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I nvestment Optionswith Debt Financing Constraints and Differential Beliefs

Abstract

We use a contingent claims model to study the impact of debt financing constraints on
firmvalue, optimal capital structure, the timing of investment and other variables like the
credit spreads. The optimal investment trigger follows a U-shape as a function of
exogenously imposed constraint. Equity financed risky R&D growth options reduce the
impact of debt constraints and increase firm value by increasing the option value on
unlevered assets. We propose a model of differential beliefs between debt and equity
holders (about growth rate or volatility) that endogenizes debt constraints and discuss

volatility choice prior and after the exercise of the investment option.



Introduction

Firms may face debt constraints for various reasBregenous debt constraints
may be due for example to the compliance to mininapital requirements set to
financial institutions or the internal policies banks to partially finance investments.
Frictions due to moral hazard or asymmetric infdrora(see Jensen and Meckling, 1976
and Myers and Majluf, 1984) may also create debstaints. Asymmetric information
can also justify why the suppliers of credit mayga&ge in credit rationing (see for
example Fazzari et al., 1988, Stiglitz and Weig811and Pawlina and Renneboog,
2005). This study investigates the effect of exwogsly imposed debt financing
constraints and endogenous debt financing consdrdure to differential beliefs between
equity holders and debt holders about the vohatdit growth rate of the firm’s assets.
We investigate the impact of debt financing constsaon firm value, the timing of
investment and optimal default decision and otmepartant variables like the credit
spreads. We use a contingent claim approach incatipg risky pre-investment R&D
options and equity holders choice of volatility dwef and after investment option
exercise.

Rauh (2006) and Hubbard et al. (1995) show empigealence that firms face
financing constraints that are attributed to pdssitbebt and equity market frictions.
Whited and Wu (2006) and Gomes et al. (2006) docamepirically the significance of
financing constraints and show that they repreaersk factor of firm returns. Boyle and

Guthrie (2003) (see also Cleary et al., 2007) amatihe effect of liquidity constraints on

! Debt constraints may also be the result of theriral policy of the firm to reduce the risk of putiel
bond downgrading or involuntary default.



investment decisions. Our emphasis is to expliagtiypsider the valuation of debt and
adjustments from optimal (unconstrained) capitalucdtire due to exogenous or
endogenous debt financing constraints. We thusigeotheoretical predictions using a
structural model based on trade-off theory betwtenbenefits and bankruptcy costs.
Other related work on financing constraints is tlo&tUhrig-Homburg (2004) that
explores costly equity issue that can lead to b las shortage restriction and Titman et
al. (2004) that investigates the impact of finagcoonstraints on default spreads but
without modeling optimal capital structure. Lensikd Sterken (2002) use a real options
approach without incorporating a stochastic modeldebt and optimal capital structure
and discuss conditions under which credit ratiofigdpanks may apply.

Since Merton (1974) the contingent claim approaes heen extended to the
valuation of levered firms including the tax betefof debt and bankruptcy costs (for
example, Brennan and Schwartz, 1978, and Kane,et%84, and 1985). Leland (1994)
uses a perpetual horizon assumption and derivesafmrm expressions for the value of
levered equity, debt and the firm in the preserfdaxes and bankruptcy costs analyzing
equity holders optimal capital structure and defalgcisions. Leland and Toft (1996)
extend Leland (1994) to allow the firm to choose d¢iptimal maturity of the debt. Mauer
and Sarkar (2005) include investment option denisideriving closed form solutiohs

Gamba and Triantis (2005) consider personal angocate taxes, capital issuance costs

2 Other papers that incorporate the investment pptiecision are Brennan and Schwartz (1984) and
Gamba et al. (2005). Mauer and Triantis (1994)audgnamic model of capital structure with defaaséd

on bond covenant restrictions. Fries et al (19%plare the valuation of corporate securities (daid
equity) incorporating the tax benefits, bankruptmsts and the agency costs of debt in a competitive
industry with entry and exit decisions. Valuatioincorporate securities in a duopoly with entry amxit
decisions has been studied by Lambrecht (2001thisnpaper we do not explicitly model competitiout b
we allow for exogenous competitive erosion.



and liquidity constraints in a dynamic model withcendogenous (optimal) default
determination.

We build on Mauer and Sarkar (2005) framework amdirvcorporate exogenous
and endogenous (due to differential informationptdeonstraints. We show that
exogenous debt constraints reduce firm value maeificantly at higher levels of
competitive erosion, lower volatility of assetggier tax rates and low bankruptcy costs--
situations where the net benefits of debt are nmogortant. Adjustments to meet the
constraint also depend on the optimal debt capatithe unconstrained level and the
trade-offs between foregone investment timing Béiy and the net benefits of debt.
These trade-offs create a U-shape of the investmngigier with respect to the level of
debt financing constraints. Finite maturity horiZon the investment option results in a
decreased firm value and a more pronounced effethe constraint. R&D growth
options reduce the important impact of debt finagctonstraints especially for lower
maturity options by enhancing option value due noirecrease in expected returns or
increased volatility. R&D increases firm value mpdby increasing the value of the
option on the unlevered assets while their effecthe expected net benefits of debt is of
lesser importance. We find that the exercise of R@Dwth options decrease leverage
ratios and expected credit spreads in the pressinoenstraints in contrast to the case of
no constraints where R&D does not have an impadewerage or credit spreads. In the
appendix we also study the effect of exogenous fil@dmcing constraints on the level of
taxes raised by the government and social welfaue.results show that there may be an
optimal level of debt constraints for the overaltoeomy under certain model

parameterizations reflecting a trade-off betwean fralue reduction and taxes increase.



In the last part of the paper we endogenize debstcaints by introducing
differential beliefs on volatility and the growthte of assets. Our results show that when
debt holders estimate of the firm’s volatility iggher or the growth rate of assets is lower
than equity holders estimate, optimal leverage fandvalues are reduced. Debt holders
beliefs about high volatility or low growth of asseact as an endogenous constraint on
the amount of debt used and create adjustmentkeirfitm’s investment policy and
capital structure. An important difference relatteethe exogenous constraint case is that
we no longer observe a U-shape in the investméggdr; in the endogenous due to
differential beliefs case equity holders delay #ercise of the investment option.
Finally, we propose a model where equity holdens optimally choose project risk
before and after the exercise of the investmenboptinder common beliefs between
equity and debt holders firm value is optimizedigher pre-investment and lower post-
investment volatility levels. Higher volatility jor to investment improves the firm’s
option on unlevered assets while low post-investnvaratility increases debt amount
raised and the tax benefits of debt (net of bartksuposts). With differential beliefs and
debt holders maintaining sticky beliefs based om pine-investment volatility levels,
equity holder’s incentive of high pre-investmentatihity gets reduced. Furthermore,
equity holders have an incentive to increase poststment volatility since debt holders
stickyness on prior beliefs allows them to obtagttdfinancing at low cost. Our results
are compared and contrasted with Leland (1994)Latahd (1998) who focus on asset

substitution.



|. The modd

Following Leland (1994) we assume that the firmidenered assets follow a

Geometric Brownian Motion

dVV = udt+odz (1)

where 1 denotes the capital gains of this asgetdenotes its volatility, andlZ is an

increment of a standard Weiner process. Similarlidland (1994) we assume thais
unaffected by the firm’s capital structure: any gon payments on debt are financed by
new equity leaving the value of unlevered assetsffected. We however allow a
dividend-like opportunity cost of waiting to invest that may be used to capture
competitive erosion on the value of assets (e.gild€ and Triantis 1999, Trigeorgis
1996 ch.9, and Trigeorgis 1991). A lewaffects the (risk-neutral) drift-J used in the
valuation showing that a low effectively increases the growth rate of the vadiie
unlevered assets (see also McDonald and Siegel)198

Figure 1 shows the sequence of decisions in oureimdtuity holders have a
first-stage R&D option to enhance the value of &sdefore full development. The
exercise has an instantaneous impulse effect fme-td-build). Its purpose is to enhance
the value of unlevered assets but it has an uncestecome. The R&D option is fully
characterized by its volatility, expected impacidarost and may represent product

redesign, advertisement or other actions that angeted towards an increase in value,



albeit having an uncertain outcomeOur goal is to study the effect of such actions
firm value and its components (option on unleveaassets and the net benefits of debt),

and on the expected optimal leverage, equity abti\ddue, and credit spreads.
[Insert Figure 1]

We assume that the R&D option can be exerciseithatero at a codt. that is

all-equity financed. All-equity financing is a resmble assumption for start-up growth
firms. The R&D option will have a multiplicative mdom outcome (1k) on the value of

unlevered asset where:
In(l+k)~N[y—%a§,aé) 2)

The assumption of a lognormal distribution is comgat since we retain the

lognormality of the asset values when growth ogstiare exercised. The expected impact

onV is 1+E=exp(y) with a varianceexp(y)(exp(aé)—1)0'5. We assume that an

equilibrium continuous-time CAPM (see Merton, 1978)Ids and that impulse-type
growth options have firm-specific risks which amcarrelated with the market portfolio
and are thus not priced. This assumption can leeedl by using equilibrium models of
priced jump risk (e.g. Bates, 1991). In our cagejtimps in asset values are endogenous

through the optimal exercise of the R&D option. lige controls with uncertain

% In section 11l we extend the model to allow forlatility choice after the exercise of the investmen
option.



outcome have been studied in Korn (1997). In géneeamay have multiple stages of
R&D and issues of path dependency (see Koussigzbaos, and Trigeorgis, 2007, for
an all-equity model with growth options). For simegl here we assume that R&D
options are available only &t 0.

Optimal firm value F*(V) is calculated as the option to invest capltalat time

zero that will potentially enhandeé but has a random outcome. This gives the investment

option F(V) to pay capital costl and acquire a potentially levered

positionvV - (V) = E(V) + D(V ). Note thatE(V )and D(V )denote the stochastic values of

equity and debt respectively. Optimal firm valug at0O can be defined as follows:

F* (V) =max{E°[F(V)]-Ic,F(V )] 3)

e
whereg, ={exercise of R&D option, no exercise of R&D optiorgnd E€[] is

expectation conditional on the exercise of R&D opti For the evaluation of this
conditional expectation we use a Markov chain impatation creating a grid of
values with respective probabilities consistentwiite distribution described in equation
(2).

Following the decision to exercise or not the R&Ption the current equity
holders get the option to invest capitahat can be partially financed with borrowing.
For this part and under the perpetual investmeniztw assumption we maintain the
analytic framework of Leland (1994) and Mauer arakdr (2005) for the value of the
firm. We call this framework (with unconstrained btlefinancing) the Extended

Leland/MS model. Our analysis then focuses on tbesttained debt optimization



problem which is the main emphasis of this papembst of our analysis we retain the
perpetual investment horizon assumption; for sorases where we investigate the
impact of a finite investment horizon we implemenhumerical lattice where at each
node we solve an optimization problem by maintgrine perpetual horizon for equity
and debt and thus using the relevant analytic ftasman the tree.

Firm valueF(V) is wholly owned by current equity holders. Itsueaderives from

the option to optimally select the timg § of investment taking into consideration that it
can be partially financed with del@(V . Equity holders will thus pay the investment

costs, receivdd(V) (in cash) from debtholders, and get a leveredtgqosition E(V)
(that also includes the option to default). Theneothe firm actually needs to pay (the

equity financing, not to be confused with equityued equal$ — D(V ) Thus the current

equity holders have the option omaxE(V)-(I —D(V)), v@hich is equivalent

tomaxEN)+DV)-1,0).
Equity value conditional on investment and defatil¥/; equals (see also Leland,

1994, and Mauer and Sarkar, 2005):

B
E(VI ) :VI —B+ TE+|:|:Bj|_VB _[TBjH|:VI :|
r r r r VB
_1_ (-

f)_J[}_r—zdj2+2_f2<o (@)
2 2

B

The parameterg,R,r denote the tax rate, coupon, and the risk free megpectively.
Equity holders will obtain the value of unleveresbetsV, minus a perpetual stream of

coupon payments (second term) plus the tax benghted term) plus the option to

10



default saving the interest payments on debt bingiup the value of assets at default
and the tax benefits from that point forward (k&stm).

Similarly to Leland (1994) and Mauer and SarkarO&0Oequation (5) below
shows the value of delx(V) when debt holders have full information aboutadéf risk
and other parameters. Debt holders will accountféoegone interest at default thus
accounting for default risk in the determination @fV). They will also take into

consideration and proportional Wbankruptcy costs (defined by paramdder

g g
D(\"):B‘[TR}{H + (1—b>v3[\\f—'} (5)

r B B

At the investment trigger, equity holders would wam maximize their position, that is
E(V,)+D(V,)-1. Combining equation (4) with (5) gives equity theis position at the

investment trigger:

B B
FV) = - +2F 1—(\\,’—') —bvB(\f—'J (6)

Firm value at the investment trigger equals theuwabf unlevered assets plus the
expected value of tax benefits until default mithesexpected value of bankruptcy costs.

As in Leland (1994) the optimal default trigget is

4 As noted in Leland (1994, p. 1222) the valué/gfthat maximizes equity holders firm value at inwesit should be
as low as possible (effectivelyy =0). This selection will set bankruptcy costs to zeral keeps the flow of tax

benefits until infinity. Given this choice a higk possible coupon value would be optimal. As nateldeland (1994)
however, a low default trigger cannot hold sinaeré¢his a bound o¥ so that equityE(V) remains positive. Equation
(4) shows that settingg = 0 and lettingR be very high may cause equity values to becomativeg This can be

11



_ -8 ,_ R
Vo =5 00 (7)

Note that sincg < Q V; is positive. The equity holders option to invesgiven by:
V a
F(V) =[E<\/.)+D(v|)—ll(v—] where
|

oo, [

2 0o’ o

(8a)

Equivalently, 8a can be re-written as:

a B a B a
—ov V| LIRL (M) (V) ViV
RV = l)(V| J i ' (VB] (VI ] bVB(VB] (VI ] (8b)

= E[V - ]+ E[TB] - E[BC]
whereE[.] in the last line stands for expectation. Thst line effectively shows that the
value of the firm can be written as the expectddevaf the unlevered assets (option on
unlevered assets) plus the expected value of tarfile minus the expected value of
bankruptcy costs (as in Mauer and Sarkar, 2005witht emphasis on the value of the
unlevered assets). The net benefits of debt armeatefas the difference between the

expected tax benefits and the expected bankruptg.ci.e.,NB = E(TB) — E(BC ) This

decomposition will prove useful in discussing tlife& of financing constraints since it

OE(V)

avoided by imposing a smooth pasting conditieg—- whereV =V, on equity value at default. Note also that
V=vg

the promise of no default is not credible sinceityduolders will have the incentive to choogg to maximize equity

value once debt is issued. For this reason thauttefrigger should also be the one that maximiegsity value

i.e.,%:o, with V =V, . It turns out that both conditions (the smoothtipgs condition and the equity
B
maximizing condition) result in the same optimafadst trigger shown above.

12



shows that it will involve a trade-off between istr@ent timing (option value) and the
net benefits of debt.

V, is selected to maximize current equity holdersoopvalue given by equation

(8a) (or equivalently 8b). The first order conditiois calculated by applying

oF|  _ov'|
Nl OV

and is given in equation (9) below:

.

B
1+ /3((1— r)TR —ij[\\:_'j (Vij +
B |

foom 5[ g o oo

(9)

Mauer and Sarkar (2005) use this framework (withithet R&D option component) to
study agency issues between equity holders andhadibérs. The condition above for the
investment trigger is equivalent to their “firstdbecondition of firm value maximization.
We will call the above model the Extended-Leland/M8&del. It includes Leland (1994)
and McDonald and Siegel (1986) (McD&S thereon)mecsl cases.

At the time of investment the equity holders willect the optimal level of the
coupon payment that determines optimal capitaktira. It can be easily seen from the
equation (6) that the coupon payment should bectwglesimultaneously with the
investment trigger since both the coupon and tlvestment trigger affect firm’s debt
capacity and the risk of default.

With debt financing constraints current equity eskineed to solve the following

constrained optimization problem:

13



max F(V.,R){(E(V.,R>+D(V.,R>—I)(V1]]
Sst. (10)
D(V,,R) < D™
-p R
Vg =—— —
=z D

The problem involves a non-linear objective functamd a non-linear constraint.
Under the assumption of a perpetual investmentzboriwve use the analytic formulas
described above and solve the equity holders opdition problem through a numerical
(dense grid) search for various coupon levels $hsisfy the first order condition of the
investment trigger until the constraint becomesdinig (in which case we adjust the
investment trigger to meet the constraint). Oumraaeh is consistent with the “first-best”
strategy (total firm value maximization) under cimamts. In the case of finite investment
horizon we use a numerical lattice framework whbkeeconstraint is applied and must be
satisfied at each lattice node. The implementadietails are described in the Appendix.
In the following section we discuss the trade-dfigt the firm needs to take into
consideration when adjusting its investment andnogdt default strategies to meet the
debt constraints. We then provide numerical resthiéd show the impact of financial
constraints and R&D options under different pararma¢éibns of the model. The welfare
implications of debt financing constraints are dssed in the appendix. In section Il we
endogenize the constraint by providing a model wifferential information in volatility

or the growth rate between debt holders and edpailgers.

II. The effect of financing constraintson thefirm

14



The base case: the model without constraints

In this first subsection we provide results for theconstrained model (Extended-
Leland/MS). We also compare the Extended-Leland/M8del that captures both
investment flexibility and the net benefits of debth Leland’s model that captures only
the net benefits of debt and McD&S that capturesstment timing flexibility only. The
comparisons provide insights on the relative imgrace of investment timing flexibility
and the net benefits of débtTable | provides firm values for the three medahd then
the (%) net gain that has the following decompositin the (%) gain of investment

flexibility and (%) gain in net benefits of debt:

4ﬂvy4ﬂw):pﬂV—D—E%V—Iﬂ+[NB—NBq

% Net Gain = - - y
F'(V) F'(V) F'(V)

(11)

wherei = {McD&S, Leland}. We keep the base case paramedtues of Leland (1994)
and we use a positive opportunity césif 6%. Other parameters values are as follows:
value of unlevered asse¥s=100, risk-free rate = 0.06, investment co$t=100. For the
extended-Leland/MS and the Leland models bankruptsgsb = 0.5 and tax rate =
0.35. The table provides sensitivity analysis Far tisk-free rate, the opportunity cosf,

the volatility of unlevered asseds the bankruptcy costs and the tax rate When we

compare the extended-Leland/MS model with the McD&S see that the net gain is due

® Leland’s model can be obtained by settWigs V, in equation (9) (no investment timing but optimal
capital structure), where for consistency with otiger models investment cdsis also subtracted from the
firm value of the original Leland model. McD&S mdaan also be obtained by setting coupBrequal to
zero (all-equity firm with an investment optionffestively imposing a zero debt restriction andtttize
firm never defaults (¥ = 0). Furthermore, applyinB = 0 in equation (9) we get the McD&S investment
trigger that equal¥, = o/(a-1)7.

15



to the net benefits of debt only (at a loss in staeent flexibility). When comparing it to
the Leland model, the net gain is due to investnflemtbility only (at a loss in the net
benefits of debt). The relative (%) differenceswsstn the extended and the McD&S
(Leland) models are at a maximum (minimum) at highgortunity cosb, higher risk-
free rater, lower volatility o, lower bankruptcy costs, and higher tax rate At low
opportunity costd, low interest rater, high volatility o, low tax rater and high
bankruptcy costd the investment timing option is thus more significa It is thus
expected that the effect of financing constraintslye more severe when the net benefits
of debt have a more substantial contribution ingknded model value. An interesting
observation is on the effect of volatility sinceaifects the investment flexibility and the
net benefits of debt in the opposite direction. iAtrease in volatility increases the firm
value in the McD&S model (investment flexibilityareases) but it decreases firm value
in the Leland model (net benefits of debt decréask) the extended-Leland/MS model,

those opposite forces result in a non-monotonictian for firm value.
[Insert table 1]

Table Il shows additional information with respdot the three models. The
investment triggers and the bankruptcy triggersraported first The other columns
show for all models, equity and debt values, optioaapon and credit spreads, reported
at the optimal investment trigger (note that foe standard Leland model, investment

takes place immediately at optimal capital strugtuiVe emphasize two observations

® This observation should be connected with our sgent results about the importance of R&D prior to
investment and pre-investment and post-investwaatility choices.

" Note that in the case of low volatility, = 0.05, we report the theoretical triggers altHotige current
value ofV is higher than the investment trigger. The investhoption will thus be exercised immediately
so that firm value, etc. reported are equal toehofsthe Leland model, and similarly a new bankrypt
trigger at 66.83 will be relevant.
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that are useful for the subsequent discussion abwaitimpact of exogenous debt
financing constraints.  First, the investmentdeag in the extended model is always
lower than in the McD&S model. So, it may seem mrptthat the forces benefiting
earlier development in the presence of debt (tleelaation of investment benefits and
net benefits of debt) dominate. Note, however, thatcomparison is for two extreme
cases, the extended model at optimal debt, anM&i®&.S which is effectively a model
constrained at zero debt. As we will see in thet section, for in-between cases (with
arbitrary levels of debt constraint) this relatibipsis not monotonic (we observe a U-
shape). This means that as debt levels increaseptimaal adjustment in the investment
trigger may be an increase instead of a decreasshdr important observation relates to
debt capacity at different parameter values. Dewe¢ls are higher at higher t and at
lower 6 and b while they have a non-monotonic relation to vdilgti Higher debt
capacity (at the unconstrained level) would imgggk initial adjustments to bring debt

to the constrained leviel

[Insert table Il]

Optimal firm decisions under financing constraints without the R&D option

8 Additional interesting observations can also be enatiout these results. We note that the
bankruptcy triggers in the extended-Leland/MS maatel higher than in the Leland model (the optimal
coupon is higher in the extended model than inL#dand model) resulting in the same capital stnectas
in Leland model. For the extended model, we cao ake that the bankruptcy trigger behaves non-
monotonically with respect to the volatility. Asevknow from Leland (1994), optimal capital struetur
(and thus credit spreads) is invariant to the l@fainlevered assets and the same holds in then&ade
Leland/MS model.

17



We start by summarizing the trade-offs involvedmeeting the debt constraint (see
table 11). This will be useful in understandingetimpact of constraints and R&D options
under different parameters. When the constraiocdimes binding the firm should reduce
the investment trigger leval, or the coupon leveR (or both) in order to satisfy the
constraint. These adjustments involve trade-offat than be seen through careful
inspection of firm value in equation 8b and are swarzed as follows. A reduction in the
investment trigger provides earlier receipt of siweent benefits and of net benefits of
debt. On the other hand, a lower investment triggerifices part of the timing flexibility
and increases the probability of default thus reduthe expected net tax benefits. A
reduction in the coupon level results in a lowefad# trigger and thus increases the
horizon where tax benefits will be received andréases the expected bankruptcy costs.

At the same time, however, it also reduces thd lefvax benefits.

[Insert table 111]

We now explore the effect of financing constraimts firm and equity value,
bankruptcy and investment thresholds, leverage thedcredit spread under different
model parametizations. In this subsection we assuperpetual horizon and the absence
of an R&D option. The effect of finite investmenorizon and the R&D option are
analyzed in the next subsection. In the followimgmifes, firm values are reported at time
zero. All other information is for a value wfequal to the optimal investment triggér
Figures 2 and 2a show the implications of finanangstraints on firm, the investment
and bankruptcy triggers, leverage and the credéagpat different levels of risk-free rate,

opportunity cost and volatility. The unconstrained case often leaddebt levels above

18



100% of the required investment capital and to Vvegh firm value and high investment
and bankruptcy trigger values. Our constraineddvang approach should thus be used
in most practical applications where debt is at%Qfr less of the investment cost. In
figure 2 as expected we see that financing comsgralecrease firm values. After careful
inspection, we see that with a small dividend yiéie., for high growth firms)
constraints result in a less pronounced (%) deeréadirm value due to the higher
importance of investment flexibility at lowep. The initial adjustment (from
unconstrained to constraint levels) for lowers more significant since debt capacity
levels are high at lowe¥. With a small volatility constraints result in arne pronounced
(%) decrease in firm value since they are redutiilegarger debt finance benefits of low
volatility. At lower o, the initial adjustment to meet the constrairess significant.

An interesting observation is that debt financimopstraints often produce a U-
shape in the investment trigger. In our caseotteerved U-shape exists because when
the constraints start to become binding (at hidht tevels), the firm will invest earlier (at
lower investment trigger) since as we show in tippeadix decreasing this trigger
decreases debt value. This permits satisfactidheotonstraint in a way that also allows
the firm to retain a coupon level as high as pdesiind thus reduce the loss on the tax

benefits of debt. Tax benefits are thus retairiddgh value and are also obtained earlier.

[Insert figures 2 and 2a]

With stricter level of constraints the firm willgze less emphasis on tax benefits and

will delay investment in order to enhance the aptialue. Furthermore, the higher
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investment trigger in combination with a lower ddfarigger (due to a lower coupon),
reduce the probability of default maintaining arajue arising from tax benefits. These
latter effects prevail at low levels of debt thusngrating the observed U-shape on
investment trigger. This result differs from Boybnd Guthrie (2003) since their
emphasis is on constraints on cash balances whil®eus on constraints on débt

In figure 2a we see that bankruptcy trigger aneétage ratios are decreasing with
stricter constraints. The fact that lines on tigeirfes may cross shows that some firms
may seem to have lower leverage ratios than otleen though their optimal
(unconstrained) leverage ratios would have beehehnig The last part of that figure
shows the impact of constraints on credit spreatig;h is non-linear. Compared to the
base case, lowet results in lower credit spreads. This reflects dowankruptcy risk
since, as shown in figure 2, the investment triggehigher, the bankruptcy trigger is
lower, and the (risk-neutral) drift is higher. Wisltricter constraints, the difference
between the levels of the bankruptcy and the imvest triggers is larger, thus the credit
spreads are further reduced. As compared to the dese, lower interest rates result in
higher credit spreads. This reflects higher banknupisk, since although both the
investment and the bankruptcy trigger are somewhaer, the (risk-neutral) drift is
lower. With stricter constraints, the investmergder goes up and the bankruptcy trigger
goes down thus decreasing bankruptcy risk and tcepteads. The case of volatility is
more complex. Lower volatility reduces the gap lestw the two triggers, which would

increase bankruptcy risk, but with lower volatilithe probability of hitting the

® The trade-offs in their model is that an increimseash balances makes early investment more tac
but also reduces the risk that the constraint besobinding in the future thus also enhancing th@oop
value of delaying investment.
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bankruptcy trigger may be reduced and apparenidylétter effect may become (as in

this case) more important.

In figures 3 and 3a we similarly see the implicatiaf financing constraints on
firm, the investment and bankruptcy triggers, leger and the credit spread at different
levels of bankruptcy costs and tax rafesVe observe that for low tax rates, stricter
constraints have a small effect on firm value draihvestment trigger since for low tax
rates the net benefits of debt are low and the lfia®m already set the investment trigger so
that it optimizes the option on unlevered assétsfigure 3a we see that leverage and
more importantly credit spreads tend to convergthenconstrained region (whereas in
the unconstrained region there can be significafferdnces for different levels of
bankruptcy costs and tax rates). In the constraiagobn the optimal bankruptcy trigger
for low tax rates may be higher than in the base.cReduced proportional bankruptcy
costs paid in the event of bankruptcy have a smaffect on firm value, default trigger,

leverage and the credit spreads at the constragugoin.

[Insert figure 3 and 3a]

Effect of R& D options and finite investment horizon

The earlier analysis was under the assumption gigpgal investment horizon
and no R&D option. Table IV shows firm values i thxtended-Leland/MS model with

sensitivity to the investment option maturity, tlevel of debt constraints and in the

1970 the left of figure 5, all values for zero delsngerge to the same point which corresponds to the
McD&S case, since the bankruptcy costs and tas iaffect the net benefits of debt only.
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presence of early-stage R&D options. We assumethigatost of exercising the R&D
option is zero. Effectively, the R&D option can beercised if its cost is less than the
increase in value relative to the base (no R&Dargticase. Note that with very high
maturities T = 50) the numerical solution approximates the analytbdel (see base case
of table Il). Reduced option maturity results idecreased firm value as expected. This
result appears in both the constrained and the nsti@ned case, and both in the
presence and in the absence of R&D growth optidosssis, Martzoukos and Trigeorgis
(2007) have shown that firm value is increasingoth the mean impact and volatility of
growth options for an all-equity firm. With debtewshow here that they also increase
firm value despite a potentially negative effecttba net benefits of debt. An interesting
observation is that in the presence of R&D optidhg, effect of constraints at lower

maturities is lessened.

[Insert table V]
We emphasize that our assumption of R&D options wWigen exercised have a random
outcome differs from the growth option componenCabilds, Mauer and Ott (2005) and
Mauer and Ott (2000). In our case, exercise ofdgeity financed) pre-investment R&D
growth option affects the distribution of projechlwe instantaneously (an impulse-
control) and uncertainty reverts to “normal” jufiieavards. This situation is particularly
relevant for risky start-up ventures involving ialttechnical uncertainties. We do not
investigate issues of “asset substitution”, i.quigy holders engaging in riskier strategies
ex-post to debt agreement thus transferring wdattim bond holders to equity holders

(like for example in Leland, 1998).
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In tables V and VI that follow we investigate thmpact of R&D options in
further detail with the assumption of a perpetualestment horizon. All the values
reported are the expected ones due to the preséiR&D uncertainty since we report
them conditional on the exercise of the R&D. Tadlshows numerical results for the
effect of R&D on firm value and its two componentse expected value of unlevered
assets and the expected net benefits of debt.elrsdime table we explore the effect of
exercise of the R&D option in the presence of foiag constraints on debt.
Concentrating on the first panel (the case withcanstraints) we see that in all models
firm values are increasing in both the volatilifyR&D and its expected impact. This is
in contrast to the effect of an increase in thewBrian volatility (see discussion in table
Il) that decreases firm value in the Leland mo@eld( creates a non-monotonic shape in
the extended model). An increase in volatilityreases the option on unlevered assets
but may decrease the net benefits of debt. In Hwhextended Leland and the Leland
model, an increase in the mean impact has a pesdffect on both the option on

unlevered asset and the net benefits of debit.

[Insert table V and VI]

The second and third panel of table V show theceféé different levels of financing

constraints on firm value and its components. &a@given debt constraint the effect of
R&D is like before. Comparing the panels with iragmgly strict debt constraints we
still see (as expected) a decrease in firm valUdee driver of the decrease in firm value

is mostly due to the decrease in the net benefitdebt while we do not necessarily
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observe a decrease in expected option on unlewsmsets. This is because of the often
observed U-shape of the investment trigger (seeudgsson on figure 2) where the firm
adjusts its investment policy to stricter consti®in

Table VI presents more information for the expeovgdimal capital structure
(expected leverage) and the expected credit sphaté. that firm values (see table V)
are equal to expected equity plus expected dehtusriime expected investment cost. We
see that (in both the unconstrained and the consttacases) expected equity is
increasing in both R&D volatility and its mean ingpan the extended model while in
Leland’s model it is only increasing in the meampaut (but may be decreasing in growth
option volatility). In the unconstrained case expdcleverage and expected credit
spreads stay unchanged and expected debt is dffecsitively in the impact and
volatility of the R&D. With the simultaneous prese of R&D and stricter debt
constraints we see a decrease in expected optevaradge and an accompanying
decrease in expected credit spreads. This is tobeasted with the case of an increase
in Brownian volatility that would increase credjireads. In this case the volatility acts
favourably since information gets revealed befongestment and does not affect
uncertainty afterwards. We also see that in boéhuhconstrained and the constrained
cases an increase in R&D volatility has an ambigueffiect on the expected ctstAn
increase in the mean impact of the growth optiocraases expected cost (since it

increases the probability of development).

V. Equity and debt holder differential beliefs and volatility choice

M Note that expected costs reflect the probabilitgevelopment. Sarkar (2000) also shows in a real
options setting that an increase in volatility ns@ged up instead of delay investment.
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Endogenous debt constraints due to differential information between equity and debt

holders

Up to now we have assumed exogenous constraimanéing constraints though,
can be caused endogenously by differential bebefshe true estimates of volatility or
the growth rate (determined by the opportunity casgts). We assume that each party
truthfully communicates its beliefs to the otherex we describe how we model
differential information in volatility. Similar amgsis applies for the growth rate.
Numerical results are presented for both cases.

Equity holders will use their own estimate of \tdity to optimize the bankruptcy

decision. The default trigger determined usingrtestimate of volatility (that affectg,

through the auxiliary parametéfe) is:

- B(e) RA-71)

V. =
&= Be) T

(15)

where g’ is the estimate of volatility perceived by equitylders. Equity value is then

given by:
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(16)

For a given investment trigger, debt holders wdtide on the amount of debt to
be given based on their estimate of volatility. Dieblders will determine the amount of

debt by:

D(V, —+((1 b)Ve ( )-—)(V @ ))ﬂ‘d)
(17)

Note that debt holders use their own perceptiothefvolatility that affects parameter
A(d) and in turn their perceived probability of defaahd the expected present value of
debt.

Equity holders working backwards will take into saderation debt holders
valuation when they decide about the optimal timaignvestment which is found by

maximizing firm value:

F(V) =[EQV,) +DV,) - I](Vij (18)

where

Note thatD(V, ) is the value of debt as perceived by debt holdérs.optimal investment

trigger is then found by solving the following firsrder condition:
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(19)

Equation 19 includes debt holders’ differentialiisl about the volatility since the debt
value incorporates debt holders estimate. Simitatyasis can be applied for differential
perceptions about the dividend yield (affecting pleeceived growth of unlevered assets).
By replacing equations (16) and (17) into equati®) firm value may also be written as

the value of unlevered assets plus the tax beradfdebt minus the bankruptcy costs.

Unlevered firm value (net of investment costs) =

B(d) B(e) B(e) B(d) a
Vi Va@ 2| vae | B[ R Y
V() Vg (€) r{Vg(e) r{Vg(e) Vv

(20)
B(e) a
Expected Tax Benefits R_R_V v 121
rr{Vg(e Vv,
v B(d) v a
Expected Bankruptcy Costs|$HVy (e)( ' j (—] (22)
Vi (€) Vi
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Note that with common beliefs we have théte) = S(d s9 that the second term in the

value of unlevered assets effectively becomes aab we return to equation 8b (no
differential information case). As we can see tiffeigential beliefs creates this additional
value (or loss) that equity holders obtain becafsbe differential information between
them and debt holders. As it turns out the levadxqgfected tax benefits is determined by
equity holders beliefs while the level of bankryptost by debt holders beliefs.

Table Vli(a) presents numerical results with vagyidegree of differential
information in terms of volatility between the twgtake holders. The upper panel of the
first table shows results when debt holders beltbaé actual volatility is lower than that
perceived by equity holders. In this case equitidérs will invest earlier than in the
symmetric case because they can use higher leveEagety holders also default at
higher default trigger compared to the symmetrigecdNote that in this case firm value
increases substantially since equity holders caquiee cheap debt. In the more
interesting case where debt holders believe thhitility is higher, equity holders will
delay investment and also default at a later pdihis enhances the value of equity and
reduces debt and firm value. This unfavourable tfee equity holders differential
information effectively acts as a binding consttaon debt since we observe that debt
levels and optimal leverage ratios are lower thathe symmetric case. Credit spreads
seem to be lower than in the symmetric case whehludders perceive lower volatility
than equity holders and this is in general reverglen their perception is higher except
for very high (unfavorable) asymmetry levels wheredit spreads get lower than the

symmetric case because of the extremely low debtdeised.
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Table VII(b) shows results for the case of diffé¢r@ninformation in terms of
growth rate estimates. A higher level of perceivedplies a lower perceived level of
growth. Our results are similar to the case ofeddhtial information about volatility
including the behavior of the credit spreads. Inguaty, when debt holders perceive
lower growth rate of the assets the optimal investinirigger is higher, the optimal
default trigger is lower and debt levels and legeraatios fall. Effectively, lower
perceived growth rates by debt holders act as sti@nt on the level of debt used.

The differential information cases analyzed cresime results that differ from
the exogenously imposed constraint analyzed inptegious section. For example, one
important difference is that we no longer obsenig-shape in the investment trigger. In
the case of unfavorable differential information m@v observe that equity holders will
optimally delay investment. Our analysis adds te thterature analyzing the
underinvestment problem (see for example, Moyef228hd Mauer and Ott, 2000). In
this literature equity holders decision to delayeistment (and thus to underinvest) exists
when there is existing debt and new investmentsfinegced solely with new equity.
Equity holders underinvest since the new investraegdtes shared benefits with existing
debt holders (while equity holders alone bear tkteaerisk). Leland (1998) and Mauer
and Sarkar (2005) discuss overinvestment incenbyesquity holders. In Leland (1998)
the overinvestment exists because of asset submstitu.e., equity holders invest in
riskier project ex post to agreed debt levels. Birly, in Mauer and Sarkar (2005) equity
holders maximize the value of equity instead oéltgtevered) firm value. Our model
provides an alternative explanation based on eiffeal beliefs about the volatility of

assets or growth that may justify over or undeestment. In the more interesting case
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that we have analyzed, debt holders have beliefagtfer volatility or lower growth of
assets that cause equity holders to underinvelsty(devestment) as a way to mitigate the

problem of unfavourably priced debt.

Firm value when equity holderst can choose the level of volatility before and after

investment

In this section we propose a model that generalieéend (1994) and Mauer and Sarkar
(2005) allowing for firm’s equity holders to chooee optimal level of volatility before
and after the investment option is exercised. Intrest to Leland (1994) who studies
asset substitution and agency issues we assumesdhhtvolatility level is truthfully
communicated between equity and debt holders paothe investment so that debt
holders choose the appropriate coupon lé€eWithin this framework we investigate
two cases. In the first case, we investigate Mdlatchoices under common beliefs
between equity holders and debt holders. In theorskccase, debt holders have
differential beliefs about the volatility that méinaffects their estimate of default
probability.

Panel A of table VIl presents numerical resutis the case where equity holders
can choose between discrete choices of volatifpie investment ranging from a low

volatility (e =01) to a high volatile project dyy,.=04)". At the time of

investment the equity holders can choose to swach different risk profile irrespective

2 This may be the case for bank loans where bamksreeequity holders to verify the type of asshesyt
have invested in.

13 We have performed the analysis with more denéaility choices but present results only in
increments of 0.1 to preserve space.
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of the initial choice also ranging between low Vit ( 0.4, =01) and high volatility
(oamer =04) alternative. This setting may reflect situationfs start-up firms or new

projects where firms may engage in risky R&D andriéng activities to explore
alternative potentials (like in Childs and Triantl999). In our setting the firm may
revert to a more “normal” volatility level after dbe initial highly uncertain R&D
investments takes place. Our results show thad fgiven volatility prior to investment,
firm value is maximized by selecting a low posté@stment volatility of assets. A low
post-investment volatility increases debt valugetage ratios and expected tax benefits
(net of bankruptcy costs). At lower post-investmeuoittility the firm invests earlier and
defaults at a higher default trigger. Nevertheldhs, higher default trigger does not
reflect higher bankruptcy risk as seen by the loamdit spreads (reflecting a lower
probability to reach the trigger) and the lower kraptcy costs. High post-investment
volatility increases equity value like in Leland@4).However, since the option holder

receivesE(V,) - (I —D(V,)) and since debt value decreases substantiallytitus not

optimal to select post-investment high volatiliRather, the firm would prefer to commit
to post-investment low volatility levels so as terease debt levels and the tax benefits
of debt.

High volatility prior to investment increases firfoption) value consistently with
the options literature. A high volatility choiceiqr to investment increases the option
value on unlevered assets but may decrease thetegp@mx benefits of debt (net of
bankruptcy costs§. Leland (1998) presents a model where the equikyens can switch

to high or low risk profiles. In one of the casesconsiders, where the risk choice can be

% This result confirms our earlier section resulisut the impact of volatility of R&D options.
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pre-committed he shows that firm value increasdsgiter volatility which is justified by
saying that “increasing risk exploits the firm’'stiom to continue the realization of
potential tax benefits and avoid default” (p.1228).our model higher volatility is
justified prior to investment as a way to improy#ion value on unlevered assets even at
the sacrifice of some value of (net) tax benefitswever, at the time of investment it is
optimal for the firm to minimise risk so as to iease tax benefits and reduce bankruptcy
costs. In summary, with common beliefs we obsemat firm value is maximized at the

highest pre-investment volatilityot«,. = 04) and the lower post-investment volatility

(O ater = 01).

In panel B, we show results where debt holders tthiferential beliefs about
volatility that creates alternative perception abdefault probabilities compared to
equity holders. We still maintain We assume thdit delders have sticky beliefs about
the volatility by maintaining the belief about volidy levels that exists prior to
investment. As can be seen in the results, undgersttenario it is no longer clear that
equity holders will always select the lower postastment volatility. This is because it is
beneficial for equity holders to switch to highedatility levels at the investment trigger
since they can raise more debt at relatively lowt dtow credit spreads). There is a
“subtle” difference between this result and thes&ssubstitution” result, e.g., of Leland
(1998). In our case the low cost debt is causedeny holders (suboptimal) stickyness on
their original pre-investment volatility beliefs gfgte of information regarding equity
holders default decision being known to them. Aiddally, this analysis demonstrates
that with debt holders having sticky beliefs it nrayw be less attractive choosing a high

pre-investment volatility, and this will depend i level of stickiness of lenders beliefs.
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V. Summary

In this paper we have studied the effect of cagiastraints on the firm’s optimal
investment and bankruptcy policy, optimal leveragel credit spreads. Our model
provides insights that may also be important forpeital research. We show that
financing constraints have a more significant reéaimpact on firm values at higher
levels of competitive erosion, riskless rate okrmest and taxes, and lower volatility and
bankruptcy costs. Financing constraints also redagerage and credit spreads in a
nonlinear fashion. An important observation is @ften observed U-shape of the
investment trigger as a function of the constraimhis result is driven by the trade-off
between investment timing flexibility and the netnefits of debt. Exercise of pre-
investment R&D growth options increase firm valaéthough they may decrease the
expected net benefits of debt. In the presené®&d growth options, the impact of debt
financing constraints at lower maturities is moignsgicantly reduced than longer
maturity options. The firm’s optimal investment atefault decisions under constraints
have implications for the taxes raised by the gowvemnt. The trade-off between firm
decrease and government taxes increase at stiiebgrconstraints may drive a social

optimum at a constraint level of debt.

In the final part of the paper we endogenize debistraints by considering
differential beliefs between debt and equity hadderth respect to the volatility or the
growth of assets. We show that when debt holdersepeed estimate of volatility of

assets are higher or when their perceived estiofatiee growth rate of assets is lower,
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equity holders have to reduce optimal leveragedsidy investment. Finally, we present
a model where equity holders can choose volatligjore and after the investment
option. We show that under common beliefs betweguity and debt holders equity

holders will optimally choose to engage in riskyjpcts before investment so as to
increase option value and reduce ex post investuwatility to increase the debt raised
and the tax benefits of debt. In the case wher¢ lo@ders have sticky beliefs about the
volatility based on the pre-investment levels, gghiolders may be less motivated to
choose high risk strategies before because sinsewilh pre-commit to a costly debt

issue. At the point of investment however they mhgose to increase risk as much as

possible given debt holders beliefs are fixed &iprestment levels.
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Appendix

Solution to the constrained optimization problem

Starting with the unconstrained optimization probleve create a dense grid of
equally spaced coupon values and for each coupoe vee find the optimal investment
trigger by solving the first-order condition forethnvestment trigger (see equation (9))
using a standard bisection methbgsee for example Judd, 1998). The locus of the
solutions is depicted by the upper bold curve gufé Al for the base case parameter
values. We then optimize with respect to couporsdlgcting the combination that gives
the maximum firm value from the created locus (ojli value denoted with the upper
right rhomb in figure Al). We verify that each pbion the locus represents a global
optimum (for each coupon value) by performing asgegrid search for different levels
of the investment trigger (above and below theroal).

The constrained problem is defined in equation (fQhe main text and involves
a selection of the optimal coupon (optimal capstalicture) and the investment trigger.
The condition for the default trigger (see equat{@)) should also always be satisfied.
For each coupon value we select the optimal investririgger by additionally ensuring

that the constraint is satisfied. We use the previ@pproach as long as the constraint is

not binding O(V,) < D™) and when the constraint becomes binding we rediee

5 The grid covers a large range of coupon valuels miximum values reachir= 1,000 effectively
tracing through the firm value function.
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investment trigger so as to exactly meet the camgtby satisfyind(V,) = D™*. This

point is unique since debt is an increasing fumctibthe investment trigger:

V) _ VY R =B . .
g e w

For r>0 , 0<r<1 and O0<b< 1 the above inequality is ensured frofix0 and

-B
1-5)

<1. We then select the maximum firm value generatethis locus of solutions.

Our algorithm produces a set of solutions thatapicted for illustration in figure Al.
The curves below the bold curve show the locus adfiteons for various levels of
constraints. Starting from the top we have the oetrained case and the cases where
maximum debt equals 100, 75, 50 and 25. The consttalines overlap with the
unconstrained as long as the constraint is notitgnftowards the left). For each case a
rhomb identifies the point of maximum firm valueThe optimal solutions for the
constrained problems are usually located at or tieaunconstrained curve. The case of
zero debt (i.e., the McD&S model) is reflected hg upper left rhromb. Again we verify
that each point on the locus represents a glob@mam (for each coupon value) by
performing a dense grid search for lower levehef investment trigger.

[Insert figure Al]

Finite horizon of investment option

The finite investment option horizon is implementezsing a numerical binomial
lattice scheme. WithN lattice steps we have the up and down lattice maresb the

probabilities of up and down equal to:
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u= exp(a\/f), d=1/u
N (A2)
" =exd(r—é)T)—d

u u-d

) pd =1- pu

L
For optimal coupon selection at each valuevolve apply the condition‘% =0

which gives:

(. (vY _1(vY g a-n(vY vY1_
R e e T R (AR

with Vg given in equation (7) of the main text. We appdyation (A3) atach node of

the lattice and we additionally allow for the eaelyercise of the investment option. At

exercise, option value at each node equafg) + D(V) — | where we use the analytic
values of E(V )and D(V )given by equations (4) and (5) of the main tex¥atV . For

the constrained problem and for each valu¥ @fe again apply a grid search at various

coupon levels to find the constrained optimal.
Taxes and welfare effects of debt financing constraints

In this section our analysis of the exogenous irhp&contraints is extended so as

to draw some insights on the effect of debt finegaonstraints on government taxes and
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social welfare. In order to perform this analysie model the firm’s revenues as the
underlying stochastic variable since taxes areiggant on the continuous flow of
revenues that are generated by the firm. WeRuse denote the continuous yearly net
revenues before taxes. The following relationshgegds consistency with our earlier

analysis:
P
V=—(-71 A4
5( ) (Ad)

Effectively, the value of unlevered assets is thesent value of after tax income stream
(we set operational costs to zero and we excluel@ption to abandon that where used in

the Mauer and Sarkar (2005) model). So, weFUseV—J , Py = —LJTR and

@-7 -5

\% . :
P :'—5. Following Mauer and Sarker (2085government taxes at the investment

threshold can then be defined as:

T(P)_T(P.-R)_T(PB‘R)ﬂﬁJ,ﬁﬂﬁ (A5)
e r r Ps r\PF

The first term reflects the perpetual flow of gaveent taxes received at the time of
investment which are adjusted by the taxes foregardefault (second term). The last
term reflects the taxes received from the unlevdimed which remains after default.

Obviously, government revenues may be directlyaased the lower the debt level used
by the firm, since the firm’s revenues after coupeductions are higher. However, since

the government does not control the firm’s optinmadlestment and default adjustments

16 Although the definition of taxes and social wedfdmnction are the same as in Mauer and Sarkai5§200
in our case their level are determined at the caimtlevel though the optimal reaction of the finmder
constraints.
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under constraints, government taxes may increasedacreasing rate or even decrease
under constraints. For example, if constraints eaemrlier investment by the firm this
may reduce the level of revenues and thus the tgamlesrated by the firm. Since these
adjustments are not linear and involve adjustmemtsnany dimensions, it is very
difficult to know a priori what the effect of comaints on government taxes would be.
Social welfare value at time zero is calculatedthes sum of representative firm and

government taxe§

Sw =(F(P|>+T(P|>)(P3] (A6)

|
Note that the function of firm valug(.) is the same like in equation (6) evaluated with
respect to the revenue level. As we have shownaitiee sections, firm value is
decreasing in the level of financing constraintgic& taxes may be increasing the
maximum level of social welfare may be determinead aonstraint level as will be the
case in the numerical investigations that we parfbelow.

In figure A2 we see the effects of financing coastts on welfare and its
components (firm value and taxes) for the base pasameters used in the previous
section. Figure 4a shows the results for a lowdatihby rate and figure 4b for a lower
tax rate §).

[Insert figure A2, A2a, and A2b]

"By construction this is a partial equilibrium aysis. Thus this model does not endogenize eqiuitior
economy credit levels and monetary policy implioas (see for example discussions in Bernanke and
Gertler, 1995). Monetary policy interventions mdfget the cost of external (debt) financing (théabae
sheet effect) or directly limit the available creidithe economy through the bank lending charified
availability of credit for firms will ultimately beletermined after market frictions (e.g. due tonassetric
information and moral hazard) take place. We tiate that the maximum level of social welfare may n
be achieved since by definition the level of caaistris exogenous and is due to other factorsateat
beyond government control.
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Using the base case parameters we find governrares increase the lower the
debt level used. The opposite direction of firmuealand government taxes creates a
social welfare optimum at a constrained level afuad 50% of total investment cost.
We also note that government taxes increase atceeakeng rate for this set of
parameters. Government taxes are driven by the leomipehaviour of the optimal
investment and default trigger of the firm undenstoaints®.

For a lower volatility level of 15% (see figure AZsocial welfare is maximized at
a higher level of debt of 75%. Taxes are increasihga high rate initially (as the
constraint starts to become binding), but for Vexy level of debt taxes remain relatively
flat. For a lower tax rate of 15% (see figure A2byial welfare is maximized at lower
debt levels (at about 25% of investment). Sincdithe has fewer benefits to obtain from
tax credits at lower debt levels, its value is tieiy flat (although decreasing) at lower
debt levels. Taxes are also relatively flat butytlae shown to increase at relatively

higher rate at stricter constraints thus driving ¢fbserved result.

18 Remember that the investment trigger exhibits shblpe and the default trigger is higher the mobe de
is used.
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Figure 1. Extended-Leland/MS model with R&D growth option, investment

option, and debt financing constraints
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Figure 2: Firm value, equity values, and investment trigger as a function of

maximum levels of debt: Sensitivity with respect tor, d and o.
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Figure 2a: Bankruptcy trigger, leverage and credit spreads as a
function of maximum levels of debt: Sensitivity with respect tor,

o and c.
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Figure 3: Firm value, equity values, and investment trigger as a
function of maximum levels of debt: Sensitivity with respect to =
and b.
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Figure 3a: Bankruptcy trigger, leverage and the credit
spread as a function of maximum levels of debt:

Sensitivity with respect to r and b.
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Figure Al: Illustration of the constrained optimization solution
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Figure A2: Social Welfare and its components, firm value and
taxes asa function of debt financing constraints
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Figure A2a: Social Welfare and its components, firm value and
taxes as a function of debt financing constraints: Lower volatility
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Figure A2b: Social Welfare and its components, firm value and

taxes as a function of debt financing constraints. Lower tax

rate (z = 0.15)
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Table I: Comparison of three models with various levels of flexibility - firm value

and investment and debt financing gains analysis

Ext.-Leland/MS vs McD&S

Ext.-Leland/MS vs Leland

Firm Value
Ext.- % Gain % Gain % Net % Gain % Gain % Net
Leland/MS  McD&S Leland E[V-1] NB Gain E[V-1] NB Gain

Base 35.42 25.48 18.18 -0.03 0.42 0.39 1.36 -0.410.95
r=0.02 23.92 18.28 11.19 -0.03 0.33 0.31 1.59 -0.46 1.14
r=0.04 29.48 21.74 14.73 -0.03 0.39 0.36 1.43 -0.43 1.00
r=0.08 41.38 29.27 21.34 -0.03 0.45 0.41 1.33 -0.39 0.94
0=0.02 68.30 53.27 21.95 -0.01 0.29 0.28 241 -0.30 2.11
0=0.04 47.29 35.49 19.96 -0.02 0.35 0.33 1.75 -0.38 1.37
0=0.08 28.05 19.28 16.68 -0.05 0.51 0.45 1.10 -0.42 0.68
c=0.05 35.99 5.30 35.99 -1.00 6.79 5.79 0.00 0.00 0.00
c=0.15 28.88 15.69 23.76 -0.17 1.01 0.84 0.55 -0.33 0.22
c=0.35 43.09 34.40 15.04 -0.01 0.26 0.25 2.26 -0.40 1.87
b=0.05 39.93 25.48 25.58 -0.06 0.63 0.57 0.93 -0.37 0.56
b=0.25 37.51 25.48 21.67 -0.04 0.52 0.47 1.12 -0.39 0.73
b=0.75 33.94 25.48 15.65 -0.02 0.36 0.33 1.59 -0.42 1.17
t=0.15 27.30 25.48 3.57 0.00 0.07 0.07 7.12 -0.486.64
t=0.25 30.41 25.48 9.38 -0.01 0.20 0.19 2.69 -0.452.24
t=0.45 43.43 25.48 31.04 -0.09 0.80 0.70 0.75 50.3 0.40

Notes: “Ext.-Leland/MS” refers to the main modekdswith investment and debt financing gains. “McD&8fers to McDonald and
Siegel (1986) model of the perpetual investmentoopand “Leland” to the Leland (1994) model withtiomal debt financing and no
investment flexibility. Base case used for all medealue of unlevered assets=100, risk-free rate = 0.06, opportunity cost = 0.06,

volatility o = 0.25, investment co$t= 100. For the Ext.-Leland/MS and the Leland madeluse bankruptcy costs= 0.5, tax rate =

0.35. The notation “% Gaig(V-1)" refers to the % change in value of the optionumtevered assets and “% GaiB" refers to the %
change in the net benefits of debt relative todtier two models. Sensitivity analysis is with @sto the risk-free rate opportunity cost
o, volatility of unlevered assets bankruptcy costs, and the tax rate
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Table Il1: Comparison of three alternative with various levels of flexibility - Investment and bankruptcy triggers, optimal leverage, optimal

coupons and credit spreads

Optimal Capital Structure at Investment Trig§er

Inv. Trigger V) Bankr. Trigger Vg) Equity Debt Optimal Leverage Optimal Coupon Cr&tiread
Ext. — Ext.- Ext.- Ext.- Ext.- Ext.- Ext.-
Leland/MS McD&S Leland/MS Leland Leland/MS Leland Leland/MS Leland Leland/MS Leland Leland/MS Leland Leland/MS Leland
Base 171.57 202.77 57.92 33.76 74.82 43.60 127.944.57 0.63 0.63 10.84 6.32 0.0247 0.024
r=0.02 148.61 165.24 30.88 20.78 77.69 52.27 87.55 58.92 530 0.53 4.71 3.17 0.0338 0.033¢
r=0.04 158.75 182.15 43.42 27.36 75.71 47.68 106.43 67.05 0.58 0.58 7.30 4.60 0.0286 0.028¢
r=0.08 186.71 226.57 73.97 39.62 74.78 40.04 151.77 81.29 0.67 0.67 15.47 8.29 0.0219 0.021¢
0=0.02 406.51 495.73 165.73 40.77 159.98 39.36 335.77 082.6 0.68 0.68 25.28 6.22 0.0153 0.015:
0=0.04 227.75 273.23 84.39 37.06 94.73 41.59 178.47 78.37 0.65 0.65 14.19 6.23 0.0195 0.019!
0=0.08 145.64 169.93 45.14 30.98 66.01 45.34 103.92 71.34 0.61 0.61 9.44 6.48 0.0308 0.030¢
0=0.05 84.93 115.51 56.74 66.83 23.57 23.57 112.42 112.420.83 0.83 7.13 7.13 0.0034 0.003¢
c=0.15 124.17 153.68 54.77 44.12 46.40 37.36 107.27 86.40 0.70 0.70 7.77 6.26 0.0124 0.012¢
=035 229.71 264.24 64.16 27.93 108.65 47.30 155.61 67.73 0.59 0.59 15.65 6.81 0.0406 0.040t
b=0.05 161.48 202.77 76.72 47.50 44.13 27.34 158.65 98.24 0.78 0.78 14.36 8.89 0.0305 0.030!
b=0.25 166.65 202.77 67.05 40.24 59.10 35.46 143.66 86.21 0.71 0.71 12.55 7.53 0.0274 0.027-
b=0.75 175.34 202.77 50.97 29.06 87.73 50.05 115.05 65.60 0.57 0.57 9.54 5.44 0.0229 0.022¢
7=0.15 195.76 202.77 39.61 20.25 124.03 63.34 78.72 40.24 0.39 0.39 5.67 2.90 0.0120 0.012(
7=0.25 185.38 202.77 52.22 28.16 95.15 51.34 107.63 58.04 0.53 0.53 8.47 4.57 0.0187 0.018:
7=0.45 154.75 202.77 58.73 37.94 59.18 38.25 143.61 92.79 0.71 0.71 12.99 8.39 0.0305 0.030:

Notes: “Ext.-Leland/MS” refers to the model deveddpwith both investment timing flexibility and defancing gains. “McD&S” refers to McDonald ande§el (1986) model of the perpetual investment optind
“Leland” to the Leland (1994) model with optimaltddinancing and no investment flexibility. Baseseaised for all models: value of unlevered a3sets00, risk-free rate = 0.06, opportunity cogt= 0.06, volatilitys
= 0.25, investment cost= 100. For the Ext. Leland and Leland model usikhaptcy costd = 0.5, tax rate = 0.35.Equity, debt, optimal leverage, optimal coupand the credit spread are calculated at the timees

trigger. Sensitivity analysis is with respect te tisk-free rate, opportunity cosd, volatility of unlevered assets bankruptcy costs, and the tax rate



Tablelll: Advantages and disadvantages of adjustmentsin the investment trigger

ver sus adjustmentsin the coupon level

Reduction in the investment trigger

Advantages
= Earlier receipt of investment benefits and of retdfits of debt

Disadvantages

= Foregone value of timing flexibility
= Increase in the probability of default (thus redgcihe expected tax benefits
and increasing expected bankruptcy costs)

Reduction in the coupon level

Advantages

= Lower default trigger (increases the periods whaxebenefits will be
received)

Disadvantages

= Decrease in the level of tax benefits




Table 1V: The effect of R& D growth options and financing constraints with finite

investment option maturity

Firm value
T=2 T=5 T=10 T=20 T=50

No constraints

No Growth
Option 24.83 29.06 32.17 34.34 35.22
y=0.10
oc=0.2 36.02 39.38 41.99 43.79 44,52
cc=04 41.38 44,33 46.71 48.38 49.08
cc=0.6 48.05 50.54 52.70 54.32 55.03
oc=0.2
vy=0.1 36.02 39.38 41.99 43.79 44,52
vy=0.3 61.08 62.83 64.38 65.51 65.97
y=0.5 95.07 95.55 96.09 96.53 96.71
Max Debt =50
No Growth
Option 21.03 24.74 27.44 29.33 30.08
y=0.10
cc=0.2 30.62 33.57 35.84 37.39 38.03
oc=0.4 35.22 37.79 39.86 41.30 41.91
oc=0.6 40.90 43.07 44.95 46.34 46.96
6c=0.2
y=0.1 30.62 33.57 35.84 37.39 38.03
vy=0.3 52.07 53.62 54.97 55.95 56.34
vy=0.5 81.14 81.57 82.04 82.42 82.57

Notes: Base case used models: value of unlevesetis®s=100, risk-free rate = 0.06, opportunity cost

= 0.06, volatilityc = 0.25, investment cost= 100, bankruptcy codt = 0.5 and tax rate = 0.35. Firm
values are calculated using a Markov-chain impleatem withN =50 states for the growth option (with
average impact and volatilitysc) and a numerical lattice scheme for the investroptibn withdt = 0.5
years. Max. Debt refers to constraints on the tmtabunt of debt that can be issued.
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TableV: The effect of R& D growth options and financing constraints on firm value

and its components (option on unlevered assets and expected net benefits of debt)

Option on
Unlevered Assets Net Benefits
Firm value E[V-1] of Debt (\B)
Ext.- Ext.- Ext.-

Leland/MS McD&S Leland Leland/MS Leland Leland/MS Leland

No constraints

No Growth
Option 35.42 25.48 18.18 24.67 0.00 10.75 18.18
y=0.10
oc=0.2 44.81 32.24 31.56 31.23 13.37 13.58 18.18
oc=0.4 49.34 35.86 37.50 35.02 21.23 14.32 16.26
oc=0.6 55.18 41.01 44.94 40.35 30.29 14.83 14.65
oc=0.2
y=0.1 44.81 32.24 31.56 31.23 13.37 13.58 18.18
vy=0.3 66.25 47.74 59.60 46.41 35.30 19.84 24.30
y=0.5 96.90 70.46 94.85 69.17 64.88 27.73 29.96
M ax Debt = 75
No Growth
Option 32.70 25.48 18.18 23.92 0.00 8.78 18.18
y=0.10
oc=0.2 41.36 32.24 30.41 30.32 13.37 11.04 17.04
oc=04 45.24 35.86 35.07 34.31 21.23 10.94 13.84
oc=0.6 50.06 41.01 41.10 39.81 30.29 10.25 10.81
oc=0.2
vy=0.1 41.36 32.24 30.41 30.32 13.37 11.04 17.04
v=0.3 61.03 47.74 56.16 45.31 35.30 15.71 20.86
v=0.5 88.66 70.46 87.40 68.33 64.88 20.23 22.52
Max Debt = 50
No Growth
Option 30.25 25.48 14.87 24.68 0.00 5.57 14.87
vy=0.10
oc=0.2 38.27 32.24 26.58 31.25 13.37 7.03 13.21
oc=04 42.13 35.86 31.76 35.03 21.23 7.10 10.53
oc=0.6 47.08 41.01 38.23 40.36 30.29 6.72 7.94
oc=0.2
vy=0.1 38.35 32.24 26.58 31.25 13.37 7.03 13.21
v=0.3 56.58 47.74 50.71 46.42 35.30 10.16 15.40
v=0.5 82.74 70.46 80.93 69.18 64.88 13.56 16.05

Notes: “Ext.-Leland/MS” refers to the model withtbanvestment timing flexibility and debt financimgins. “McD&S” refers

to McDonald and Siegel (1986) model of the perpgétueestment option and “Leland” to the Leland (298nodel with optimal
debt financing and no investment flexibility. Basse used for all models: value of unlevered ad6eti00, risk-free rate =
0.06, opportunity cost = 0.06, volatilitys = 0.25, investment codt= 100. For the Ext. Leland and Leland model use
bankruptcy costd = 0.5, tax rater = 0.35. Growth option parameters have expected itnpamnd volatility oc and are
implemented using a Markov-chain with=50 states. Max. Debt refers to constraints ontated amount of debt that can be
issued.
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TableVI: Theeffect of R& D growth options and financing constraints on optimal capital
structure, expected costs, expected leverage ratio and on expected credit spreads.

Optimal capital structure

Expected Expected Expected Expected Expected
Equity Debt Cost Leverage Credit Spread
Ext. - Ext.- Ext.- Ext.- Ext.-

Leland/MS Leland Leland/MS Leland Leland/MS  Leland_eland/MS Leland Leland/MS Leland
No constraints

No Growth
Option 25.79 43.60 44.10 74.57 34.47 100.00 0.63 0.63 47.02 0.0247
y=0.10
6c=0.2 32.57 43.61 55.71 74.58 43.47 86.63 0.63 30.6 0.0247  0.0247
6c=0.4 34.34 39.01 58.74 66.71 43.75 68.23 0.63 30.6 0.0247  0.0247
0c=0.6 35.57 35.14 60.84 60.09 41.23 50.29 0.63 30.6 0.0247  0.0247
0c=0.2
y=0.1 32.57 43.61 55.71 74.58 43.47 86.63 0.63 30.6 0.0247  0.0247
y=0.3 47.59 58.28 81.38 99.68 62.72 98.35 0.63 30.6 0.0247  0.0247
y=0.5 66.52 71.87 113.77 122.91 83.38 99.93 0.63 .630 0.0247  0.0247
Max Debt = 75
No Growth
Option 42.37 43.60 29.00 74.57 38.67 100.00 0.41 0.63 10.01 0.0247
y=0.10
6c=0.2 53.51 53.11 36.43 63.93 48.58 86.63 0.41 50.5 0.0109 0.0194
06c=0.4 57.18 53.07 35.80 50.23 47.73 68.23 0.39 90.4 0.0104 0.0173
oc=0.6 61.13 53.72 33.21 37.67 44.28 50.29 0.35 10.4 0.0097  0.0147
oc=0.2
y=0.1 53.51 53.11 36.43 63.93 48.58 86.63 0.41 50.5 0.0109 0.0194
y=0.3 78.25 81.02 51.67 73.50 68.89 98.35 0.40 80.4 0.0107 0.0154
y=0.5 110.69  112.41 66.08 74.93 88.11 99.93 0.37 400 0.0099 0.0115
M ax Debt = 50
No Growth
Option 47.45 64.87 17.20 50.00 34.40 100.00 0.27 0.44 60.00 0.0122
y=0.10
6c=0.2 59.97 69.90 21.69 43.32 43.39 86.63 0.27 80.3 0.0060  0.0105
06c=0.4 63.97 65.88 21.84 34.11 43.68 68.23 0.25 40.3 0.0058  0.0096
0c=0.6 67.67 63.37 20.59 25.15 41.18 50.29 0.23 80.2 0.0055  0.0080
oc=0.2
y=0.1 59.97 69.90 21.69 43.32 43.29 86.63 0.27 80.3 0.0060  0.0105
y=0.3 87.89 99.88 31.31 49.18 62.62 98.35 0.26 30.3 0.0060 0.0086
y=05 124.39  130.90 41.65 49.97 83.30 99.93 0.25 280 0.0057  0.0067

Notes: “Ext.-Leland/MS” refers to the model withthanvestment timing flexibility and debt financimgins. “McD&S” refers to McDonald and Siegel (1986
model of the perpetual investment option and “Léfato the Leland (1994) model with optimal debtafiiting and no investment flexibility. Base caseduse
for all models: value of unlevered ass®ts100, risk-free rate = 0.06, opportunity cost = 0.06, volatilityc = 0.25, investment cost= 100. For the Ext.
Leland and Leland model use bankruptcy cdsts 0.5, tax rater = 0.35. Growth optiongparameters have expected impaend volatility oc and are
implemented using a Markov-chain with=50 states. All values reported are time zero ebgoeealues. Max. Debt refers to constraints ortated amount of
debt that can be issued.
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Table VII (a): Differential information between debt and equity holders with
respect to volatility

Firm

Inv. Trigger

Bankruptcy

Optimal Capital Structure at Investment Trig¥er

Credit
value (V) Trigger (Vg) Equity Debt Leverage = CouponSpread
Base
(o(e)=0(d)=0.25 35.42 171.57 57.92 74.82 127.94 0.63 10.84 0.0247

o(d) =0.1 71.81 119.89 72.72 18.39 184.34 0.91 13.61.013B
o(d) =0.15 52.88 140.02 71.54 33.21 169.53 0.84 13.39.0190
o(d) =0.2 42.03 157.33 66.68 51.85 150.92 0.74 12.48.02y
o(d) =0.3 31.34 182.54 46.16 101.39 101.37 0.50 8.64.0252
o(d) =0.35 28.87 190.32 33.66 128.48 74.29 0.37 6.30.0243
o(d) =0.4 27.41 195.38 22.81 152.02 50.75 0.25 4.27 0241

Table VII (b): Differential information between debt and equity holders with
respect to growth

Firm

Inv. Trigger

Bankruptcy

Optimal Capital Structure at Investment Trigger

Credit
value Trigger (Vg) Equity Debt Leverage CouponSpread
Base
(6(e)=5(d)=0.06) 35.42 171.57 57.92 74.82 127.94 0.63 10.84 0.0247

o(d) =0 53.93 138.64 71.75 31.99 170.76 0.84 13.43 18&0
d(d) =0.02 46.58 149.32 69.51 42.32 160.43 0.79 13.0D.0211
J(d) =0.04 40.31 160.67 65.08 56.47 146.27 0.72 12.18.0233
o(d) =0.08 31.92 180.87 48.35 96.60 106.17 0.52 9.05 .0282
4(d) =0.10 29.57 188.00 37.83 119.47 83.30 0.41 7.08 .029D
J(d) =0.12 28.07 193.02 28.16 140.37 62.39 0.31 5.27 .0245

Base case used for all models: value of unlevessdta/ =100, risk-free rate = 0.06, opportunity cost = 0.06, volatilitys = 0.25, investment cost=
100, bankruptcy costs= 0.5, and tax rate= 0.35.Equity, debt, optimal leverage, optimal coupand the credit spread are calculated at the timess

trigger. Sensitivity analysis is with respect tdotkolders perceived estimate of volatikty{d) (panel a) or the opportunity cas(d) (panel b). A higher
estimate ob (d) implies lower growth rate of the unlevered assets
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TableVIII: Firm value when equity holders can choose pre- and post- investment volatility

Panel A: Common information about volatility levels

Unlevered Expected Expected Bankruptcy Optimal Capital Structureat Investment Trigger V,
Opefore O after Firm value Firm Value Tax Benefits Bankr. Costs Inv. Trigger (V) Trigger (Vg) Equity Debt Leverage Coupon  Credit Spread
0.10 28.70 3.28 28.90 3.48 103.81 54.84 33.38 99.96 0.75 6.75 0.0075
0.10 0.20 22.26 7.09 19.17 4.01 110.62 42.17 45.30 88.03 0.66 6.88 0.0182
0.30 19.37 8.45 15.04 4.12 114.54 34.90 52.30 81.03 0.61 7.47 0.0322
0.40 17.79 9.07 12.83 4.12 117.01 30.33 56.90 76.44 0.57 8.40 0.0499
0.10 36.80 18.04 21.33 2.57 137.64 72.72 44.26 132.53 0.75 8.95 0.0075
0.20 0.20 31.78 19.32 15.76 3.29 146.65 55.90 60.06 116.69 0.66 9.12 0.0182
0.30 29.34 19.81 13.11 3.59 151.84 46.25 69.35 107.40 0.61 9.90 0.0322
0.40 27.93 20.06 11.60 3.72 155.11 40.19 75.45 101.30 0.57 11.13 0.0499
0.10 46.67 28.50 20.66 2.49 180.56 95.39 58.06 173.85 0.75 11.74 0.0075
0.30 0.20 41.74 29.24 15.80 3.31 192.40 73.36 78.76 153.13 0.66 11.97 0.0182
0.30 39.26 29.53 13.40 3.67 199.19 60.69 90.96 140.91 0.61 12.99 0.0322
0.40 37.82 29.67 11.99 3.85 203.47 52.72 98.98 132.89 0.57 14.60 0.0499
0.10 56.03 37.42 21.16 2.55 233.53 123.34 75.13 224.81 0.75 15.18 0.0075
0.40 0.20 50.93 37.92 16.45 3.44 248.89 94.87 101.92 198.06 0.66 15.48 0.0182
0.30 48.34 38.12 14.08 3.85 257.72 78.54 117.68 182.33 0.61 16.81 0.0322
0.40 46.82 38.22 12.67 4.07 263.24 68.21 128.05 171.93 0.57 18.89 0.0499
Panel B: Differential beliefs about volatility at the investment trigger
0.10 26.90 16.97 11.70 1.77 157.68 47.86 94.31 82.46 0.47 5.89 0.0114
0.20 0.20 31.78 19.32 15.76 3.29 146.65 55.90 60.06 116.69 0.66 9.12 0.0182
0.30 44.73 31.87 18.82 5.96 126.42 57.33 34.99 141.74 0.80 12.27 0.0266
0.40 68.41 55.07 22.27 8.92 105.14 51.17 23.02 153.75 0.87 14.17 0.0322
0.10 32.94 27.38 6.84 1.27 220.09 38.35 169.02 62.85 0.27 4.72 0.0151
0.30 0.20 34.32 26.48 9.57 1.74 215.06 44.31 141.08 90.82 0.39 7.23 0.0196
0.30 39.26 29.53 13.40 3.67 199.19 60.69 90.96 140.91 0.61 12.99 0.0322
0.40 49.73 40.21 15.44 5.93 174.13 65.79 57.63 174.22 0.75 18.22 0.0446

Parameter values are: value of unlevered a¥seff0, risk-free rate = 0.06, opportunity cost = 0.06, investment cost= 100, bankruptcy costs= 0.5, and tax rate= 0.35.Equity, debt, optimal
leverage, optimal coupons and the credit spreadadcelated at the investment trigger. Sensitigitwlysis is with respect to volatility of unleverassets before and after the investment. In Fael
investment debt holders have sticky beliefs andsugg while equity holders usese. Firm Value (column 3) equals unlevered firm valoelumn 4) plus the expected tax benefits (colnminus

the expected bankruptcy costs (column 6). Equatised for the calculations are defined in equatid@22.



