 1 — pxe L= pxop
% — ~ 14+ow s — ot~ (1+w)n 'ty
+ b VD(/f(l—i—go)Yg—ang—goGt)nL b Gg—( )X §
1 — pxe 1 — pxe 1 — pxe
s xXslo+w H+xewB . Xb ~
YS - = (ZS — 7“) — —
1 — xp(pe +vpk(1 +¢)) 1 — xp(pe +vpkE(1 +¢))
Xb 5 1t ol — (e ) &~ wCpxe + (L+w)in Xy p

st

1= (u+yps(l+ ) 1 — xp (1 +vpE(1 + ) T (i) Y

3.3 Case of a positive nominal interest rate

Substituting the definition of positive nominal interest rate i; = r}* + ¢,m; in the

expression for output: Implementing the definition of the natural interest rate:

-1
— KXo
Where
n — Xb N YDXb
rg =17 — D + Tg—
8 Xs(@+w ™) +x708 " xs(o+w ) + xp708
B Xb — 1+totw s —xpo ! - (14 w)n X P

Ts + - g
Xs(0+w )+ x10B8 " Xelo+w )+ xemB 0 Xelo+w D)+ xe10B7°

Xs(0+w™) + xo700
L — pxe

Yg=— ( ) D (1S + ¢pamg —15) = —
L= pxp

(bw s

Substituting the definition of the inflation in the short run from the Phillips
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curve: (04014 5
~ o+ w — —
Ys = X XD Gx[r(1 + ¢)Ys — kCgt — ¢Gs]

1 — pxe
~ s oc+w )+ v oD
Py = MTEE ) XD 114 )T (w0 + )G

—

Vo _ Or(KCh + ) (Xs(0 +w™) + X570 )
5T 1= pxy + dar(L+ 9) (xs(0 + w ) + xi10B)

multg = Or(KCY + @) (Xs(0 +w™) + x»7DP)
© T+ denl(1+ @) (a0 + w1 + x070P)

An impact the share of productive spending 1 has on the fiscal multi-

plier:

Omultg _ OrkC(xs(0+w™) + xo7pB)
o 1 — pxp + ¢xk(1 + ) (xs(0 +w™) + x57D8)

An impact of productivity of government investment ( is:

Omulte Pritb(Xs(0 +w 1) + xi705)
0C 1= pxp+ dei(l+¢)(xs(0 +w™) +x0708)

3.4 The case of a zero lower bound
If deleveraging shock is sufficiently high and zero lower bound becomes binding we
get:

% Xb -~ Xb .
Vo=T— D— Th+
L—xo(p+vpr(l+9)  1—xp(p+ypr(l+¢)

1+0‘HMJXy—XMU‘1+vD¢)§\_f%ﬁaxb+(1+u00f%mgp
1—xo(1 + sl + ) 1= xo(p+1pkE(1+ ) 7

Xs(o+w™) + xp7p 8 -
1 — xp(p+ypr(l+ )

with ' =

Y Xb =~ Xb iy
YVe=T— D— T+
L—xp(u+vpr(l+¢)  1—xplp+ypr(l+¢) °

1+o*W?m—fo“me—¢QMmm+ﬂ+wM”%%
1 — xp(p+vpr(l+ )

s — LEOT T = (0™t 09) — ¥y + (1 + w)i)
’ 1= xo(p + ypr(1l+ @)
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An impact of the share of productive spending 1 has on the fiscal

multiplier:
omultg  —Cxp(kyp + (L+w)n™)

o 1= xp(p+pr(l+ )

An impact of productivity of government ( investment is:

Omultg _ —xp(kyp + (1 +w)n™t)
¢ 1 — xs(p +vpr(1+ @)
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