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Abstract

In times of fiscal stress governments fail to adjust fiscal policy in line
with the requirements for debt sustainability. Under those circumstances
monetary policy impacts the probability of sovereign default alongside in-
flation dynamics. Uribe (2006) studies the relationship between inflation
and sovereign defaults with a model in which the central bank controls the
risky interest rate; he concludes that low inflation can only be maintained
if the government sometimes defaults. This paper follows Uribe (2006) by
examining monetary policy that controls the risky interest rate; however,
it differs by the baseline assumption about the central bank’s objectives.
In this paper, monetary policy is not a pure inflation targeting: the central
bank minimizes the probability of default while ruling out large inflation
hikes. An advantage of this framework is that it avoids the issue of zero
risk premium that exists in Uribe (2006) but allows a study of the rela-
tionship between the constraints on the monetary policy, default risk and
the risk premium.

We show that monetary policy that controls the risky interest rate
can mitigate default risks only when the central bank allows sufficient
variation in inflation. When agents believe that the central bank’s toler-
ance towards inflation hikes has increased, equilibrium risk premium goes
down. It follows that information concerning changes in the central bank’s
preferences over inflation directly impacts default risks.
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1 Introduction

In the aftermath of 2007-2008 crisis, some economies of the European Monetary
Union (EMU) found themselves in a complex situation. On the one hand, there
is a pressing need to increase budget surpluses to mitigate default risks; on
the other hand, the scope of raising extra revenues through fiscal austerity is
limited because such policy may lead to further recession and cause political
crises. In the presence of fiscal stress, fiscal policy by itself may fail to insure
the sustainability of government debt. In this environment, it is crucial to learn,
what the monetary policy controlling the costs of borrowing can do to mitigate
the debt crisis.

Sovereign defaults are associated with devastating consequences for the fi-
nancial system. Ensuring the stability of the financial system is one of the key
functions of a central bank. When government debt is nominated in national
currency, the central bank is capable of resolving debt sustainability issues by
causing the costs of debt servicing to be reduced.

Uribe (2006) shows that in the presence of sovereign default risks, two funda-
mental functions of the central bank are in conflict: ensuring debt sustainability
(stability of the financial system) and maintaining low inflation. In the litera-
ture studying default risks and monetary policy, authors often presuppose that
one of the two aims of the central bank is dominant; the results concerning the
dynamics of inflation and the risk premium are contingent on the underlying
assumption about the central bank’s priorities. Specifically, in Sargent, Wallace
(1981) as well as in the papers on Fiscal Theory of Price Level (FTPL)!, the au-
thors presuppose that the primary goal of the central bank is to avoid sovereign
defaults, regardless of the costs in terms of inflation. Rational agents are aware
of the central bank’s preferences and thus believe that the probability of default
is zero. It follows that in those models there is no risk premium on government
bonds.

By contrast, Uribe (2006) and Guillard, Kempf (2012) study the case when
maintaining low inflation is a primary objective of the central bank - monetary
policy is conducted in a way that excludes deviations of inflation from the target.
In these models defaults emerge whenever debt becomes unsustainable under
the target level of inflation.

In this paper, the baseline assumption is that although the central bank
is eager to minimize the probability of default arising from fiscal stress, it is
constrained by formal requirements concerning inflation: there is a maximum
level of inflation that the central bank may allow to avoid sovereign default.
This specification of the central bank’s problem can be viewed as a compromise
between baseline assumptions of FTPL models and models in which the central
bank does not allow any deviations of inflation from the target, such as Uribe
(2006), Guillard, Kempf (2012). An advantage of this specification is that it
avoids the issue of zero risk premium existing in Uribe (2006), while at the
same time allowing a study of the capabilities and limitations of monetary policy

ILeeper (1991), Woodford (1995, 1998), Cochrane (2001) and others.



aimed at mitigating default risks.

We determine the threshold value of real debt that triggers sovereign default
and show that this threshold is an increasing function of the upper limit on
inflation. We then show that under this specification of monetary policy the
equilibrium risk premium and probability of default depend on the upper limit
of inflation - the higher the limit, the lower the risk premium and the proba-
bility of default. When the upper limit on inflation is high enough, monetary
policy that controls the risky interest rate can ensure a zero probability of de-
fault in equilibrium. Furthermore, if agents do not possess exact information
concerning inflation constraint, the central bank has incentives to create inaccu-
rate beliefs suggesting the upper limit on inflation to be higher than the actual
value in order to lower the risk premium on government bonds and reduce the
probability of default. Another implication of this analysis: when the central
bank is committed to mitigating default risks even if it means higher inflation,
the earlier the public learns about this commitment, the lower are the costs of
implementing such a policy.

Fiscal stress in the EMU

Our specification of the central bank’s problem seems particularly relevant for
the analysis of monetary policy within a monetary union. When the central
bank of a monetary union conducts accommodative policy intended to stabi-
lize the debt of one of the member regions, the costs in terms of inflation are
spread across all member regions. Fiscally prudent governments may be unwill-
ing to share these costs and thus may have an incentive to collectively impose
an upper limit on inflation, restricting the central bank’s policy choices.? Al-
ternatively, the central bank may determine the upper limit on inflation by
comparing the costs associated with an increase in inflation with the costs aris-
ing from a sovereign default of one of the member states.® Finally, the upper
limit on inflation may be treated as a formal commitment of the central bank.

A study of monetary policy that controls the costs of borrowing appears to
be urgent in light of the recently launched OMT program (Outright Monetary
Transactions), a program presupposing that the European Central Bank would
buy bonds of troubled governments to mitigate default risks given that they
implement fiscal austerity.

In the EMU, the ability of the governments to flexibly adjust fiscal policy in
line with the sustainability criteria is debatable. Trabandt, Uhlig (2011) show
that over the past 20 years, European economies have drawn closer to the peaks

2This outcome seems reasonable if fiscal policy differs across regions. For instance, if the
probability of default is rather small in the majority of regions, costs associated with an
increase in inflation for these regions exceed benefits from reduction of the probability of
default resulting from an increase in the upper limit of inflation.

3Cooper, Kempf, Peled (2010) show that in a monetary union the decision of the central
bank on whether to bailout a member state or not depends on the allocation of risky bond
holdings across regions. Since monetization leads to inflation growth, allocation of risky bonds
might as well influence the maximum value of inflation that the central bank can tolerate to
avoid defaults.



of their respective Laffer curves: the scope of raising extra tax revenues via in-
creases in tax rates is limited since further increases in the tax rate would cause
only a minor gain in a government’s earnings. Cochrane (2011a) asserts that
even if an economy is supposed to operate well below the Laffer curve peak, a
small rise in the tax rate may cause a prominent slowdown of economic growth
thereby reducing future taxable income. Bi, Leeper, Leith (2012) show that
expectations of increases in fiscal surpluses may have a different impact on out-
put growth depending on the composition of fiscal consolidation. Particularly,
expectations of an increase in the labor tax rate lead to a slowdown of output
growth, whereas a decrease in government expenditures promotes it. Even if
tax collection capacities are to be neglected, it is plausible that a government
facing a debt sustainability constraint would rather default on its debt than per-
form fiscal contraction even though such a move would facilitate debt service.
Theoretical support for this view can be found in Eaton, Gersovitz (1981), who
determine the “effective” tax rate - the highest rate it makes sense to impose
before defaulting - which turns out to be lower than the rate corresponding to
the Laffer curve peak.

Thus, austere tax policy has certain limitations. The scope of raising rev-
enues through cutting transfers and government expenditures is limited as well.
First, in a democratic environment it is difficult to implement such a policy
without a substantial delay (see Alesina and Drazen, 1991). Second, due to
adverse demographic trends on the one hand and the governments’ obligations
to support future retirees with appropriate benefits on the other, expenditures
related to aging are expected to rise substantially in the next 50 years. Ac-
cording to the IMF (2009), the net present value of these promised expenses
is averaging 409% of GDP across advanced G-20 countries, meaning that the
transfers are not backed by tax revenues. These concerns show that fiscal stress
is likely to remain a pressing issue in a long run.

Section 2 presents the model: it lays out the design of fiscal policy and
the household’s problem. We determine conditions insuring that government
debt can be sold to households and describe the central bank’s problem. In
Section 3 we define equilibrium, determine conditions under which equilibrium
exists, and express the default rate, the probability of default and the risk
premium as functions of the risky interest rate. In Section 4 we determine
conditions guaranteeing that the solution to the central bank’s problem exists
and characterize it, determining the risky interest rate. We explore equilibrium
outcomes when households know the true value of the upper limit on inflation
and when they do not know it, so the central bank can form beliefs about its
value. Section 5 concludes. Appendix presents a numerical example for Greek
economny.



2 The model

2.1 The government

Consider an endowment economy where the government collects lump sum
taxes, pays transfers and issues one-period bonds. The economy is subject to
fiscal stress: fiscal surpluses evolve exogenously and do not respond to changes
in the real value of government debt — as a result, the government fails to insure
debt sustainability when the inflation rate is particularly low. Using the ter-
minology of Leeper (1991), fiscal policy is “active”. We follow Uribe(2006) by
assuming that fiscal surpluses (taxes minus transfers) follow an AR(1) process:

5t —5=p(si—1 — 5) + &4, (1)

where p < 1, &, ~ F(0, 02), 5 is a steady state value of fiscal surplus. Govern-
ment debt is risky: in period ¢ the government defaults on a §; fraction of its
debt. The dynamic budget constraint in period ¢ is given by:

B,  Ry_1Bi1(1—6)

=t _ — 2

Pt Pt St ( )
where B; is the nominal debt in period ¢, P; is the price level, R;_; is the gross
nominal interest rate. Following Bi (2012) Bi, Traum (2012), Guillard, Kempf
(2012), we assume that default occurs, when the real value of debt exceeds an

upper limit, b;, in which case the default rate equals 6. Thus, the default rule
is given by:

0, if by < by
- 8, if by_y > by

We derive l;t in section 3.1.

3)

2.2 The household’s problem

A representative household consumes ¢; and purchases risky and risk-free bonds,
B, and D;. Risky bonds are supplied by the government; uncertainty about the
return on risky bonds arises due to fiscal stress: because there is a possibility
that the government might default on its debt, the value of risky bonds in period
t+1 is unknown in period ¢ We further assume that whereas households cannot
borrow from the government - BtH > 0 in each period - they may borrow from
each other. We assume that private debt contracts are enforceable and private
debt is risk-free; household’s demand for this debt is given by D;.* Let Rf be
the gross nominal risk-free interest rate. A household also receives endowment
y; and pays the government s;, lump-sum taxes minus transfers.

A household maximizes utility from consumption over an infinite horizon,
solving:

4This assumption is necessary to characterize the behavior of the risk-free interest rate. It
was also applied in Uribe (2006), Guillard, Kempf (2012) and others.
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First order conditions for this problem are:
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In the subsequent section we specify Euler equations for the risky and risk-
free interest rates corresponding to an equilibrium with a non-negative demand
for each asset.

2.3 Sustainability of government debt and the relation be-
tween inflation and the default rate

For simplicity assume that endowment g; is constant. As there is no production
sector, the resource constraint is given by: ¢; = ¥.

In equilibrium risky and risk-free assets must be equally attractive for con-
sumers. Since households are identical, equilibrium private borrowing must
equal zero. The financial market equilibrium is given by:

B; = B;. (10)

We derive equilibrium conditions for the risky and risk-free interest rates
from first order conditions (8) and (9):

P,
1=BRE(1— ‘5“1)13 tl; (11)
t+
1= 3R/ E, R (12)
Piya



Analogously to transversality condition (5) there is a no-Ponzi game condi-
tion for government debt:

lzm ﬂtEt [bt-i-]] S 0, (13)
Jj—o0

where b,y ; = By4;/Pi+; is the real value of government debt. When condi-
tion (13) is violated, the discounted infinite sum of expected government expen-
ditures plus debt exceeds the discounted sum of expected revenues - under these
conditions rational households would not buy newly issued government bonds.

We iterate the dynamic budget constraint of the government (2) and apply
Euler equation (11), obtaining:

. 'Bt+‘
lim Exf? —2 = R;_
Jim B3/ = Ry

]. — (St EtZB St+h- (14)

Combining (13) and (14), we derive a condition guaranteeing that the gov-
ernment does not engage in Ponzi schemes by choosing default rate d;:

Ey i 5h8t+h _
(1= 8)bpy < —"=2 _si(1=p)+5(1—p)B (15)

R4 £ (1—=8)(1—pB)Ri-1 o

where m; = Pftl.

When condition (15) is violated for a set of {s;;bi_1; d¢; m¢; Re—1}, the debt
by, the debt that finances the operational deficit in period ¢, cannot be sold to
households.?

Substituting J; = 0 into (15), we obtain a condition that guarantees that
the government debt is sustainable:

E > B
= P I (e "
= Ri—1 T A-B)1—pB) R

As households are rational, the discounted sum of private income must not
exceed the discounted sum of private consumption. Thus, in equilibrium the
discounted demand for risky assets must approach zero as t approaches infinity.
Using equilibrium conditions (10) and (11), we obtain:

lim B*E, [be+;] = 0. (17)
J—00

Equation (17) guarantees that, on the one hand, the dynamics of b; satisfies
the transversality condition and, on the other hand, consumption choices of
households are rational.

When equation (17) holds, the no-Ponzi game condition (13) holds as equal-
ity. Analogously to the derivation of condition (15), using (17) we obtain an
equilibrium relation between inflation and the default rate:

5See formal proof in sections 3.1.
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Qualitative interpretations of equation (18) may vary, depending on how
monetary policy is conducted. For example, in Uribe (2006) the central bank
sets the inflation rate at m; = 7* for all ¢ and determines the risky interest rate,
R;_4. Since s; is random, from equation (18) it follows that under such policy
rule, shocks to s; result in non-zero default rates.

Such specification of a monetary policy has a disadvantage: in equilibrium,
the default rate becomes negative whenever the value of fiscal shock exceeds
zero. To see this, substitute the expression for ¢; from equation (18) into Euler
equation for the risky interest rate (11):
be(1 = Bp)(1 = B) B

Equation (19) states that the bigger fiscal surpluses are, the higher real
value of debt can be sustained in equilibrium. Note that when the fiscal shock
is particularly small, e, < —[psi—1 + (1 — p)5/(1 — )], the government, cannot
sell debt at all: b; is negative.

Applying (19) to (18) and assuming that R,_; = R* = 7* /3 as in Uribe(2006),
we obtain the equilibrium default rate:

0 =1-— m=1-

(18)

B
(1=5)(1—pb)

Thus, when ¢; > 0, the equilibrium default rate is negative. Moreover, it
follows from (12) that the implied risk premium is always zero since R,{:l =
/B = Ry_1.

Following Uribe (2006), this paper also focuses on monetary policy that con-
trols the risky interest rate. However, unlike in Uribe (2006), our specification
of monetary policy implies uncertainty over future inflation. Section 4 shows
that the equilibrium risk premium and the probability of default are affected
by agents’ beliefs about the maximum value of inflation that the central bank
would allow to avoid defaults: in equilibrium, the higher this value is believed
to be, the lower is the risk premium.

Now assume that the default rate is fixed. By substituting a fixed default
rate into (18), we uniquely determine inflation in period ¢ because the discounted
expected sum of surpluses is exogenous. This happens because under a fixed
default rate and exogenous fiscal surpluses the transversality condition from the
household’s problem (13) holds as equality for only one value of m; (and one
value of P, since P;_; is known in period t) - this particular level of 7; realizes
as equilibrium. This result is in line with FTPL - the only difference being that
in FTPL the value of 4, is assumed to be zero. By substituting §; = 0 we obtain
the inflation rate and the price level, corresponding to the FTPL case:

0y = — bi—1. (20)
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h=0
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The FTPL attributes this positive relation between inflation (or price level)
and fiscal surpluses to the wealth effects. Suppose that in period ¢ taxes are
unexpectedly reduced (transfers are increased). With exogenous surpluses a
reduction in taxes (an increase in transfers) today is not associated with a cor-
responding increase in taxes (reduction in transfers) in the future. Thus, if
the price level in period ¢ does not change, then households in period t be-
come wealthier because the expected discounted sum of net taxes falls. Since
households are rational, an increase in wealth leads to an increase in aggregate
demand and to an escalation in the prices level (see Leeper (1991), Woodford
(1995, 1998), Cochrane (2001) and among others). Similarly, when the gov-
ernment issues new bonds, household’s wealth rises because new bonds are not
backed by corresponding increases in government surpluses. Note that when the
default rate differs from zero, the mechanism we have just outlined remains in
place - the difference is quantitative, but not qualitative.

2.4 The central bank

We showed that in times of fiscal stress there is a negative relation between
inflation and the default rate (equation (18)) - thus, when the central bank
allows increases in inflation, it mitigates default risks. This trade-off between low
inflation and fiscal sustainability causes a controversy between two fundamental
goals of the central bank: suppressing inflation hikes and insuring stability of
the financial market.

In this paper, we assume that although the central bank seeks to minimize
default risks arising from fiscal stress, it has to fulfill a formal requirement
regarding the maximum level of equilibrium inflation. This assumption can be
viewed as a compromise between FTPL (Leeper (1991), Woodford (1995, 1998),
Cochrane (2001) and others) and models where the central bank sets risk-free
interest rate and does not allow any deviations of inflation from the target, such
as Uribe (2006), Guillard, Kempf (2012). Formally, the central bank chooses
the risky interest rate to minimize the expected default rate while insuring that
inflation would not exceed an upper limit 7% which is set exogenously.

3 Equilibrium

We now turn to the definition of a competitive equilibrium for this economy.
Definition 1. A competitive equilibrium is a set of sequences
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t=0
1. Sequences satisfy:
o Equilibrium condition (18):

st(1—8)+5(1—p)B i
(1-B)(1 = pB)Re—1br—1

(St == ]. -
e Default rule (3):

)

5 _ 0 if by <Dy
i b >y

e Resource constraint:
ct =,

e Euler equation for the risk-free interest rate (12):

P,
1:5R{Etpt1;
t+

e Government budget constraint (2):

_ Ry_1bi—1(1 — 0y)

Tt

by

— St;

2. The central bank chooses R} to minimize the probability of default in
period t+1 while maintaining m < 7%,
3. Fiscal surpluses follow (1):

st —8=p(s4_1 — 3) +&y;

for given By, Py.

In Section 3.1 we express the equilibrium value of b; as a function of {s¢, Ri—1,
7™ we find all {by_1;s¢; Ry—1; 7™} such that there exists an equilibrium;
assuming further that an equilibrium exists, we express J; as a function of
{bt—1;8¢; Re—1; 7™}, In section 3.2 we use the equilibrium definition of by to
derive the risk premium in period ¢t — 1 and the probability of default in period ¢
and express them as functions of {b;_1; s;—1; Ry—1; 7™**}. In Section 4 we solve
the central bank’s optimization problem and study the relation between R;_;
and {b;_1;s;_1; 7}

10



3.1 The equilibrium default rate

As shown in Section 2.3, when fiscal policy cannot adjust its surpluses and infla-
tion is fixed, equilibrium with positive borrowing is reached through adjustment
of the default rate, as in Uribe (2006). Our model differs from this setup by
two assumptions: first, following Guillard, Kempf (2012), Bi, Traum (2012) and
Bi (2012) we assume that when default emerges, default rate equals a known
constant value 0 < § < 1.%; second, the central bank allows inflation to vary as
long as it does not exceed n™**. What changes do these assumptions bring to
the fiscal-monetary interaction setup? Let us consider two cases depending on
the value of current fiscal surpluses in relation to the level of inherited debt.
Assume that fiscal variables are such that:

btflRtfl(l_Bpxl_B) < gmaz
si—1(1=B)p+3(1—p)+e(1—8) ~

When condition (23) holds, in the absence of default equilibrium inflation is
lower than 7™%%(from (18)). Thus, fiscal authority does not have to default on
the debt in equilibrium.

Now consider the case in which restriction (23) is violated:

bt—lRt—l(l — ﬁp)(l — ﬂ) > gma
si—1(1 = B)p+3(1 = p) + (1 - B)

When for given values of b;_1, R;_1, s;—1 and &; relation (24) is true, equi-
librium with zero default rate and inflation under 7™** does not exist. Even if
inflation equals 7"*%* - the highest possible value - the government cannot cover
current, operational deficit by issuing new debt because such debt would not be
sustainable and cannot be sold on the financial market.

Proposition 1. If for given by_1, Ri_1, &, si—1 and 6; = 0 condition (24)
holds, debt in period t cannot be sold to households.

Proof. Suppose condition (24) holds. From the government budget con-
strain (2) we obtain the real value of bonds that the government must issue in
period t to finance the operational deficit:

Blse(1 = B)p+5(1 = p)]

1=A)1-0rP)

From the first order condition (11), households will be eager to purchase
these bonds, when their expected yield satisfies:

1 1-9
<R, Etw_
B Te4+1
Applying equilibrium condition (18), we conclude that for the bonds to be

sold to households, the following must hold:

(23)

(24)

by >

6In Arellano (2008) default rate is also constant, it equals 1. In Bi (2012) the value of
default rate depends on the properties of distribution of fiscal limit.

11



Blsu(1 = B)p+5(1 = p)]

N () SR

We reach a contradiction. [

Thus, when (24) is true, equilibrium with both 7; < 7™ and §; = 0 does
not exist. It follows that under such conditions the government would be forced
to default. Analogously to Proposition 1 it can be shown that an equilibrium
with 7 < 7™ and §; = § only exists if:

btflRtfl(l _ﬂp)(l_ﬂ)(l_é) < gmaz
— ST .
s$i—1(1=B)p+35(1—p)+e(1—P)
We study the topic of existence further in Section 4.1.

Now we can identify the threshold value for the real debt from rule (3) using
condition (24):

(25)

gt — St—l(l — ﬂ)p+§(1 — p) + Et(l — 6) qmax
Ri—1(1—Bp)(1—p)
Debt that exceeds the threshold ?)t is unsustainable when inflation is less

than 7%, Whenever real value of debt exceeds lA)t, default emerges. Thus,
equilibrium default rate is:

{07 if by < St—l(l—ﬂ)P+§(1—P)+€t(1—,3)7Tmaz
L =

(26)

: s (D5 e (1-5) (27)
0, if b1 2 == Rt—llejﬁp)(pl—l?)( e
provided that an equilibrium exists - condition (25) holds for given {7™*%; ¢;
s si—13be—1; Re—1 ).

3.2 The probability of default and the risk premium

In this section we study the relationship between the risky interest rate, the
probability of default and the risk premium. From equation (26) using equation
(19) we obtain a threshold value of fiscal shock:

Ry 1f8 1—5p

Tmaz ﬂ

Default in period ¢ emerges whenever the realization of fiscal shock turns
out to be smaller than £;. Note that the value of &; is known in period ¢ — 1;
it goes up as R;_1 /7™ (the gross real interest rate on government bonds in
case inflation reaches 7™%*) increases. It follows that the central bank can
manipulate the threshold value, provided it can alter the risky interest rate or
expectations over the upper limit on inflation. When the risky interest rate
surpasses a certain level, namely R;_; > g7 even positive shocks to fiscal
surpluses can trigger defaults.

In the succeeding analysis we focus on cases in which fiscal disturbances are
always relatively small - to highlight that even when households believe that the

2 = )b . (28)
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range of fiscal shocks is narrow, they still demand a positive risk premium on
government bonds, limiting the central bank’s choices. Another motivation for
this strategy: when large negative shocks occur, an equilibrium cannot form for
valid values of price level and the default rate. Suppose in period ¢ there occurs
a fiscal shock such that e, < —[psi—1 + (1 — p)5/(1 — 8)]. Then, from equation
(18) it follows that in period ¢ household’s demand will be non-negative only un-
der a negative price level or a default rate exceeding unity. Thus, from now on we
presuppose that g; € [—e™%; ™| and —e™* > -[ps;—1 + (1 — p)5/(1 — B)]
for all s;_1. In Appendix A we provide quantitative estimates for Greek econ-
omy, showing that this assumption is realistic.

Now we can write down an estimate for the probability of default in period
t, calculated in period ¢ — 1:

€t

Pr(e, <é&) = / f(e) de, (29)

—gmax

where f(¢) is the density of the distribution of shock to fiscal surpluses. From
equation (28) it follows that the probability of default depends on the relation
between the risky interest rate and the upper limit on inflation, R;_;/7™**:
the bigger the value of the gross real interest rate under maximum inflation, the
higher the probability of default.

Now we can derive the risk premium on government bonds:

é

Bt pos jst1<1—5>p+s<1—p>+st<1—6>

R, . Beabia (= Bp) (1= F)(1-0) dF(e)+
emet si-1(1=B)p+35(1—p)+e(1—7P)
i / Ri_1bi—1(1 = Bp)(1 = B) dF(e) (30)

&t
gmaz

1 1 ep
= Ty / Ot =) e
€t

The value of the integral on the right-hand side of the last equation is pos-
itive. When &; = —e™%*_ the probability of default equals zero and agents do
not demand the risk premium. When —c™%* < &, < ™ the value of the
integral is smaller than unity and the risk premium is positive. An increase in
R;_1 /7™ would lead to an increase in the threshold value of fiscal shock, &; ,
as well as the probability of default and the risk premium.

A qualitative interpretation is as follows. Default emerges when the gap
between the real value of debt and the sum of fiscal surpluses could only be
eliminated through inflation that exceeds the upper limit; rational households
are aware of this regularity. When the upper limit is high enough, the probability
of default is relatively low. The higher the risky interest rate, the higher the

13



costs of debt service, the bigger the expected gap between the real value of debt
and its backing - the higher the probability of default.

4 The central bank’s problem: the choice of a
risky interest rate

We have characterized the relation between the probability of default and the
costs of debt service, R;_1b;—1. Since the probability of default depends on
R;_1, the risk premium is determined uniquely for a given value of the risky
interest rate. In equilibrium, the central bank sets the risky interest rate, R;_1,
whereas the risk-free rate, R/ |, adjusts in accordance with equation (30) which
specifies the risk premium.

Before proceeding, let us verify that all variables from Definition I can
be determined uniquely and expressed as functions of {b;_1;s;—1; Ry—1; 7™},
provided that for a given set of {b;_1;s:—1; R¢—1; 7™} an equilibrium exists.
Knowing s;_1, we determine s; from equation (1). If for {bs—1;s¢; Re—q; 7™}
an equilibrium exists, b, and &, can be uniquely determined from (27). Knowing
Ot, bi—1, s, we determine 7, using (16). For given &y, b1, sy, m we derive by
from the government budget constraint (2). The solution to the central bank’s
problem can be expressed as a function of b;, s; - knowing b;, s;, we determine
the risky rate for newly issued bonds, R} (see Section 4.2). For given Ry, st, by
the risk premium and R{ can be uniquely determined from (30). Knowing P;_1,
¢, by we derive By, P;. Therefore, when an equilibrium exists, all variables from
Definition 1 are uniquely determined.

Now we are ready to examine how the central bank chooses the risky interest
rate. In this section we study the choice of R;_; and explore the relation between
the upper limit on inflation, 7%, and the probability of default in equilibrium.

Choosing R;_; in period t—1, the central bank minimizes the expected value
of the default rate in period ¢, E;_19;. Considering that in the event of default
the default rate equals ¢, this problem can be reduced to minimization of the
probability of default in period t¢:

€t

Pr(e;, < &)= f(e)de = min (31)
s.t. Ri_1>1; (32)
1 1
> —— ).
Rt—1_1_5+(1 1_5) (33)
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where :

5 {0, ife>é

0, if ey < &
. R;_ 1—
Er = ( ,njn;a:ﬁ — l)bt_l 56,0

When the central bank chooses the value of the risky interest rate, it takes
into account zero lower bound on the risk-free interest rate given by (33) - a
condition obtained by substituting the risk premium from (30) into R'tf_l > 1.
Condition (33) ensures that for given {R;_1;s;—1;b:—1} the debt b;_; can be
sold to households in period ¢ — 1.

In the following sections we study, for which values of 7% and default rate
6 the central bank’s problem has solutions; we then examine the equilibrium
relationship between the probability of default, the default rate § and the upper
limit on inflation 7"%*.

4.1 The existence of a solution

Let R;_; be the solution to the central bank’s problem. As shown in Section
3.1, for certain sets of {st; e, Rz‘_l} there is no equilibrium with =, < 7™
(see condition (25))

Suppose in period t fiscal shock equals the largest negative value, g; =
—e™*  From (18) it follows that the equilibrium inflation would satisfy 7 <
e if:

St—l(l - ﬁ)p +§(1 - P) - Emaz(l - 6) AmaT
(1=0)(1 = Bp)(1 = B)br—1 ’
Thus, a solution to the central bank’s problem satisfying =, < 7™** will
exist for any &; € [—e™®; ™| | if the risky interest rate in period ¢-1 complies
with condition (34). If it does not comply, then in the event of a large negative
shock, inflation, which makes up for the gap between the real value of debt

and the discounted sum of fiscal surpluses (corrected for a given §), will exceed
ﬂ,maaz‘

R < (34)

Restriction 7y < n™** is satisfied for all values of fiscal shock, when:

max
€

gmar s B 1_5/(1+9‘E JAF(E) | =70 (35)

~1—emaz/h,_,4 i—1

et

where e; = %, O;—1=psi_1+(1—p)5/(1—p)".

At this point we conclude that an equilibrium with inflation below 7"%* is
feasible when either 7™ is sufficiently high, or fiscal shocks are positive or
relatively small.

7See Appendix B for derivation.
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4.2 Solution

In this section we solve the central bank’s problem. The objective function given
by (31) decreases in R;_; - hence, the solution to (31) is a minimum interest rate
satisfying both (32) and (33). Figure 2 illustrates the two constraints; shaded
area depicts the case in which both constraints are fulfilled. Note that these
solutions exist for all realizations of a fiscal shock, if #%* > ¢,

The function W(R;_1) from the right-hand side of condition (33) is increasing
in Ry_q:

0 B — pB)bi—1
1— 5Rt_1 (ﬂ-mam)Z

This function is convex for all R;_; such that & < 0:

f(&) > 0.

!/ _
\Ith—l -

" _ d 5(1 — pB)bi—1 f{ (11— pﬂ)btflRtfl
R 1—9 (ﬂ-max)Z € max

+ f(ér)| > 0.

In the following analysis we only study equilibria with £, < 0 - that is to
say, equilibria in which default can only be caused by negative fiscal shocks,
but not positive ones. From (28) we obtain that &, < 0 when R} ; > 7™ /(.
In equilibrium, the central bank sets Ry ; > 7™/ when constraint (33) is
fulfilled at R;_; = 7™%* /3.8 From (33) it follows that 7™ /3 > W (g™ /B) if:

max
&€

maz B 0 55 — L
pmes > 21 btl(l_pﬁ){aﬂF(s) _— (36)

Thus, we presuppose that condition (36) is fulfilled.”

We now determine the values of 7™%% from (36), under which the probability
of default is zero. Solutions with a zero probability of default are available, if
condition (33) is fulfilled for Ry ; = 1: since the objective function decreases
in Ry_1, when R;_; =1 is possible, it is an equilibrium solution for which the
probability of default is zero, which is the case if:

mazx rB[Pst—lJr(l*p)E/(l—ﬂ)] :7-(H
m 2 [pst,1 —+ (1 — p)g/(l _ 5)] — gmaz ’ (37)

so that ¥(1) < 1 (see Figure 2a). Thus, the probability of default is zero
when the upper limit on inflation is sufficiently high. By contrast, when 7% <
7, W(1) > 1 (see Figure 2b). In this case an equilibrium with a zero probability
of default does not exist.

81t follows from W(R;—_1) being an increasing convex function under &; < 0.
9When constraint (36) is not fulfilled, qualitative results do not change, whereas mathe-
matical analysis becomes substantially more complicated.
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Figure ] Zero probability of default Figure 2 Non-zero probability of default

When inequality (37) holds and R;_; = 1, households know that even if
g = —e™% default would not emerge because inflation that ensures debt sus-
tainability is below 7™%*. Thus, when R;_; = 1, the risk premium is zero and
the zero lower bound constraint on the risk-free interest rate is fulfilled. At the
same time, the central bank does not have incentives to set R;_; > 1 because the
corresponding probability of default is higher. Therefore, under (37), R;_; =1
is an equilibrium solution.

When the upper limit on inflation is low (7 < 7m%* < 7)) an equilibrium
with a zero probability of default is not feasible. Even if the central bank sets
R;_; = 1 in period ¢t — 1, there is a non-zero probability that inflation that
ensures debt sustainability would exceed 7® in period ¢ (and thus, default
would emerge). Hence, under R;_; = 1 in period ¢ — 1 households demand a
positive risk premium on government bonds which means that the zero lower
bound constraint for a risk-free interest rate is violated. Thus, solution R} _; =1
is not feasible.

To illustrate these theoretical results, Appendix A provides a numerical ex-
ample for Greek economy.

4.3 Expectations over the upper limit on inflation and dy-
namic inconsistency

Now suppose that in period ¢ — 1 households do not know the true value of #**

and the central bank can affect household’s expectations over #"* for period
t by making a public statement in period ¢-1. Choosing 7;*%*, the central bank
solves:
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Pr(e; < é&;) = / fle)de — mig (38)
Fmaz R,
76’7”(1‘7.'

s.t. Rt,1 Z ].;

1 1
P -
Ria>—+0-7—)

max
€

ep _
) / (1+ m)dF(a) =V(Ri1),

fe
€t

where the expected threshold value of fiscal shock depends on 7" :

~e Rt—lﬂ 1- BP
€ = ( ,ﬁ{nax — 1)bt_1 ﬁ
and the actual threshold value of shock depends on 7w :
N Ry 1—Bp
= —1)bs_ .
t ( mTmaz ) t—1 B

As noted before, the bigger the risky interest rate, R; 1, the higher the
expected default rate, F;_19;. The range of R;_; that satisfies the zero lower
bound restriction for the risk-free rate depends on the risk premium that house-
holds demand for government bonds: the lower the risk premium, the lower
the minimum value of R;_; that the central bank can set. At the same time,
regardless of the risk premium, the (gross) risky interest rate cannot be lower
than 1. The solution R;_; = 1 becomes feasible when the risk premium is zero,
which would be the case under 7"%* > 7. Thus, the solution for problem (38)
is: Rf_, = 1; 7% > 7l because for Rf_; > 1 the probability of default is
higher, and if 77"%* < 7! the solution R} _; = 1 is not feasible.

Therefore, when the central bank can influence households’ expectations over
7, the probability of default turns out to be smaller than under 7};*** =
w4 This feature invokes the issue of dynamic inconsistency: the solution for
7" does not correspond to the true value of the upper limit on inflation, if
qgmazr - 7.‘_H_

We draw the following conclusion. When households do not know the exact
boundaries of the restriction on inflation that the central bank faces, the latter
has incentives to create inaccurate beliefs by suggesting that the upper limit on
inflation is higher than the true value, in order to lower the risk premium and the
equilibrium probability of default. On the other hand, when households believe
that the upper limit on inflation is lower than its actual value, the equilibrium
probability of default is higher than in case households’ beliefs are accurate.
Another implication of this analysis: when the central bank is committed to
mitigating default risks even if it means higher inflation, it is sensible to disclose
this commitment as early as possible. Such a disclosure would lead to a lower
operational deficit for the government and allow it to borrow less, leading to a
lower probability of default in the future.
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5 Conclusion

In recent years fiscal stress has become a matter of concern for some of the
developed European countries. Governments facing fiscal limits are unable to
flexibly adjust their fiscal policy in line with the requirements for debt sustain-
ability - in these countries fiscal shocks may lead to an escalation of default
risks.

In these circumstances the central bank’s policy affects the probability of
default on government bonds alongside having an impact on inflation. In this
paper we studied the capabilities and limitations of monetary policy that con-
trols the risky interest rate in the environment where the central bank strives
to minimize the probability of sovereign default while facing restrictions on the
upper limit of inflation.

We have arrived at the following conclusions. The higher the upper limit
on inflation, the lower the equilibrium probability of default and the risk pre-
mium on government bonds demanded by the market. When the upper limit
on inflation is set relatively low, an equilibrium with inflation below the limit
is only feasible when fiscal shocks are either positive or negative but small. An
equilibrium with a zero probability of default is feasible when the upper limit on
inflation is sufficiently high; the smaller current fiscal surpluses, the higher the
value of the upper limit on inflation that ensures a zero probability of default.

Furthermore, agents’ beliefs about the restrictions on inflation have a promi-
nent effect on equilibrium outcomes. When the upper limit on inflation is be-
lieved to be higher than its actual value, the equilibrium probability of default
is lower than in case when agents’ beliefs reflect the true value of the upper
limit on inflation. When the central bank is committed to mitigating default
risks even if it means higher inflation, the earlier the public learns about this
commitment, the lower the costs of implementing such a policy would be.
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Appendix A

Table 1 reports annual data on the fiscal surplus as a percentage of GDP for
Greece for 2000-2012. Suppose that p € [0,5;0,8] and 3 = 0,99.1°

According to The Stability and Growth Pact, the debt to GDP ratio in
European countries must not exceed 60 percent. It follows from (19) that to
support this level in the long run, b = 60% , the steady-state surplus must equal
5=0,6%.

We estimate the value of fiscal shock according to e; = s — 5 — p(s¢—1 — 5).
The minimum value of fiscal shock, —£™**, for the period 2005-2012 belongs to
the interval [—11; —2,95]. Define — [ps;—1 + (1 — p)5/(1 — B)] = A;. The value
of A; is within the range [—28,15;—22,2] - thus, the assumption that e™%*
satisfies —e™** > -[ps;—1 + (1 — p)§/(1 — B)] is realistic.

Under monetary policy that controls the risky interest rate, an equilibrium
with a zero probability of default is only feasible when the upper limit on infla-
tion is believed to be very high (higher than 21% for 2004-2007 and even higher
after 2007) - but this is only true if agents believe that the long-term value
of surpluses equals 0,6% of GDP. If the long-term surplus is believed to equal
5 =0,7(s = 1), then the upper limit on inflation for 2004-2007 must exceed
7 = 18(n™* = 11) for an equilibrium with a zero probability of default to
exist.

Vear . Estimates for 5 = 0,6 Estimates of 7™
Ay ‘ et ‘ —gmax fors=20,6 ‘ fors=0,7 ‘ fors=1

2000 | -3,7

2001 | -4,5 | -28,15 | -2,95 | -2,95 1,10 1,09 1,05
2002 | -4,8 | 27,75 | 2,85 | -2,95 1,11 1,09 1,06
2003 | -5,6 -27,6 -3,5 -3,5 1,13 1,11 1,07
2004 | -7,5 -27,2 -5 -5 1,21 1,17 1,11
2005 | -5,2 | -26,25 | -1,75 -5 1,22 1,18 1,11
2006 | -5,7 -27,4 -3,4 -5 1,21 1,17 1,11
2007 | -6,5 | -27,15 | -3,95 -5 1,21 1,17 1,11
2008 | -9,8 | 26,75 | -6,85 | -6,85 1,33 1,26 1,17
2009 | -15,6 | -25,1 -1 -11 1,76 1,56 1,31
2010 | -10,7 | -22,2 -3,2 -11 1,96 1,67 1,34
2011 | -9,5 | -24,65 | -4,45 -11 1,78 1,57 1,32
2012 | -10 -25,25 | -5,55 -11 1,75 1,56 1,32

Table 1

* Data provided by Eurostat
**For calculation of —e™%* we assume that it equals the minimum value of fiscal shock
over the preceding period, starting from 2000, as Greece entered Eurozone. For instance, for

10Bi, Traum (2012) calibrate the model with sovereign risks for Greek economy. We follow
them in assuming that 8 = 0,99 and rely on their results suggesting that mean values of
auto-regressive coefficients for taxes, transfers and government purchases are 0,5, 0,5, 0,8
respectively.
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2005 with § = 0,6 we obtain —e™* = min{—2,95; —2,85;—-3,5;—5;—1,75} = —5. This
analysis can be generalized by adding uncertainty over "%,

Appendix B

Here we derive a condition for 7™%* that ensures existence of an equilibrium
with m; < ™2 for every possible realization of the fiscal shock.

Recall that the solution of problem (31) is either R;_q = ¥(R;_1) if ¥(1) >
1, where ¥(R;_1) is a risk premium from (33), or R;_; = 1if ¥(1) = 1. At the
same time, condition (34) gives an upper restriction on R;_; that ensures the
existence of an equilibrium for every possible value of &;:

St_l(l — B>p+§(1 — p) - Emaw(l - 6)7Tma:c — pc
(1= 0) (1= Bp)(1— B)br s = R; ,

Rewrite using equation (19):

Ri < (39)

max max

. 5
) e R e )

By assumption, e™** < ps;_1 + (1 — p)5/(1 — 8) - thus, Rf_; is positive.
If R}, that solves the central bank’s problem exceeds Rf_;, then for some
low negative values of the fiscal shock there is no equilibrium satisfying m; <
7™*_ This happens when W(R{_;) > Rf_,. Figures B1 and B2 depict possible
outcomes depending on R} ;. Figure B1 shows the case when condition (39)
is violated, whereas Figure B2 illustrates the setup for which condition (39) is
fulfilled.

A A
R,
V(R ///;;J
]
|
| I
i 1 - i | —
1R°R R, 1 R R° R,
Figure Bl Equilibrium exists for Figure B2 Equilibrium exists
some values of fiscal shock regardless of the value of fiscal shock

Define ps;—1+(1—p)5/(1— ) = ;1. The condition guaranteeing existence
of an equilibrium can be derived by substituting R¢_; into (30) and setting
V(Ry_,) < Ri_y:
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max
g

1+(1_1)/(1+bt_1(56WF(EKW[I_Zf]

1—-96 1-96 1—pB) B(1—19)
where e; = %. Finally, applying (19) we obtain:
8 o
€
e 1—6/ 1+ dF (e
1_€mam/9t71 ( @tfl) ( )

et
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