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Abstract

We study Ramsey policies and optimal monetary policy rules in a model with sticky wages
and prices, where financial market participation is limited, i.e. where a fraction of consumer are
liquidity constrained. The interaction between liquidity coinstrained agents and wage stickiness
results in a welfare-based loss function which depends on real wage gap beside depending on
the output gap, wage inflation and price inflation as in previous studies. Optimal simple rules
are characterized by an inflation coefficient larger than one, no matter the degree of financial
market partecipation. We argue that once wage stickiness, an uncontroversial empirical fact,
is considered, the degree of financial market partcipation just marginally affects the design of
optimal monetary policy rules.
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1 Introduction

[TO BE DONE]

2 The Model

In what follows we follow Bilbiie (2008). However, a major difference is in the modelling of the labor
market. Whereas he has a perfectly competitive market, we asssume a monopolistically competitive
market characterized by nominal wage stickiness, which we describe below.

2.1 Households

The period utility function is common across households and it has the following separable form
Uy = Wyu [Cy (i)] — v [Ly (4)] (1)

where Cy(7) is agent i’s consumption, L;(7) are labor hours and ¥, is a preference shock which has
the following law of motion log% = py log \Pfljl +egy t

We assume a continuum of differentiated labor inputs indexed by j € [0,1]. As in Schmitt-
Grohé and Uribe (2005), agent ¢ supplies all labor inputs. Wage-setting decisions are taken by
labor type-specific unions indexed by j € [0,1]. Given the wage W; fixed by union j, agents stand

ready to supply as many hours on labor market j, L, as required by firms, that is

) WJ _gw
L = (Wi) Lf (2)

where 0, > 1 is the elasticity of substitution between labor inputs. Here L{ is aggregate labor
demand and W; is an index of the wages prevailing in the economy at time ¢. Formal definitions
of labor demand and of the wage index can be found in the section devoted to firms. Agents are
distributed uniformly across unions, hence aggregate demand of labor type j is spreaded uniformly
between all households.? It follows that the individual quantity of hours worked, L; (), is common
across households and we will denote it with L;. This must satisfy the time resource constraint
L = fol L!dj. Combining the latter with (2) we obtain

AN
L—L/ —L dj 3
t t : W, ] ()

The labor market structure rules out differences in labor income between households without

the need to resort to contingent markets for hours. The common labor income is given by
B

Legrd (W] .
L fywi (W) 4

!The function u is incresing and concave while the function v is increasing and convex.
2Thus a share X of the associates of the unions are non ricardian consumers, while the remaining share is composed

by non ricardian agents.
SErceg et al (2000), assume, as in most of the literature on sticky wages, that each agent is the monopolistic



2.1.1 Ricardian Households
Ricardian households face the following intertemporal budget constraint
1 i\ ~0
d i [ W ,
EiMg i1 X1 + Qs i ViSXy + Ly | W A dj + Qs (Vi + P.Dy) — P.Csy.  (4)
0 t
We distinguish shares from the other assets explicitly since their distribution plays a crucial
role in the rest ofthe analysis. In each time period t, ricardian agents can purchase any desired
state-contingent nominal payment X;y; in period ¢+1 at the dollar cost E¢A;;y1X;y1. The vari-
able A;;+1 denotes the stochastic discount factor between period ¢ + 1 and t. The expression

. i\ —Ow
L¢ fol Wy (%) dj represents labor income. V; is average market value at time ¢ shares in inter-

mediate good firms, D; are real dividend payoffs of these shares and €, ; are share holdings. FOCS
with respect to Cgy, s and X;11 are respectively

Vi, (Cs,t) = v Py, (5)
v
= Etﬁ%tl (Vi1 + Piy1Dita) (6)
()
A1 = B2, (7)
(%7

where vy is the lagrange multiplier on the flow budget constraint. The riskless nominal interest
rate is a solution to

EtAt,t+1 == (1 + Rt)_l . (8)

Combining the previous conditions deliver the FOC for utility maximization of ricardian agents

1 Ui p1ue (Csiq1) Py }
S ) ’ : 9
1+ R t{ﬁ Ve (Cs0) Pt ©)

2.1.2 Non Ricardian Households.

Non ricardian agents do not hold physical capital, do not enjoy firms’ profits in the form of dividend
income and are not able to trade in the financial markets. The nominal budget constraint of a typical
non ricardian household is given by

W/ o
P.Csy =L / W/ (Wt> dj. (10)

Agents belonging to this class are forced to consume disposable income in each period and delegate
wage decisions to unions. For these reasons there are no first order conditions with respect to
consumption and labor supply.

supplier of a single labor input. In this case, assuming that agents are spreaded uniformly across unions allows
to rule out differences in income between households providing the same labor input (no matter whether they are
ricardian or not), but it does not allow to rule out difference in labor income between non ricardian agents that provide
different labor inputs. This would amount to have an economy populated by an infinity of different individuals, since
non ricardian agents cannot share the risk associated to labor income fluctuations. Although this framework would
be of interest, it would imply a tractability problem.



2.2 Wage Setting

Nominal wage rigidities are modeled according to the Calvo (1983) mechanism. In each period a
union faces a constant probability 1 —¢,, of being able to reoptimize the nominal wage. We extend
the analysis in GVL (2007) and assume that the nominal wage newly reset at ¢, Wt, is chosen to
maximize a weighted average of agents’ lifetime utilities. The weights attached to the utilities of
ricardian and non ricardian agents are (1 — A) and A, respectively. The union problem is

max B D (€8 {ess [(1 = N u(Csig) + M (Cs)] = v (Ligj)} (11)
t §=0

subject to (3), (4) and (10).* The FOC with respect to W is

> - 1 1 W,
E M) @y A (1= A —(1+pu®) s = 12
t jz;) (BAw) i+ { { MRS, + ( ) MRSs1+; ] Pros (1+p )} 0 (12)

where ®; ;15 = v (Ly) LfHW&“j and p = (04 — 1)_1 is the, constant, net wage mark-up

in the case of wage flexibility. The variables M RSy ; and M RSg; denote the marginal rates of
substitution between labor and consumption of non ricardian and ricardian agents respectively.

2.3 Firms

In each period t, a final good Y; is produced by a perfectly competitive firm combining a continuum
of intermediate inputs Y; (z) according to the following standard CES production function:

p

1 Op—1 Op—1
Y: = </ Yi(z) % dz) with 6, > 1 (13)
0

The producer of the final good takes prices as given and chooses the quantities of intermediate
goods by maximizing its profits. This leads to the demand of intermediate good z and to the price
of the final good which are respectively
P2\ % 1 6,71 7%
Vi) = (B2) 7 5 Po= [y Be) e T
Intermediate inputs are produced by a continuum of monopolistic firms indexed by z € [0, 1]
using as inputs capital services, K;_1 (z), and labor services, L; (z). The production technology is
given by:
Yi(2) = Al (2), (14)

0
Oup—1

. Tuw—1
where A; represents TFP. The labor input is defined as L; (z) = < fol (Lg (z)) o dj> . Firm’s

z demand for labor type j and the aggregate wage index are respectively

4Many reasons have been provided to justify the presence of non ricardian consumers. A few of them are miopia,
fear of saving and transaction costs on financial markets. None of these is, however, in contrast with rule of thumb
consumers delegating wage decision to a forward looking agency, in this case a trade union.



L{ (2) = (VV[‘;){)% L) . W= (fol (Wg>1—0w dj) 1/(1—64) |

The nominal marginal cost, common across producers, is given by

Wi

M =
Ct At 9

(15)
while firm z’s real profits are given by Dy (z) = [P%(tz) — Mftct} Yi (2).

Price Setting Intermediate producers set prices according to the same mechanism assumed for
wage setting. Firms in each period have a fixed chance 1 — &, to reoptimize their price. A price
setter takes into account that the choice of its time t nominal price, ]Bt, might affect not only current
but also future profits. The FOC for price setting is:

o0
0 ~
EeY 0 (5€,)" v P Yigs [P = (14 p7) M| =0, (16)
s=0
which can be given the usual interpretation.” Notice that u? = (6, — 1)_1 represents the net

markup over the price which would prevail in the absence of nominal rigidities.

2.4 Aggregation

Aggregate consumption and aggregate profits are defined as:

Cy = ANCoui+(1—X)Csy, (17)
Q = (130, (18)

Since each agents holds the same quantity of shares and the sum of shares must equal 1, it has to

be the case that
St =38 =7y (19)

2.4.1 Market Clearing

The clearing of good and labor markets requires

-0
— (B P yd d _v.
Yi(z) = ( P, ) Y4 V2 Y=Y, 20)

i\ 0
. W] w . 1 S
1= (%) "1¢ ¥ L=y 4

where Y;? = C; represents aggregate demand, Lz = fol L{ (z) dz is the demand of labor input j and
LY = fol Ly (2) dz denotes firms’ aggregate demand of the composite labor input.

’Recall that vy is the value of an additional dollar for a ricardian household. It is the lagrange multiplier on
ricardian househols nominal flow budget constraint.



3 The model approximation

In this section we log-linearize the model around the efficient steady state, i.e. the steady state
obtained by solving the Social Planner problem. Indeed, in order to compare our results on the
optimal monetary policy with the ones get by our closed related papers, i.e. Anderson et al (2000)
and Bilbiie (2008), we need to derive the central bank loss function by taking a second order
approximation of the households utility functions around the efficient steady state. Moreover, since
we are going to study optimal monetary policy, we want the monetary authority to target the welfare
relevant output gap, i.e. the gap between the actual and the efficient equilibrium output. The
latter corresponds to the equilibrium output of the Social Planner first best allocation. Appendix
A1 shows how to derive the efficient equilibrium output.

3.1 The Efficient Steady State

Note that because of the presence of price and wage markups the steady state of our economy is
not efficient. Since we will approximate the dynamics of our economy around an efficient steady
state we assume that the Government taxes/subsidies firms through an employment subsidy /tax
at a constant rate 7,and then give/take the money back to firms in a lump-sum way 7'. This means
that the firm’s profit function becomes:

_ b (4)
P,

(1—7) Wi (i)
Py

Dy (4) i (i) — N (i) = Ty, (21)
where to balance the government budget we assume that TW%@Nt (1) = T; .At the efficient steady
state profits must be zero, which implies that C's = Cy = C and thus that agents have a common
marginal rate of substituion between labor and consumption M RS. In this case the steady state
labor market equilibrium would imply that:
1
w = MPL = (1+ p“) MRS. (22)
(1+ Mp) (1-7)

Labor market equilibrium in the efficient steady implies that

MPL = MRS =1, (23)

indeed, the aggregate production function in the steady state implies production function M PL =
A =X =1. Then, (22) requires 7 to be such that:

1
(14 pp) 1 —7) (1+ p»)

Solving for 7 we get 7 =1 — m

steady state profits; to see this notice that

=1. (24)

As argued above the implied value of 7 leads to zero

1-— 1
ﬂN—T:Y—

D=Y — — 11—
p (14 p1p)* (1 + ) ( (14 p,)* (1 + )

)yzo. (25)



3.2 The Log-linearized Model

In the remainder we adopt the following functional forms for the utility of consumption and labor
hours: . ™
w(C) =G 5 v(l) =X (26)
with o representing the inverse intertemporal elasticity of substitution in consumption and ¢
measuring the elasticity of the marginal disutility of labor and v, representing an AR(1) preference
shock. In what follows lower case letters denote log-deviation from the efficient steady state.
The Euler equation for Ricardian households can be log-linearized as

1 1
Cst = Etcs,t+1 - ;Et (Tt - 7Tt+1) - ;EtA¢t+1a (27)
where r; = log IJ%R*, log Pt?tl = m41 and A, = log %—tl Consumption of non ricardian agents
reads as
CHt = Ct + Wy, (28)

while the assumption that consumption level are equal at the steady state implies that aggregate
consumption is
Ct — (1 — )\) CSt + )\CH,t- (29)

Log-linearization of the aggregate resource constraint around the steady state yields
Yt = Ct. (30)
A log-linear approximation to the aggregate production function is given by
yr = by + ay. (31)

The New Keynesian Phillips Curve (NKPC) is obtained through log-linearization of condition (16)
and reads as

T = 5Etﬂ't+1 + Kpmcy, (32)
— (I_BEP)(I_@?) . . oy . .
where Kk, = e The log-linear version of the first order condition for wage setting is
p
o0
E, Z (BE)"™ [@es — mrsiy,] = 0.
s=0
The wage inflation curve is

77%” = BEt"T;U-i-l - ﬁwﬂ?}a (33)

where K,

= % and puy’ = wy — (o + ¢l — 1) is the log-deviations of the wage mark-

up that unions impose over the average marginal rate of substitution.® Notice that since unions

5 As pointed out by Schmitt-Grohe and Uribe (2005), the coefficient s, is different form that in Erceg et al (2000),
which is the standard reference for the analysis of nominal wage stickiness. The reason is that we have assumed that
agents provide all labor inputs. In the more standard case in which each individual is the monopolistic supplier of a

given labor input, k., would be equal to % hence lower than in the case we consider.



maximize a weighted average of agents’ utilities, the wage inflation curve takes a standard form.
Equation (33) leads to a second order expectational difference equation for the log-deviation of the
time ¢ real wage:

wr =TI [wi—1 + B (Brwig1 + Eimig1) — ) + Ty (Ol + 0 — 9y, (34)

£y
(1+5¢2)

where I' = . The parameter I' determines both the degree of forward and backward look-

ingness.

3.3 Log-deviations from the Efficient Equilibrium

Given our assumptions concerning steady state taxation the natural and the efficient level of output
coincide. In what follows we will approximate the model around the efficient equilibrium. Log-
deviations of efficient output (from the efficient steady state) are given by (see Appendix Al for a

detailed derivation):

Eff _ 1+¢ 1
W = it (35)

i.e. the efficient level of output is a function of exogenous productivity and preference shocks, and
therefore as standard it is independent of policy. Also notice that the efficient real wage level is

wit = a, (36)

which again is known once the process for a; is posited.
Next we move to obtain deviation from the efficient equilibrium. Recall that the NKPC reads as

T = BEtTrtJrl + RpTCy, (37)

where mc; represent the log deviation of the real marginal cost. The latter can be equivalently
written as
meg = wy — Y + Uy = wp — ay, (38)

where we substitute the log-linear version of the economy production function, i.e., y = as + ns.
Thus, real marginal costs can be rewritten in terms of the real wage gap,

mcy = (.Dt, (39)

where we define Wy = wy — wf T as the gap between the current and the efficient equilibrium real

wage. In this case the NKPC (37) can be rewrittes as

T = BETi41 + Kplt. (40)
Next consider the wage inflation curve

T = BB — R (41)

Recall that p’ represents the log-deviation of the wage markup from the (null) efficient level.
Imposing market clearing and using the production function

p = wi — (0 + @) yr + dag + Py, (42)



thus
f =0t — (0 + @)z, (43)

where x; =y — yf T denotes the gap between actual output and the efficient output. We can then
write
T = BEmy + Kw (0 + @) Tt — Kyt (44)

The IS curve can be written as (see Appendix A2 for a detailed derivation)

1 A
Ty = Fyreq — gEt (Tt — Ty — Tfff) S 1- (Ermiiy — Eemyg) (45)
where rtE 7T is the efficient rate of interest defined as:
A 1
rfff =0 <Ayﬁflf + ﬁEtAatJrl - GA%H) : (46)

Using the wage inflation curve and the price inflation curve
1

8
substituting into the IS curve leads to

Mo 1 A

Further notice that by definition Aw; = wy — wy—1 = m}° — 7. which implies

By — By = < (7)) — Evmy) + (Kw — Kp) @t — K (0 + @) 24]

(7} = 7}) + (Kw — Fip) &)

O — w1 +ap =m0 — 7

thus

Ay (0 + 1 A x
(1 - M) Ty = Etl’tJrl_;Et (Tt — M1 — Tfff>_(7 [ar = w1+ (14 Ku — i) ]

(1-A)8 1-N)p
or
55w —1 » Bff A ~
xt = Erwepg — Ey <7“t — My — Ty ) Ta-Ng [ar — wi—1 + (1 + Ky — Kp) @)
where §°" = (17)‘)’(817_)‘)3%(0+¢). Notice that if X > m = (A\*)® then the interest rate

elasticity of aggregate demand turns positive.



3.4 A special case: sticky prices and flexible wages
When wages are flexible a log-linear approximation to the wage setting rule delivers
Wy = ocg + dly — Y, (47)
Further, and independently of the nature of price and wage setting, it holds that
mer = w — (ye — lt). (48)
As standard we can rewrite real marginal costs in terms of output gap, as follows:tput gap
me; = (¢ + o) x4, (49)
in this case the NKPC ca be writtens
T = BEymi41 + Ky (¢ + 0) 24, (50)

which is the standard NKPC considered also in Bilbiie (2008). Recall that with liquidity constrained
households the IS curve reads as

A A 1 1
Yt = By + ﬁEtAatH - ﬁEtAWtH - ;Et (Tt - ﬂ—f—f—l) - 5A¢t+17 (51)
then, substituting for Aw;41, using the equation of the economy production function and rearrang-

ing, we get,

(67w) ™ 1A (67) ™
Yyt = By — ?Et (Tt — Wf_,_l) + (5fw) - (1+¢) EtAazyq — fAQ/’Hb (52)
where 0/% =1 — 25 (0 + ¢). Notice that when A > m = (A)/" the interest rate
elasticity of aggregate demand turns positive. Taking differences with respect to the efficient
equilibrium, the IS can be rewritten as follows,

571
Ty = Et$t+1 — 7Et (Tt — ﬂ'i)+1 — rfff> , (53)

where, in the case of flexible wages the efficient rate of interest is defined as:

rEIT — <(J‘f¢)—1> Ayq—o(1+¢) [(jidﬁli/\] (1= pq) a. (54)

Notice that (A*)*" > (A*)/® whenever i.e when k,, < /8 or

T 1) T
(1 - ﬁgw) (1 - gw) < /ng

(1= P&) (1 = &w)
BE, — €, 28+ 1) +1<0

10



:2B+1i\/4ﬂ2+1

/ 2
or W <&, < 1. Assuming $=0.99 then the consition translates into
038<¢, <1

which implies that (A*)** > (A*)’* when wages have an average duration longer than 1.61 quarters.
Assuming an average duration of 3 quarters as suggested by empirical evidence together with o = 2
and ¢ = 1 delivers

(A% = 0.79

Thus we need about 80 percent of liquidity constrained agents for the interest rate elasticty of
aggregate demand to turn positive.

4 Determinacy

In order to close the model we need to specify an equation for the nominal interest rate. We
consider the following Taylor-type interest rate rule:

re = ¢ri-1 + (1= ¢,) (GnTevi + Gyyieri) - (55)

When i = —1, (55) reduces to a backward looking rule, when ¢ = 0 it corresponds to a contem-
poraneous rule and when ¢ = 1 it becomes a forward looking rule. The rule is simple in the sense
that it depends on observable variables.

[TO BE COMPLETED]

5 Optimal Monetary Policy

In the Appendix A2 we derive a second order approximation to the average welfare losses expe-
rienced by households in economies characterized by sticky wages and prices, where a fraction of
consumers are liquidity constrained, resulting from fluctuations around an efficient steady state.
Those welfare losses are given by:

=33t (G a oyt + 2 2 ) (56)
2 ~ -2t Pkt Kp )

Notice that the welfare loss above nests that derived by Anderson et al (2000) and that in
Bilbiie (2008). Indeed, for A = 0, the term in &? in equation (56) vanishes and the welfare function
collapses to the one found by Anderson et al (2000).” In the case of flexible wages, and with a
walrasian labor market, i.e. in the absense of trade-unions, instead, we get the welfare function

"A MENO DI UN COEFFICIENTE MI SEMBRA. DOVREMMO CITARE IL PAPER DI SGU
QUI IN NOTA

11



found in Bilbiie (2008). Assuming that wages are flexible and that, also in the case of flexible
wages, unions set households’ wage, we get the following welfare funcion:®

:_Zﬁt<a+¢ ( W) :ct+zp<7rp,t)2), (57)

P

which collapses to the standard text-book welfare-loss for A = 0. In what follows we will use (57)
as a benchmark to compare the results obtained under sticky wages.

Notice also that in the case in which the intertemporal elasticity of substitution in consumption,
o, equals 1, the real wage gap does not affect society’s welfare loss.

[TO BE COMPLETED]

6 Full Commitment

We now want to characterize the optimal monetary policy in the economy in which both prices and
wages are sticky and a fraction of consumers are liquidity constrained. In particular we will study
the optimal monetary policy in response to a positive productivity shock, a;, and to a preference
shock v,. As in Gali (2008) we restrict ourselves to the case of full commitment. This means that
the Central Bank maximizes the welfare function (56) subject to the following constraints:

T = BEmY | + Kp@y + uy
Ty = BEmE ) — K@i + Ky (0 + @) 24

58
@t:@t—1+7r§”—7r€+Awfff (58)
(w¢—1 given.
Defining &4, &5, and &5, the lagrange multipliers (LMs) on the constraints above, FOCs are:
ze 1 = (04 @) m + Eyhw (0 + @) =0, (59)
0,
m o =P =&y &y — €3 =0, (60)
Kp
0w
T —?7& ot + &1 + 83 =0, (61)
w
- oc—1)A_
we —(1_;% + &1ekp — Sorkw — &3¢ + BE3041, (62)

fully optimal policy requires setting &1, ; = 5,1 = 0, timeless policy instead sets £;;_; = &; and
€9, 1 = &5 i.e.sets lagged LMs at their steady state value. In the remainder we characterize numer-
ically the fully-optimal policy. Before turning to the optimal policy with the baseline calibration,
notice that, as discussed above when o = 1 the objective function is independent of the share of
non ricardian agents, thus the planner can implement the same equilibrium path for x, w and 7 as
in the full participation economy. However the equilibrium path of the interest rate will depend on

8For a detailed derivation of the welfare function under flexible wages see Appendix A2.
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the share of non ricardian consumers. In particular, in response to a positive productivity shock,
the planner engineers a stronger decrease in the interest rate as the share of liquidity constrained
agents gets larger. This can be show by looking at the derivative of the nominal interest rate in
the IS curve with respect to A, which is:

(97} 1

—=—=FE (A A .
8)\ ()\ _ 1)2 t ( W41 + at+1) >0 (63)

[TO BE COMPLETED)]

6.0.1 Optimal Responses to Shocks

In what follows we will show that optimal impulse response functions (OIRF's) of the main economic
variables following a technology shock and a preference shock and a cost-push shock. The model
is calibrated as follows.

Preferences. Time is measured in quarters. The discount factor 5 is set to 0.99, so that the
annual interest rate is equal to 4 percent. The parameter on consumption in the utility function o
is set equal to 2 and the parameters on labour disutility, ¢, is set equal to 1.

Production. Following Basu and Fernald (1997), the value added mark-up of prices over mar-
ginal cost is set to 0.2. This means that the intermediate goods price elasticity, 0, is set equal to
6. The Calvo (1983) probability that firms do not reset prices, &p» 1s set equal to 2 /3.

Labour markets. The the elasticity of substitution between labor inputs, 6,, is set equal to 6.
The Calvo probability that unions do not reset wages, £, is set equal to 3/4.

Ezxogenous shocks. The process for the aggregate productivity shock, a;, follows an AR(1) and
is calibrated so that its standard deviations is set to 1% and its persistence to 0.9. Similarly, the
process for the aggregate productivity shock, v, follows an AR(1) and is calibrated so that its
standard deviations is set to 1% and its persistence to 0.9. Finally, also the process for the cost-
push shock u; follows an AR(1) and is calibrated so that its standard deviations is set to 1% and
its persistence to 0.9.

Figure 1 shows impulse response functions to a one percent positive productivity shock for out-
put, hours, Ricardian and non-Ricardian households’ consumption, price inflation, wage inflation,
real wage and real interest rate.

Due to the increase of productivity output, wage inflation, real wage and consumption of both
type of households increase. Differently, price inflation, hours and real interest rate decrease. The
monetary policy in this environment faces two distortions, sticky prices and and sticky wages. The
first distortion calls for zero inflation policy, i.e., to close the gap with the flexible price allocations,
while the second distortion calls for an active monetary policy. As the monetary authority is
endowed with a single instrument, it must trade-offs between the two competing distortions. As
a result optimal policy deviates from full price stability, indeed the optimal IRF does not show
an inflation rate always equal to zero, as in the case of flexible wages. Specifically, the monetary
authority wants to take full advantage of the productivity increase, therefore it reduces inflation
to support higher demand. Notice, that inflation shows a significant overshoot after a few periods.
This captures the value of commitment as the monetary policy tries to influence future expectation
to obtain faster convergence toward the steady state. At the same time the monetary authority

13
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Figure 1: Response to a technology shock in the case of full commitment. Alternative values of the
share of liquidity constrained agents.

allows wage inflation and real wages to increase, so that consumption of liquidity constrained
household increases. Similarly, by allowing the real interest rate to decrease the central bank is able
to increase ricardian household consumption, via the standard consumption smoothing mechanism.
Notice that, also in the case of sticky wages, the planner engineers a stronger decrease in the real
interest rate as the share X\ of liquidity constrained agents gets larger. In fact, has shown in figure
1, the dynamics of real wages does not change that much as A increases, so that also the dynamics
of consumption of liquidity constrained households remains almost unaffected. This meas that,
the monetary authority, in order to obtain the same reduction of aggregate consumption has to
strongly reduce consumption of Ricardian household. A policy which implies a stronger reduction
of the real interest rate.

Figure 2 shows impulse response functions to a one percent positive preference shock for output,
hours, Ricardian and non-Ricardian households’ consumption, price inflation, wage inflation, real
wage and real interest rate.

In response to a preference shock optimal monetary policy implies an increase in output, hours
and consumption. The real interest rate increases so that the monetary authority is able to reach
both price and wage inflation stability. Overall, the deviations of the price level from the full price
stability case are rather small. This is so since the shock does not affect directly labour productivity
and therefore it does not generate an endogenous trade-off.

Figure 3 shows impulse response functions to a one percent positive cost-push shock for output,
hours, Ricardian and non-Ricardian households’ consumption, price inflation, wage inflation, real
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Figure 2: Response to a preference shock in the case of full commitment. Alternative values of the
share of liquidity constrained agents.
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Figure 3: Response to a preference shock in the case of full commitment. Alternative values of the
share of liquidity constrained agents.
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Figure 4: Response to a cost push sock under commitment. Alternative values for the share of
liquidity constrained agents.

wage and real interest rate.

In response to a cost-push shock optimal monetary policy implies
[TO BE COMPLETED)].

6.1 Simple Rules

In the reminder we assume that the monetary policy authority can credibly commit to a simple
instrumental rule of the form of the Taylor rule (55). For the moment we set ¢, = 0, so that the
planner chooses the values of the coefficients ¢, and ¢, that minimize the expected, as of time
zero, discounted sum of future welfare losses.

We restrict our search to policy coefficients in the interval [-5,5]. However, we will mention
when our results are affected by the size of the interval.

Table 1 reports the optimal ¢, and ¢, under the variuos specification of the instrumental rule
considered, together with the conditional welfare loss associated to each of them in the case of a
technology shock. We assume that the system is initially at the steady state.

Consider the case of a contemporaneous rule, i.e. ¢ = 0. In that case the output response is
muted no matter the share of non ricardian agents, this is in line with the results in SGU (2005). The
optimal inflation coefficient is always below the upper limit of the specified interval. Remarkably,
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Table 1
Policy Rule A=0 A=0.3 A=0.5
Sticky Wages — ¢.; ¢,; loss ¢.; ¢ loss ¢ @5 loss
1=—1
i=0 3.2,0,0.1 3.7,0,0.091 4.5,0,0.085
=1
Flex Wages &5 ¢,; loss  @r; ¢, loss ¢r; ¢y loss
1=—1
1=0 5,—0.3,0 -5,0,0 -5,—1.8,0
i=1

Table 1: Technology Shock. Optimal Simple Rules

the optimal inflation coefficient response gets larger as the share of non ricardian agents increases.
This mimics results obtained under commitment, where the planner engineered a deeper reduction
in the rate of interest as the share of liquidity constrained agent increased.

Notice that wage stickiness plays a relevant role in the design of optimal policy. Indeed, as
shown in table 1, when wages are flexible the optimal policy response to inflation hits the lower
bound of the specified interval, more precisely it gets negative. The optimal rule is also characterized
by negative values of coefficient ¢,.

Table 2 shows the optimal ¢, and ¢, under the variuos specification of the instrumental rule
(55) considered, together with the welfare loss associated to each of them in the case of a cost-push
shock. Notice that in the case of wage stickiness the optimal inflation coefficient is always larger
than one, i.e it satisfies the taylor Principle no matter tha share of non ricardian agents. This is
not the case under flexible wages. Differently form the case of a technology shock, the cost push
shock genertaes apolicy trade-off even under flexible wages. For this reason the optinal inflation
coefficient stays within the bundaries of the interval over whcih we search. However as in the
previous case it becomes negative once A gets above a certrain threshold.

6.2 Optimal Rules Vs Commitment
[TO BE COMPLETED]

7 Conclusions

[TO BE COMPLETED]
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Table 1

Policy Rutle A=0 A=0.3 A=0.5

Sticky Wages  ¢.; ¢,; loss @5 ¢y5 loss @5 ¢y loss
1 =—1
i=0 2.2,0,3.73  1.1,0,2.192 1.6,0.2,2.65
1=1

Flex Wages Gr; Gy; loss @y @y; loss  @r; @5 loss
1=-—1
1=0 4.2,-1.3,0.08 —2.4,0,0.11 —4.8,2.4,0.13
1=1

Table 2: Cost Push Shock. Optimal Simple Rules

8 Technical Appendix

8.1 Derivation of the efficient equilibrium output

In order to derive the efficient equilibrium output, we need to first calculate the solution of the
Social Planner problem (SPP) and to derive first best allocation. The equilibrium output which
solve the (SPP) corresponds to efficient equilibrium output.

UiCy! UiCs” Ly Ly
max A — 4+ (1-A) A= —(1-))—=
{CH,t:CS,tyNt} l-o l-o 1+ (;5 1+ ¢
s.t
Ct - Y; - AtNt = )\CH,t + (1 - )\) CS,t - At ()\LHJ + (1 - )\) LSJ)
note that
Ucg = )\\IJCEU = )\O[}J
Ucge = )\C’I}U
since we assume that ¥ = 1, then the Lagrangean L is
v,ClY VO Ly Ly
max L = A Bty B \THE gy THE
{CH,tucS,tuNﬁ} 1—0 1—0 1—|—¢ 1+¢)

— 1y NClir + (1= X) Csy — Ay (ML + (1 — A) L))

first order conditions imply

oL o
0CH ¢ = 0: A Cp = A
oL Y
9Css = 0:(1-NWCq7 =p,(1-2)

which imply that
C’;I‘; = C’g? =C, 7
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the marginal utility of consumption the two consumer are identical, then given that the consumer
have identical preferences in consumption, it implies that Cy; = Cs; = C;

with respect to the labor supply

oL
oLy 0: ALY, = A
oL
Lo 0:(1=A)LE, = pAy (1))

again it implies
b _ 16 _ 190
Ly =L, =1y
the marginal utility of labor of the two consumer are identical, then given that the consumer have
identical preferences in labor, it implies that Ny ; = Ng; = Ny
Now i can combine the two generic equations

O =
Lf = mA
then
volorL? = A,

which is the standard equation with one representative household
Log-linearizing and considering that ¢; = y; and y; = a; + lt, we get the efficient equilibrium
output

eff _1+¢ 1

ar + .
t 0’+¢t J%-Qﬁwt

8.2 Derivation of the Welfare-based Loss Function

In order to derive a second-order approximation of the household’ utility function, we assume that
the steady state of our economy is efficient. Under this assumption, we have that in the steady

state:
Ve Vs W Y

Ucg Ucs P N

where Ny = Ng = N =Y and Cyg = Cg = C =Y. The last equality in (64) holds since the
economy production function is: Y; = N;A;, where A = 1 in steady state. As shown in section once
we get the efficient steady firms profits are zero in the steady state and the two households budget
constraint is identical, so that C's = Cy = C.

In order to derive a second order approximation of the households utility function, as in Bilbiie
(2008) we assume that the Central Bank maximizes a convex combination of the utilities of two
types of households, weighted by the mass of agents of each type, i.e.:

1 (64)

Wi =AU (Crp) = V(Ng)] + (1 = A) [U (Cst) = V(Nsy)] (65)
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we know that in our model Ng; = Ng; = N; for each ¢, this means that (65) can be rewritten as

Wi =AU (Crg) + (1 =AU (Csp) =V (Ny) (66)

A second order approximation of AU (Cp ) delivers
AU (Cut) =~ AU(CH)+Ucy (Cap — Cr) + Uy (v — )] +
2 [Ueweu (Crn — Ol 4+ 20y (Crny — Orr) (b — ) + U (4 — )?]
or
AU (Cr) =~ A [U (Cr) + UoyCh (ch,t + ;cit) + Uy (zpt + ;wfﬂ +
+% [UcycnCher ;s + 22U, Chtven sty + Uyyth* 07|

or

1 A
N (Ch) =AU (Cy) =~ AUy Cuh (ch,t + 2‘:%”) + §UCHCHC?{<:%L¢ +

A 1
+AUcy, Crien 1, + §wa¢¢? + AUyt <¢t + 2¢?>

tip

1 A .
AU (Chy) — \U (Ch) =~ NUe,, Cr <ch7t + 26%) + 5UCHCH Crciy + ANUcyyCrtben by + tip

1 A .
MU (Cpy) — AU (Cy) ~ AUc,, Cr (ch,t + QCZJ) + 5Uonon Chrciiy + Ny yCrtpen b, + tip

notice that

A 10 U
SUcenCl ety + NUcyyCrbenyy = ey, Cp | 511 0ycd , + CHWch,twt
2 2 Ugy Ucy
since UCUZ#CH =—0
H
A

1 U
§UCHCHCIZJC%L¢ + AUCH¢CH¢Ch,t¢t = Ac, CH <_2aci,t + OwaCh,twt>

Ucy

thus
Ucyy¥

Cu

1
AU (Cuy) — AU (Ch) ~ AUcy, Cu <Ch,t +-(1-0) C%%t +

B Ch,t“f%s) + tip

Given the assumed functional form

Ucpy¥ _

1
Uc,
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1 .
AU (Cryt) — AU (Cy) ~ AU, CH <Ch,t + 3 (1-o0) C%L,t + Ch,twt) + tip

Similarly a second order approximation to the utility of ricardian agents
(1= U (Cot) = N0 (C) 2 (1= N U, €, (enr-t 5 (1= 0) o+ curi ) + i
Also a second order approximation to V' (IVy) yields:
V(N;) =V (N)~VyN <m + 1;%2) (67)
Summing all the terms
Wy—W = Mc,Ch (Chﬂf + % (1-0) C%,t + ch,tl/)t> +

1
+(1 =N Uec,Cs <cs7t + 3 (1-o0) cg’t + Cs,t%) — VNN (nt + ﬂ )

or
1
Wy =W = XUc,Ch (Ch,t + 5 (1-o0) Ci2z,t + Ch,td)t) +

1 1
+(1=X) Ue,Cs <c57t +5(1=0)eg, + cs,twt> — VN <”t * %qs AZ)

Given our assumptions, steady state consumption levels are identical as well as hours worked, in
this case

1
Wy —W = AXUcC <Ch,t + B (1-0) C%,t + Ch,t¢t> +

1 . 1+¢.
+(1-=MNUcC (Cs,t + 5 (1-o0) Cg,t + cs,tz/Jt) — VNN <nt + 2¢n3>
or

1
Wt -Ww = )\UCC’ <Ch7t + 5 (1 — O') C}%,t) + UCCCﬂ/)t

. 1+, ,
+ (1= UcC <Cs,t+ (1-0)c; > VNN (nt+2¢”t2)+t1p
From the economy production function we know that

My =Yg + dwyg + dpr —

i\ —Ow i\ —0
where d,, ; = log fol (%) dj is the log of the wage dispersion and d,, ; = log fol (%) " di is the
log of the price dispersion. Both terms are of second order and therefore thay cannot be neglected
in a second order approximation. Notice that

= (0 +dwt +dps — @)’ =y} +a} — 2y

21



thus

1
Wy —W = AUcC (Ch,t + 5 (1- )Ch t) + UcCept),

1
+(1=\UcC <cs,t +5(1-0) cit) -

~VNN <yt +dyt + dpy — ar + %é (yi +af — 2ytat)> + tip
or
W,—W = X\UcC <ch,t + % (1-o0) cz,t> + UcCept),
+(1-MNUcC <Cs,t + % (1-0) cit) —
-VNN <yt +dys+dp —ap+ %@5 7 —(1+¢) tat) + tip
or

1
Wt - W = )\UCC <Ch7t + 5 (1 - J) C%l,t> + UCCCh,twt

1
+(1-MNUcC <cs7t + 3 (1-o0) cg’t> -

—VNN <yt +dys+dp —ap+ T¢yt2 —(1+9¢) ytat> + tip
or, since UcC = VyN
w = o+ % (1-o)ct, + u ; A (1—0)c2, + UcCeytpy +
- (yt +dyt +dp —ar + quytz (1+9) ytat> + tip
then using equilibrium condition ¢; = y;
M/;];CVV = Y+ 1-0) P‘ci%,t +(1—=2A) Cg,t] + ot +
— (yt +dyt +dpr —ar + %yf (1+¢) ytat> + tip

Next notice that
CHt = W +ny

then
qu,t = wf + n? + 2wy
= wt2 + yt2 + a? — 2yia; + 2wy — 2wiay
= (yt— @t)2 + Wi+ 2wy — 2wiay
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and

R 1 A
C C I
SET TN T T
thus
~ 1 R )\ 2A 1 )\ o
C%,t = (1_>\)203+<1_)\) C%I,t_2<1_>\> (1_)\) CtCH ¢
1A2<A>2A2A2 . N
- G+ | —— | (wy+ng+2wn) — & (W, +m
it () (it 2 - B
1 i2 A 2 A2 | ~2 2 N N R
- Wyt—i_ 1— 2\ (wt+yt +at_2ytat+2wtyt—2wtat)
2 o .
_(1_)\)2 (ytwt+yt2—ytat)
then

(g + (1= éd)
= A (yt2 + CL? - 2ytat + ’UA)t2 + 2ﬁ)tgt — 2’that) +
1 5 A2 22, 22 2 on - . 20 g
m?/t + m (wt + U + ay — 290 + 207G — 2wtat) — m (ytwt +y; — ytat)

collecting terms

(A + (1= N)é3,)

- <“(1A—2A>>wf+<”1iﬁ<1i2x>‘(12—AA>>3’3+

. 1
11—\
A2 ) A2 A
*(“ @ —A))“t ‘2<“ =Y <1—A>>W‘t+
—_— ~~
A 0
1—X
A2 A A2
2 — -2
* <“<1—A> (1—A>>“’“’t (“(1—A>>W
o 5

simplifying

(A +(1—Néd,) = <(1_AA)> wi + Y7+ (1—/\/\)(1% —2 <(1_AA)> wyay

Using this results and considering that a; is independent of policy the welfare function can be
rewritten as

Wy —W 1{(1—0)A
(tjcic = 2[((1_0))\)wt2—(0+¢)yt2—2

— (dwt + dpy) + tip

(I—0)A
Y

wear + 2yhy + 2 (1 + @) ytat]
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Next we have to rewrite some terms. Recall that

(c+d)y T =1+ ¢)a+ v,

thus
(c+9) ytytEff = (1+ @) yrar + yety

Also
(0 + ¢) (yt —yfff)2 = (0+9) (yf + (yfff)2 —2ytyfff>
=(a+@(ﬁ+(ﬁ”f)—ﬂo+@mﬁ“

substituting for the previous result
eff)? 2 (et
(0 +9) (yt—yt ) =(0+9) ?Jt+(yt ) —2(1+ @) yrar — 2y,

which implies that

2

2(1+ @) yrar + 2ysh, = (0 + @) (yt2+ (yfff)2> — (04 9) (yt —yfff)

In this case

WV Lo
2

UcC (1—\) (w} = 2wiar) — (0 + @) x?} — (dwst +dpy) + tip

where z; = (yt — yf 17 ) and given that yf I i independent of policy. Also notice that

wfff = Q¢
which is a term independent of policy. Multiplying th ) by w; we get:
wtwteff = Wta¢

Next ) )
(wt—wfff) :wt2+(wteff) —thwfff

combining

2 2
(wt — wteff> = wf — 2way + <wfff)

which implies
2 2 2
w?—that: (wt—wteff) —(wteff> :dz%—(wfff>
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Substituting the latter into the welfare loss funstion and considering that wy 1

of policy, we get

is a term independent

Wi—W  1[(1—-0)X_,
UcC 2

Ty 0 — (0 + @) x?| — (dwy +dpys) + tip

Using Woodford Lemma 1 and Lemma 2, we can finally write the present discounted value of the
Central Bank loss function as

1 & — 1A Ow |, w 6 .
L= 28 (oot kst e 2 ) i

Notice that if o<1 deviation of the real wage from its efficient level leads to a lower society’s loss.
How can this be the case? Recal that in a standard model changes in the real wage have no wealth
effect on labor supply, since they are exactly off set by changes in profits for given hours. This is
not the case here. However I don’t whether this is the reason.

Derivation of the welfare function under flexible wages:

Remember that in the case in which wages are fully flexible, the labor supply is:

wy = oc+ ¢ng — Yy
= oyt + oy — day — pdp s — P,
= (04 @)y — dpar — Y, — pdyy

hence, subtracting the efficient equilibrium to the LHS and the RHS of the previous equation
wy = (0 + @)zt — ddp

where we use the fact that dp,; — dﬁ{ f

and that ¢, = f T and terms multiplied by —¢d,, ; are terms higher than second order. Then

= d, (given that dﬁ{ 7 = 0). Moreover, we know a; = al i1

wi = (0 + ¢)x}

this meas that the welfare-loss can be rerwritten as follows:

L= 30 (o oyst s TEDE A B, )

1—X Kp

Notwistanding wage flexibility there is and additional term with respect to a fully ricardian frame-
work, given by %x% Once again this is due to the presence of rot agents and similarly
it disappears when ¢ = 1. Also, when o< 1, the identified additional term leads to a reduction in
society’s welfare loss.

The presence of a union implies that workers supply labor on demand. To see this and

neglecting exogenous shocks, the production function implies
e = U
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where recall that n; = mny; = ns;. Thus an increase in output leads to an increase in hours
worked and viceversa for any given level of the real wage. Suppose now that labor markets were
competitive. In this case liquidity constrained agents would be characterized by the following FOC
for labor supply

Cbﬁh,t + O-/C\h,t = Z/L?t (68)

In can be shown that under competitive labor markets the dynamic of the aggregate wage would be
identical to that obtained in the case in which unions set wages, i.e. wy = oc; + ¢n;. Substituting
cht = wi + np ¢ and the aggregate wage into (68) leads to

Nht = (1- U) Yt

which shows that in the case in which ¢ > 1 hours of liquidity constrained agents would move in
the opposite direction with respect to output. Given the union forces them, no matter the value
of o, to increase hours worked as y; icreases they suffer a loss which shows up in the welfare loss
function. When o<1 instead hours of liquidity constrained agents would move in the same direction
of output, the gap with respect to the decentralized equilibrium gets narrower and the loss reduces.
When o = 1, instead, liquidity constrained agents would maintain theri labor supply constant, the
loss in this case is measured uniquely by the distortions due to output changes as in the standard
framework.

8.3 Derivation of the IS curve

We know that, by log-lienarizing the Ricardian Euler equation

1 1
Csp = Eycs iy — =By (ry — mey1) — — APy
o o
while from the consumption function of rule-of-tumb consumer we get:
CH,t = lt + Wt

while aggregate consumption is
ce =1 =X cst+ AcHy

then solving the latter equation for c; ¢

1 A
1-\

Csit =

substituting in the euler equation we get

1 py
12" 1o

1 A 1 1
CHt = E; <1 _ )\Ct+1 - 1— )\CH,t+1> - ;Et (Tt - 7Tt+1) - ;A¢t+1

or
11—\ 11—
ct = Ey (ciy1 — Megq1) — ( ) ( )

E; (Tt - 7Tt+1) - Awm
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or substituting for ¢; = y; and for ExAcp 41 = B (Aly1 + Awig)

(1—=2X) (1=2X)

= Ewir1 — AE Al — AE Awyyr —

By (ry — mq1) — Aty

given the aggregate production function
yr =1l +a

then we substitute [; for I} = y; — a¢, then we get

(1=

1—A
Yyt = BEyyrr1 — AE Ay + AE Aay1 — AE Awyq — ( - )Et (re = mig1) — ——— Ay
or solving for y;
A 1 L1
Yt = Eryr1 + ﬁEtAatH - ﬁEtAth - ;Et (re =) — ;A¢t+1 (69)

rewriting equation (69) in terms of output gap from the efficient equilibrium output we get:

A A 1 1
v~y =B <yt+1 yt+1 )—i—Ayﬁflf . )\EtAat-i-l_ﬁEtAwt—&-l_;Et (re — ﬂf+1)_;Awt+1
(70)

we define x; = y; — yfff, then

A A 1 1
Tt = Etxt—i—l + Ayﬂ_flf + ﬁEtAat—H - ﬁEtAwt-&-l - gEt (rt - Wf_u) - ;Awt-&-l (71>

remember that FiAw; 1 = By — Eyr? 1, then equation (71) becomes
1 1
EiAa i — Et”t+1 gEt (Tt - ”f+1) - 5A¢t+1
(72)
We now want to rewrite the IS curve, in terms of the efficient rate of interest. We know that under
the efficient equilibrium z; = Fixy41 = 0, and Eym, = Eﬂrf 11=0, then

A A A
ry = Bixyq + Ayiff + T-x ﬁEﬂTtH + -

e A 1
refh = (Ayt s ﬁEtAat-H — 0A¢t+1> (73)

given that: EtAyﬂflf = (})%EE,:A%H + ¢T10EtA’l/}t 11, then we can rewrite the efficient rate of
interest as follows:

. 1+ A 1 1
thf =0 |:< ¢ + 1_)\) EtACLt+]_ + (Cf)—FU - O') EtAl/Jt+1:|

then, we can finally write the IS as

1 A
e <"“t — T Tfff) -1 (Bt — Eir)
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