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Abstract

This paper investigates how member states of a monetary union are affected by gov-
ernment debt and the risk of inflation that might be involved when different pen-
sion schemes are in place. I use a stochastic two-country two-period overlapping-
generations model, where one country uses a PAYG pension scheme and the other
country uses a fully funded retirement system. There is productivity risk on stocks
and inflation risk on government bonds. The paper first shows that a country using a
PAYG pension system gains from unexpected inflation at the cost of the country that
uses a funded system. If it is not clear to market participants how the central bank will
react to these conflicting interests about inflation, inflation risk may rise with the level
of government debt in the PAYG country. Higher inflation risk affects both countries
negatively as the rate of return on bonds, and thus the interest obligations on govern-
ment debt will rise. The scenarios sketched in this paper might be especially relevant
in the coming decades when the population ages and the higher pension burden will
put the public finances more under pressure.
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1 Introduction

In the coming decades population ageing will put public finances in the European
Economic and Monetary Union (EMU) under great pressure. This especially holds for
countries that have large public pension schemes financed on the basis of pay-as-you-
go (PAYG), where the working population pay taxes to finance the pension benefits
of the elderly. In these countries the projected increases in government expenditures
are enormous (see EuropeanCommission (2006)) and the temptation for governments
to use debt instead of raising taxes/lowering pension benefits will be large!.

High levels of nominal government debt gives governments an incentive to lobby
for surprise inflation at the central bank as this will reduce the fiscal burden of debt
service. The question is of course whether the central bank will give in and create
unexpected inflation. The European Central Bank (ECB), for example, is formally
independent. The decision-making process about monetary policy, however, is not
always transparent to market participants. This implies that the market does not
exactly know how the ECB will react when debt levels are high and investors may
perceive that the risk of inflation is higher. Higher levels of government debt will in
that case go together with a higher risk of inflation. In a monetary union like the EMU
this will necessarily affect other members that accumulated large pension funds.

This paper analyses the effects of government debt and the associated risk of infla-
tion when countries with different pension schemes form a monetary union.

To address both the issue of government debt and inflation risk I develop a stochas-
tic two-period overlapping generations (OLG) model with two countries that form
a monetary union. One country has fully funded pensions and the other country re-
lies on PAYG-financed defined benefit pensions. Consumers allocate their investment
portfolio between stocks and government bonds. Both assets are risky, productivity
risk makes the return on stocks uncertain and there is inflation risk on government
bonds. In a model where the asset returns are uncertain the difference in pension
schemes implies that people in the two countries have different attitudes towards
risk. People who receive a safe PAYG pension benefit act like less risk averse individ-
uals and prefer to have a more risky portfolio compared to people that do not receive
a safe pension benefit, i.e., have fully funded pensions.

The major advantage of the stochastic general equilibrium model in this paper is
that it is fairly simple so that explicit solutions are still feasible. Most papers that
develop stochastic general equilibrium OLG models use computable models (e.g.,
Storesletten et al. (1999), Sanchez-Marcos and Sanchez-Martin (2006), and Krueger
and Kubler (2006)). There are a few papers that develop an analytical stochastic gen-
eral equilibrium OLG model, like Bohn (1998, 2001, 2003) and Beetsma and Bovenberg

1Given the exceptions made for Germany and France in 2003 this scenario might actually occur.



(2007). These papers do not, however, derive the optimal conditions for savings- and
portfolio decisions of consumers as I do in my model.

To obtain an explicit expression for the optimal portfolio share I use the approach of
Campbell and Viceira (2002). This approach is also taken by Matsen and Thogersen
(2004) who develop a partial equilibrium model where the PAYG pension system is
treated as a 'quasi-asset’ and they derive the optimal share invested in this PAYG
asset. Matsen and Thogersen (2004) assume that people only consume in the second
period of life, so that the complete net labour income received in the first period of life
is saved. In contrast to Matsen and Thogersen (2004) I model the savings decisions of
individuals and more importantly, I develop a general equilibrium model where the
effects on the rates of return are taken into account.

An important channel in this paper is that countries with high debt levels might be
able to put pressure on the central bank to follow an accommodating policy in order
to reduce the debt burden. This implies that we assume that the monetary author-
ity might not be completely independent and may have an incentive to inflate away
nominal debt. One could argue that this assumption is not very realistic as mon-
etary policy has become more and more independent in the last decades. I argue,
however, that in case PAYG countries finance their increased pension obligations by
issuing more debt, that, given the scope of projected increases in expenditures (see
EuropeanCommission (2006)), the accumulation of debt is extensive. These high debt
levels substantially increase the pressure on the central bank to give in. In the Eu-
ropean Economic and Monetary Union (EMU) it may happen, for example, that a
group of large countries that rely to a large extent on PAYG-financed pensions (e.g.
Italy, Germany and France) put pressure on its national delegates on the board of the
ECB to accommodate.

Another argument, put forward for example by Leith and Wren-Lewis (2006), Sch-
abert and Van Wijnbergen (2006), Annicchiarico et al. (2006), could be that the com-
bination of high nominal debt and an active inflation targeting policy by the central
bank may result in unstable debt dynamics. The reasoning is that a high level of gov-
ernment debt increases inflationary pressures. If the central bank raises the nominal
interest rate in response to higher expected inflation, the service costs of debt rise,
which further increases the real debt and thus leads to unstable debt dynamics. To
avoid an explosive path for debt, the monetary authority has to follow a "passive"
policy such that the rise in inflation reduces real interest rates and the debt is sta-
bilised. These studies assume Calvo-type price rigidities and the central bank follows
a Taylor-type interest rate rule. In contrast to these papers I do not model monetary
policy explicitly, but I introduce a simple ad-hoc specification of the link between gov-
ernment debt and inflation (risk). Moreover, I assume that governments only increase
their debt for a while and make sure that the debt dynamics are stable. The nominal
rigidity in the model does not originate from the fact that imperfectly competitive



firms can only change their prices infrequently, but from the fact that people invest in
long-term nominal bonds. This assumption is justified by the fact that the introduc-
tion of market-based valuation by regulators forces pension funds to use the yields of
fixed-income instruments as the basis for discounting liabilities. In response to this,
pension funds hold a larger fraction of long-term bonds to limit the volatility of the
regulatory funding ratios and to reduce the duration gap between assets and liabili-
ties. Long-term bonds are still mostly denominated in nominal terms?. Unexpected
inflation has real effects because it creates a wedge between the ex post real interest
rate and the ex ante rate.

Unexpected inflation decreases the real value of government debt and the real re-
turn on government bonds>. This creates a gain for the government, while debt hold-
ers lose. In a closed-economy setting unexpected inflation is a zero-sum game, that
is, the gain for the government is exactly high enough to compensate the people who
lose from surprise inflation. In an asymmetric monetary union where one country
relies on PAYG pensions and the other country has a fully funded pension scheme,
however, the PAYG country gains from unexpected inflation at the cost of the funded
countr. This means that there is a conflict of interest on monetary policy when coun-
tries with different pension schemes form a monetary union. The reason for this result
is that residents of the funded country hold a relatively large share of the total amount
of government bonds because they save more and have a more conservative invest-
ment portfolio. This implies that the PAYG country can export part of the inflationary
tax on debt holders to the funded country, while it still receives the full gain of a lower
debt burden and a net gain results. The PAYG country therefore has an incentive to
lobby for suprise inflation at the central bank when it forms a monetary union with a
funded country.

This gain of unexpected inflation for a PAYG country rises with the amount of nom-
inal government debt. In the coming decades the ageing of the population will put
the public finances more under pressure. In case PAYG countries finance their in-
creased pension obligations by issuing more debt, the incentive of PAYG governments
to lobby for surprise inflation will rise. On the other hand will unexpected infla-
tion harm funded countries more if PAYG countries issue large amounts of nominal
government debt. The conflict of interests on monetary policy between PAYG- and
funded countries will therefore be reinforced if population ageing raises government
debt in PAYG countries.

2This is especially relevant for the Netherlands, where a large part of old-age consumption is financed
by pension benefits which are taken care of by pension funds. In 2005 the investment portfolio of the
largest pension fund in the Netherlands, the ABP, consisted for 40 percent of nominal bonds (see ABP,
2006, Table 5.5).

3Expected inflation will not have any real effects because people will ask a higher nominal rate of
return on government bonds, so that the real rate of return does not change.



The question is of course whether the central bank will give in and create unex-
pected inflation. The European Central Bank (ECB), for example, is formally indepen-
dent. If, however, the decision-making process of the central bank is not completely
transparent, it will not be clear to market participants how the central bank will react
to these conflicting interests about the creation of inflation between PAYG-and funded
countries. As a consequence, there will be more uncertainty about what the final out-
come for inflation will be and inflation risk may rise with the level of government
debt in PAYG countries. Higher inflation risk makes government bonds more risky
and less attractive to hold. The rate of return on bonds will rise relative to the return
on equity (i.e, the equity premium falls) to induce people to buy the existing stock of
government debt. The increase of the rate of return on government bonds implies that
the costs of government debt rise, which harms both groups of countries. Actually,
the negative utility effects from a rise in inflation risk is larger for the PAYG country
if it forms a monetary union with a country that uses a fully funded pension scheme
instead of a PAYG system. This result arises because the funded country holds a rela-
tively large part of the government bonds and people in the funded country are more
risk averse because they do not receive a safe PAYG pension benefit. Therefore these
people need to be compensated more in order to hold the more risky government
bonds, that is, the rate of return on government bonds has rise to a larger extent when
a funded pension scheme is in place.

The analysis in this paper therefore points out that in a monetary union like the
EMU it may be in the interest of both funded- and PAYG countries to obey the fis-
cal constraints stated in the Stability and Growth Pact to prevent large increases in
government debt, which may raise inflation risk. Moreover, it is important for all
countries that a central bank like the ECB is independent, credible and transparent to
prevent an increase in inflation risk when debt levels are high.

A number of other papers have also argued in favour of fiscal restrictions in case of
monetary unification. Chari and Kehoe (2007), for example argue that there will be
a free-rider problem in fiscal policy in case there is a time-inconsistency problem in
monetary policy resulting from an inflation bias by the central bank. This free-rider
problem arises because the fiscal authorities do not fully take into account the cost of
higher inflation due to a higher stock of public debt, as part of these costs wil be borne
by residents of other countries in the monetary union. This results in too much debt
accumulation and an inflation rate that is too high. Beetsma and Bovenberg (1999)
also argue that monetary unification leads to excessive debt accumulation due to the
lack of commitment in monetary policy and myopic governments. In these papers the
countries in the monetary union are symmetric and the interaction between monetary
policy and fiscal policy is modelled as a game. The objective function of the central
bank comprises the inflation rate, output (gap) and government debt. In contrast to
these papers I take monetary policy as exogenous, we just note that high debt levels



may lead to high inflation (risk). Moreover, the countries in our model are asymmetric
and I show that this asymmetry has the effect that one country gains from unexpected
inflation at the expense of the other country.

This paper is organised as follows. Section 2 presents the stochastic OLG model. In
Section 3 I discuss the effects of government debt. Section 4 analyses the effects of an
unexpected inflation shock where both countries try to compensate the people that
lose from this shock; the elderly. As explained above the government in the PAYG
country can implement a policy that is Pareto improving in its own country, while
the residents in the funded country necessarily lose. This result shows that within
the EMU there will be conflicting interests between different groups of countries in
setting monetary policy in case debt of capital-importing (PAYG) countries reach high
levels. Section 5 explores the spillover effects in case these conflicts of interest on
monetary policy raise perceived inflation risk. Section 6 concludes the paper.

2 Model

Following Buiter (1981) and Persson (1985), I will use a two-period overlapping-
generations model of an open economy. The world consists of two countries, country
F and country P, which differ in the way the pensions are financed. Country P re-
lies on a PAYG pension system and country F has a fully funded pension scheme. I
assume a constant population size* and dynamic efficiency in both countries. Coun-
tries may, however, differ in population size. In this way, I allow for scale differences
between the two countries. Normalizing the working population in country P, L?,
to one and define é—i = v, then v tells us the relative size of the active population in
country F, L¥. The countries are identical in all other respects. I use the framework
of Campbell and Viceira (2002) to derive an explicit solution for the portfolio choice
of consumers. All variables in the model are expressed as the amount per young in-
dividual in the country and lowercase letters refer to the logarithm of the respective
variable.

4This assumption may come as a surprise as the main motivation of this paper, as sketched in the In-
troduction, is that population ageing will exert great pressure on public finances in the coming decades.
To keep the results tractable, however, we leave population ageing out of the analysis. The upcoming
rise of the relative number of elderly compared to the working people provides a good argument why
the scenarios described in this paper might occur in the future. The interested reader is referred to
Adema (2008b) where the rise in government debt evolves endogenously after a rise in life expectancy.
The international spillover effects of pensions under population ageing without the use of government
debt are analysed in Adema et al. (2008a).



2.1 Risk factors

There are two risk factors, there is productivity risk on stocks and inflation risk on
government bonds.

Production

Production per worker is described by a standard neoclassical constant-returns-to-
scale Cobb-Douglas production function:

F(Ay, Ki) = Ar(KD)* 1)

where A; denotes productivity at time t, « the production elasticity, and Ki the amount
of capital per young individual at time ¢ in country i, i = P, F. Profit maximization
and perfect competition among producers results in the usual equilibrium conditions:

Wi = (1-a)A(K)" )
Ri,+6 = wAyf(K)*! 3)

where Wti is the real wage, Rf(’ ; the return to capital and ¢ the depreciation rate of capi-
tal. There is perfect capital mobility between the two countries, but labor is immobile.
Since capital can freely move across countries, the rates of return will be equalized,
ie., R]I:, ;= R,f, ; = Ry, Vt. As both countries are endowed with the same production
technology, we have K = KI = K;, and consequently W& = W} = W;. Follow-
ing Campbell and Viceira (2002) I assume that the gross return on capital (1 + Ry ;)
is lognormal distributed®. To achieve this I assume that A; is lognormal distributed
and that there is 100% depreciation, i.e., § = 1. This implies that both W; and Ry,
are stochastic. People do not have to form expectations about W;, however, as A; is
already known before W; is paid (see Section 2.2, Figure 1). People base their saving-
and portfolio decisions on the future return of capital, so they do have to form expec-
tations about this variable. The variance of the log of the gross return on capital is
equal to the variance of the log of productivity (see Appendix A.1 for details), i.e.,

Vari[log(1+ Ri;11)] = Var[log Asiiq] 4)

2 2
Okt = Uat @)

7

5In case a variable X is lognormally distributed, this means that:
logX ~ N (E(log X), (TJ%)

The expectation and variance of X are equal to:

E(X) = explElogX)+ 53]

0k = expE(logX) + o7]lexp(c7) — 1]



Inflation

Government debt is denominated in nominal terms and therefore there is inflation
risk on the return on government bonds. Inflation (risk) is the same in the two coun-
tries as they form a monetary union and there is no country-specific risk, like default
risk, on government bonds®. Perfect capital mobility equalizes the rates of return on
government bonds. The real return on government bonds is equal to:

1+R%

14 7y (©)

1 + Rb,t —
where RY, is the nominal return on government bonds and 7; the inflation rate be-
tween t — 1 and t. The nominal return R}, is a predetermined variable and I assume
that the inflation factor (ﬁ) is lognormally distributed. In Appendix A.2 we derive
that:

1
Var; [log(1+ Rpsy1)] = Var [log (W)} 7
ab%t = 0 721,t ®)

There are no risk-free indexed bonds, which implies that there is a missing market.
Safe income in the second period of life, like defined-benefit pensions, would (partly)
fill this gap.

2.2 Timing

The sequence of events is shown in Figure 1. At the beginning of period ¢, the capital
stock K; and the nominal interest rate on government bonds Ri\ft are inherited from
the previous period, as they are determined by the savings and portfolio decisions
made in period t — 1. Then, productivity and inflation are revealed. With this knowl-
edge firms choose factor employment and the real return on government bonds is
determined. Subsequently, households make their portfolio choice i and saving de-
cisions Si (and thereby their consumption decisions), i = P, F, which are also based on
the expected future asset returns. Consumers only face uncertainty about the return
on their savings.

®Harald Uhlig: Maybe better just to say that the return on bonds is stochastic instead of calling it
inflation risk as the model is real for rest. But: in current version model risk on bonds should be the
same in the two countries, so I cannot call it default risk because this can differ between governments.
Inflation risk, however, should be the same in the two countries when they form a monetary union. —
Maar bij de paper over H4 kan ik dit wel doen!



Figure 1: Timing of events

t t+1
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Y

2.3 Pensions and government debt

Intially, the government in country P runs a balanced PAYG pension system, that
is, pension benefits of the elderly (Z) are covered by lump-sum taxes of the young
(TP

7P =T1P 9)

An important assumption in this paper is that PAYG pension benefits are guaranteed
in real terms, that is, PAYG pension benefits are safe. This implies that the PAYG
pension scheme partly removes the market incompleteness that people cannot invest
in any risk-free asset, as the system offers the possibility to transfer income from the
working period to retirement at a non-stochastic rate of return. In this way I incorpo-
rate the fact that a PAYG pension scheme also serves as a risk-sharing and diversifi-

cation device.?

Governments issue one-period debt, which yields the real interest rate R ;. Instead
of levying taxes on the young (T/), the government in the PAYG country can also
use public debt for a while to finance the pension benefits of the elderly. At a later
stage, additional contributions (TtB P ) are raised to finance the interest obligations on
the debt, so as to keep debt per worker constant. The government budget constraint

"By omitting time subscripts, I denote the initial steady state value of the respective variable.

8The PAYG pension scheme has a comparable role as in the literature that focuses on the intergener-
ational risk-sharing properties of pension schemes. The idea of this literature is that financial markets
are incomplete because there cannot be trade with unborn generations and human capital is not traded.
As a result of these missing markets the young are too much exposed to wage risk and the old bear too
much financial market risk. In case financial market returns are imperfectly correlated with wages, this
results in suboptimal diversification. By linking PAYG pension benefits to wages, retired households
obtain a claim to human capital which is not traded on financial markets. In this way PAYG pension
schemes can contribute to better intergenerational risk sharing and diversification. I do not link pension
benefits to wages because in this model wages are perfectly correlated with stock market returns (both
are affected by productivity risk) and therefore wage-linked pension benefits will not improve diversi-
faction opportunities. PAYG pension benefits are modeled as safe lump-sum benefits and in this way
pension benefits are imperfectly correlated with financial market returns and therefore contribute to bet-
ter diversification. To allow for imperfect correlation between labour and capital income an often-used
trick is to assume that there is is depreciation risk besides productivity risk. As soon as PAYG pension
benefits are linked to (past or current) wages, Z/’ becomes stochastic. I leave this for future research as
this would complicate the analysis to a large extent.



in the PAYG country is given by:
BYy = (1+Ry)Bf +2zF -1 - T}" (10)

where public debt per young individual at time t is denoted by Bf. In case of a
balanced PAYG system, i.e., Zf = Ttp , debt per worker is stabilized at BP if:

TP = R, ,B” (11)

Note that R;; is known at time t as both Ri\f ; and 71; are already known at the begin-
ning of period t (see Figure 1).

In country F, pension funds invest the contributions of the young (Tf) and return
them with interest in the next period in the form of transfers to the then old agents
(Zf +1)- The funded scheme has fixed contributions and the pension fund has the
same investment strategy as individuals. This implies that contributions to the pen-
sion scheme are exactly offset by an equal reduction in private savings. The funded
pension system is neutral in the sense that the economy behaves exactly the same as if
there were no pension scheme. Therefore, I do not distinguish between contributions
to the funded pension scheme and private savings, that is, pension contributions T/}
are included in total savings SI. Moreover, opposed to the PAYG country, the pension

benefits in the funded are just as risky as savings.

As pensions in the funded country are organised by pension funds and not by the
government, they do not enter the government budget constraint:

B, = (1+Ry,)Bf — T/F (12)

where public debt per young individual is denoted by Bf. The government in the
funded country keeps its debt constant at BF by raising a debt tax T>F that is equal
to:

TP* = R, ,BF (13)
It is assumed that the level of government debt is the same in both countries in the

initial steady state, i.e., B = BF = B.

2.4 Households

Expected lifetime utility of a representative individual born at ¢ is given by the fol-
lowing utility function:

S . 1 ,
EU(CY,C%) =10g(Cl") + —— E; [log(C)]| (14)

1+p
where CtY s consumption when young of an individual living in country i, i = P, F,
and Cgfl is consumption in the second period of life, p is the rate of time preference.



Only consumption in the second period of life is uncertain because the rates of return
depend on the realizations of A;;; and 71411, which are unknown at t when decisions
about savings Si are made (see Figure 1).

People can either invest in firm stocks which yield the stochastic return Ry, or
in government bonds with the stochastic return Rb,t+19- The part of savings that is
invested in equities is denoted by +}, so that the return on the portfolio can be defined
as:

R;,H—l = YiRes1 + (1= 1) Rpi1 (15)

Young agents inelastically supply one unit of labour. The consolidated lifetime bud-
get constraint is'”:

. ‘ ) 1 0i ‘
W= T - T -V = ——— (C% — 74, (16)
L+ R,
Maximizing lifetime utility with respect to the lifetime budget constraint gives the
Euler condition:

1 Yi 0,i -1
1=, O R [(Ct+ll) 1+ let+l)] (17)

where j = p,k, b. To derive an explicit solution for the portfolio choice 'yﬁ, we follow
the approach of Hansen and Singleton (1983) and Campbell and Viceira (2002) and
assume that the joint distribution of consumption and gross returns is lognormal.
Optimal portfolio choice in the funded and PAYG country, 7 and +f, are given by
(see Appendix B for the details):

p  1ogE{(1+ Rysy1) —logEs(1+Rpep1)  Okpir
"= 2 ) (18)
(1- Zt)”k—b,t Tk—b,t
r o logE(1+Rysy1) —log Ef(1+Rpep1)  Okpir
T = 2 ) (19)
J; J;
bt bt

where U,%_h ; is the variance of the excess return of stocks over bonds, oy is the
covariance between the excess return and the return on bonds, and z; is the part of
expected old-age consumption financed by PAYG pensions:

ZP

t+1 (20)

E:(1+ Rg/tﬂ) exp(—%((rgt)l’)%3 + Zf+1

Zy =

9We assume that individuals or firms do not issue bonds. In a two-period OLG model individuals
can only issue bonds if agents are heterogenous. Moreover, if firms can issue bonds besides stocks the
decision-making process about the financing structure of firms has to be modeled. Both extensions will
complicate the analysis to a large extent and therefore we leave these for future research.
19Debt tax is levied on the young. This is an important assumption because it affects savings decisions
and in that way capital accumulation.

10



People in the country with the PAYG pension scheme invest more in the risky asset,
ie., 77 > vf, as they receive a safe PAYG pension benefit when they are old (this is
shown by the (1 — z;) term in equation (18)).

Optimal savings are given by!! (see Appendix C for details):

exp |1 27(02)"]

Sy Wi — T — TP
1+p+exp B (Ugt)P:| ( )
_ I+p Z} (21)
1+p+exp (%zf(a;%t)l’> Ev(1+R), ) exp(—5(cp)")
1
Fo_ _ TBF
= 3 (wt T! ) (22)

Notice that people in the funded country do not react to changes in uncertainty or
rates of return. The reason is that, given a logarithmic utility function, the coeffi-
cient of relative risk aversion and the intertemporal substitution elasticity are equal to
one. People in the PAYG country, however, do react to changes in the portfolio return
R; 11 and the variance of the portfolio (c; ( )F. A higher portfolio return decreases the
net present value of the PAYG pension beneflt ZF. | and therefore affects savings in the
PAYG country positively. The effect of portfolio return uncertainty is somewhat less
straightforward, however. In general, savings are affected in two ways when there
is uncertainty (see for example Sandmo, 1970, Rothschild and Stiglitz, 1971). First,
higher riskiness makes it necessary to save more in order to protect oneself against
very low levels of future consumption, this is the income effect. Secondly, there is a
substitution effect; an increase in the degree of risk makes the consumer less inclined
to expose his/her resources to the possibility of loss, so that savings fall. As shown
in Adema (2008a) people with a logarithmic utility function, who receive a safe PAYG
pension benefit become less risk averse and act like someone with a coefficient of rel-
ative risk aversion between 0 and 1 that does receive a safe pension benefit. In that
case the substitution effect of uncertainty dominates the income effect, implying that
savings fall when the risk on the portfolio rises.

2.5 Equilibrium international capital market

Individuals invest their savings either in the home country or abroad. The interna-
tional capital market is in equilibrium when savings at time ¢ finance the capital stock
and the total amount of government debt in the next period:

S{ +vS; = (1+v)Kpy1 + (Bfyy + vBf,) (23)

1Savings in the funded country SF also contain contributions to the pension fund T} .

11



Moreover, portfolio choice has to be such that the right part of savings goes to the
capital stock and government debt:

'nyf +v'thStF = (14v)Kiq (24)
(1=90)Sf +v(1—7})Sf = Bf+vBi (25)

where one of the equations is abundant. This implies that there are two equilibrium

N

conditions and K;.1 and Rb’t n

hold'?.

1 adjust to make sure that these equilibrium conditions

3 Government debt

With a fixed retirement age, population ageing will increase the relative number of
inactive elderly compared to the number of active young people. This will put pres-
sure on social services that redistribute from the young to the old. One example is
the public provision of pensions financed on the basis of pay-as-you-go. Given the
scope of projected increases in expenditures (see EuropeanCommission, 2006), coun-
tries with large PAYG pension schemes might finance their increased pension obliga-
tions by issuing more debt. This section analyses the (international) effects of the use
of government debt by the PAYG country.

The government temporarily uses debt to (partly) finance the pension obligations,
implying that the PAYG pension scheme is not balanced for a while (Ttp # Zf ). This
is modelled as follows:

T = mZf (26)

where pi; < 1. To calculate the effect of public debt analytically, I employ the method
of comparative dynamics from Judd (1982). The process for y; is given by:

pe=1+Cfi (27)

where f; < 0 describes the time pattern of y; from its steady state value (= 1) and ¢
reflects the magnitude of this perturbation. The effects of the use of government debt
can be traced by linearizing the various equations with respect to { around the initial
steady state. The change in PAYG contributions T} is then equal to:

—L =7Ff (28)

The government can only increase its debt for a certain number of periods, otherwise
the government debt dynamics will be unstable. Assume that the government uses

121 checked for stability by verifying whether the two eigenvalues of the dynamic system given in
equations (23) and (24) were within the unit circle. This was the case for various parameter values.

12



debt until period t* and from period t* + 1 onwards the PAYG scheme is balanced

again:
€[-1,0) fort=10,t*
s [ e 0.1 9
0 fort = [t*+1,00)
We assume that as soon the PAYG scheme is balanced again, the debt tax is increased
in such a way that the debt per capita is constant again, but at a higher level than in
the initial steady state:

B IRy, fort = [0, t*
o1 | T o ort=[0.#7] 0)
% B BR{,\; +R an fort = [t* 4+ 1,00)
1+ o oz - ’

The debt tax in the funded country only changes because the nominal interest rate on

government debt changes:
oTPH  BF OR}),

= ' 1
aC 14+ 9¢ S
The debt dynamics are given by:
0Bl P P 9RN P B.P
+1 (1 +Rb) aBt + B bt aTt _ aTt (32)
aC ¢ 1+m 9¢ aC ag
Appendix D derives the following system of first-order difference equations:
0Ky _ aW 3K, Qual’’ 1 917" 1 9Tf 33)
ol YK oZ ¥YF o¢ ¥YP o7 VWP of
N——
5 4 1
1 9B/, 4 9B/
— — Qpr
1—|—V—S§%AU% —SgPARp aZ g
2 6
20
st aW 9K, 1 9T} 34)
a  (2+p)Ka 2+4+p 9
5 4
IR 41 _ 9K v(y" =", (1+R}Y) asf
P
o a vSF+ o
o7 (14 RY) L, -

P
vSF + 5= 9

3

where Q), Qpr, ¥, YP and ¥F are defined in Appendix D.

Equations (33) and (35) show the change in the capital-labour ratio and the nominal
interest rate after an increase in goverment debt in the PAYG country when the two
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economies have a joint capital market. To analyze the international spillover effects,
I derive the same kind of equations for the case where the two economies are closed.
Obviously, in country F nothing happens when it is a closed economy;, as it does not
use government debt to temporarily finance its pensions. By comparing the results
in the closed-economy case with the effects when the two countries have integrated
capital markets, I derive the pure spillover effects of the use of government debt in
a common capital market'®. I do not show the system of dynamic equations for the
closed-economy case, however, as the system above can easily be used to explain the
spillover effects.

The government in the PAYG country decides at t = 0 to temporarily use debt to
(partly) finance the pension obligations and I assume that debt is only used during
one period (so t* = 0). This implies that the level of government debt increases at
t = 1 and stays at this higher level afterwards. The young at t = 0 obtain a windfall
gain as their PAYG tax is lowered, while their pension benefit stays the same. This
induces higher savings. Higher savings at t = 0 imply a higher capital-labour ratio
in period t = 1. The positive effect of lower pension contributions T} on the capital-
labour ratio is indicated by a 1 in equation (33). Public debt, however, has a direct
crowding-out effect on the capital stock (effect 2). This negative effect on the capital-
labour ratio is larger than the positive effect that results from the rise in savings, so
that the capital-labour ratio decreases at t = 1. The intuition for this result is as
follows. The young generation that receives the windfall gain, consumes part of its
gain and saves part of it. As the gain this generation receives equals the created debt,
the increase in savings at t = 0 is smaller than the created debt, so that public debt
crowds out part of the capital stock.

To finance the higher level of government debt, the nominal interest rate on gov-
ernment debt will rise to induce people to invest a larger part of their savings in gov-
ernment bonds. This effect is indicated by a 3 in equation (35). Moreover, the fall in
the capital-labour ratio implies that the part of savings invested in the capital stock ')/6
should fall, i.e., individuals should invest even more in government bonds. Therefore
the nominal return on government bonds has to rise even more. This effect is shown
in the first term of equation (35); if the capital-labour ratio K; falls, Ri\fl will rise. The
fact that consumers have to reallocate their investment portfolio towards government
bonds implies that the return on government bonds has to rise to a larger extent than
the return on stocks, i.e., the excess return on stocks will fall.

The higher interest rate on government debt increases the debt tax in both countries
att = 1. The debt tax in the PAYG country also increases because the level of debt
is higher (see equation (30)). A higher debt tax decreases the disposable income of
people and reduces savings (effect 4). This negative effect on savings is reinforced by

13To exclude the effects of integration, it is assumed that the initial steady state is the same in all cases.
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the fact that a lower capital-labour ratio reduces wages (effect 5). Both these effects
imply that the capital-labour ratio continues to decline and the nominal return on
government bonds continues to rise.

Equation (33) shows that besides the direct negative crowding-out effect (effect 2),
government debt also has a positive effect on capital accumulation (effect 6). This
effect arises because people in the PAYG country also adjust their savings in response
to changes in the portfolio return and the variance of the portfolio (see equation (21)).
The fall in the capital-labour ratio implies that the return to capital and thus the re-
turn on stocks increases. Combined with the fact that the return on bonds also in-
creases, we know that the return on the total portfolio will rise. A higher portfolio
return decreases the net present value of the PAYG pension benefit and therefore af-
fects savings in the PAYG country positively. The variance on the portfolio, on the
other hand, will fall because people invest less in stocks and more in bonds, which
are relatively less risky. As explained in Section 2.4, a lower variance on the portfolio
increases savings in the PAYG country. This implies that these effects via (03)” and
Rg dampen the direct negative crowding-out effect of debt on the capital-labour ra-
tio. It is unlikely however, that these indirect savings effects turn around the effect on
the capital-labour ratio as they are of a second-order nature. Simulations show that it
is indeed the case that the direct negative crowding-out effect of debt dominates the
indirect positive effects via savings and the capital-labour ratio falls over time.

In case country P has an integrated capital market with country F, it can finance
part of its government debt with savings of country F. This implies that the fall in
the capital-labour ratio and the rise in the nominal interest rate of government debt
will be larger when country P does not have a common capital market with country
F. To illustrate the mechanics of the model, I also show some numerical simulation
experiments'*. Figures 2 and 3 show the change in the capital-labour ratio and the
nominal interest rate on government bonds for the different cases.

When the change in the capital-labour ratio and the nominal return on bonds are
known, the changes in all other variables can be derived. In Figures 4 and 5 we show
the effects on utility in the different cases.

14 The graphs are based on simulations with F(A;, K;) = K?'3 soltake E(A) = 1,6 =1, E(n) =0,
v=1, TWP = 0.2. Agents are relatively patient with a time preference rate of 1% per year, which gives
p = (1.01)%° — 1 = 0.3478 when one period is assumed to equal 30 years. PAYG contributions are
lowered by 20% at t = 0 during one period, i.e., fy = —0.2. The initial level of government debt equals
0.025, which is chosen in such a way that there is still an equilibrium after the debt increase. I take
02 = 0.2 and ¢2 = 0.01, which roughly corresponds to an annual standard deviation of 8.2% for stock
returns and 1.8% for bond returns, assuming that the returns are serially uncorrelated. Here we follow
Campbell and Viceira (2005) who show that returns on stocks are significantly less volatile when the
investment horizon is long and inflation risk on nominal bonds increases with the investment horizon.
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Notes: The solid lines refer to the case where one country uses a funded pension scheme and
the other country relies on a PAYG pension system. The dotted lines show the changes of the
variables in case the funded country is closed, while the striped lines indicate the changes for
the case where the PAYG country is closed.
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The fact that people in the funded country partly finance the higher government
debt in the PAYG country implies that they also experience a falling capital-labour
ratio (see Figure 2). In the long run a lower capital-labour ratio has negative utility
effects in dynamically efficient economy (see Adema et al., 2008b). The initial gener-
ations, however, gain from the higher return on their portfolio. This implies that the
funded country experiences positive spillover effects in the short run and negative
long-run spillover effects from the fact that the PAYG country increases its govern-
ment debt.

Figure 5 shows the utility effects for the PAYG country in the various cases. First

note that using government debt instead of levying PAYG contributions makes peo-
ple born at t = 1 better off. Future generations lose, however, as the capital stock is
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crowded out. This policy can be implemented by governments that put more weight
on the welfare of current generations than future generations” welfare. The long-run
utility losses are much smaller in case the PAYG country shares one capital market
with a funded country, as the funded country absorbs part of the extra government
debt so that the crowding out of capital is less. This implies that it is easier to imple-
ment such a policy in case the PAYG country forms a monetary union with a country
that uses a funded system instead of a PAYG scheme.

4 Unexpected inflation

In case government debt is very large and this debt is denominated in nominal terms,
the government has an incentive to put pressure on the central bank to create surprise
inflation as this will erode the real value of government debt and lower the real return
on government bonds. In this section we will analyse the effects of an unexpected
inflation shock. The idea behind this is that the PAYG country has an incentive to
lobby for unexpected inflation after it created government debt to cope with the age-
ing costs. First we consider the situation where the other country also uses a PAYG
scheme. This implies that there are no capital flows between the two countries and
can therefore be regarded as a closed economy. In that case the gain for the govern-
ment is exactly high enough to compensate the elderly that experience a loss when
inflation rises unexpectedly. So in a closed economy unexpected inflation is only a
matter of redistribution between the old and the young (or future generations) and
can be implemented in a neutral way (so that no generation loses). In an open econ-
omy where the other country uses a funded scheme, however, unexpected inflation
affects the PAYG country positively, while the funded country is affected negatively.
The reason for this result is that the funded country exports capital to the PAYG coun-
try and individuals in the funded country have a more conservative portfolio. This
implies that residents of the funded country own a relatively large part of the govern-
ment bonds, so they are affected more negatively by the unexpected inflation shock.
The government in the funded country cannot fully compensate its residents for this
loss. To isolate the effects of an unexpected inflation shock, we leave out the effects of
government debt in the analytical analysis below. In the simulation graphs, however,
we combine the use of government debt and unexpected inflation shock.

4.1 Closed economy

First define the inflation factor:

1
Pr=17 - (36)
Suppose that the time pattern of §; is as follows:
Pr =B+ (37)
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where g; < 0in case of inflation. By taking the derivative with respect to { we analyse
the effects of inflation.

In case of unexpected inflation there will be a difference between the expected real
return on government bonds and the realised real return:

ORpiy1 Ny 9B+ IR}y
o = (1+Ry) 3 +B 3 (38)
RN
PO (4 RY) TPy p i (39)
ORpiv1 _ OERpsy Ny [9Bt+1  9EiBiia
o0~ g TUTRITe Ty 0

where we assumed that in steady state B = E(B), so the steady state value of the in-

flation factor is equal to its expected value. In case people do not expect any inflation,

9EiBri1
9¢

ie., = 0 and unexpected inflation is created ag%l < 0, the real return on bonds

will fall, while nothing has happened with the expected return.

We assume that consumers have static expectations; their inflation expectation is
based on the current inflation rate:

JEifri1 _ 9Bt
a7 o

This implies that inflation can only be raised unexpectedly during one period, after

(41)

that people adjust their inflation expectations. Suppose that inflation rises unexpect-

edly at time 7, then:
a,BT—H _ aﬁr _ aETﬁT-‘rl

¢ o¢ o

so the inflation expectations for period T + 1 are correct again.

(42)

The result of this policy is that the real interest rate on government debt is lower,
which affects the financial position of the government positively, but will harm people
that own government bonds. There are various options for the government how to
use this interest gain. Firstly, it can give the benefit to the young people by lowering
the debt tax in the same period. Second, it can repay part of its debt so that future
generations gain. In both these scenarios however, the elderly alive at the time of the
unexpected inflation episode will lose. The third policy option would therefore be to
compensate these elderly. We will analyse this last policy option.

The compensation to the elderly is denoted by ZtB P In case the elderly receive the
whole advantage of a lower real interest rate on government debt the change of ZtB o
is equal to:

ozB"P 1+n

_ 9P
5 BP(1+R}) (43)

g
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where we used the fact that at time 7 only a fraction ¢ of young people at T — 1 reached
period T and the population grows with n. The change in old-age consumption is:

acy”  SPARy. N VAL
a e o ag
_ s P Ny 9Br  BY(L+m)(1+R)) 9Bs
_ 14+ R P P 9B+
= [P -2 - BP(1+m)] 57 (44)
In the closed-economy case it has to hold that S*(1 —4") = (1 + n)B", so that
angp = 0 and the elderly are exactly compensated. Young people at time T know

that inflation is higher and will ask a higher nominal rate of return on government
bonds, and the real rate of return will be back at its old value. Combined with the
fact that government debt does not change, this implies that an unexpected inflation
shock does not have any real effects. So indeed the government can set its policy in
such a way that no generation is hurt after an unexpected rise in inflation. The gain of
the lower real interest rate on government debt is exactly high enough to compensate
the people who lose from the unexpected inflation shock.

4.2 Open economy

In this subsection we analyse the effects of unexpected inflation in the open-economy
case where one country uses a PAYG pension scheme, while the other country relies
on funded pensions. First we consider the scenario discussed in the previous subsec-
tion where the whole interest gain is used to compensate the old at the time of the
shock. It turns out that in an open economy where the PAYG country imports capital
from the funded country, the interest gain for the PAYG country is larger than the loss
of the old owners of capital, so that these people gain. In the funded country we have
exactly the opposite result, the interest gain is not high enough to fully compensate
the elderly, so they lose. In the second scenario we consider the effects of unexpected
inflation where the current old are fully compensated and the rest of the gain/loss is
transferred to future generations in the form of a lower/higher debt tax.

Scenario 1

In case a PAYG country has an integrated capital market with a funded country, the
policy described in the previous subsection will have real effects. Equation (44) shows
the change in old-age consumption in the PAYG country in case the whole interest
gain is transferred to the old at time 7. In the open-economy case equation (25) has to
hold. Because residents of the funded country save more and invest a larger part of
their savings in government bonds than people living in the PAYG country, we know
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that S¥(1 — 9F) > SP(1 — 7P). Defining S*(1 — 4F) = aSP(1 — 4") where a > 1, we

can use equation (25) to derive'

14+v
"= = 14+ va
N——

<1

(1+n)B (45)

so that S*(1 —9") < (1 + n)B and the term between brackets in equation (44) is
smaller than zero. Combining this result with the fact that aa% < 0 in case of unex-
pected inflation, we see that old-age consumption at time 7 rises. So there is at least
one generation in the PAYG country that gains from the unexpected inflation shock,

while no other generation loses.

In the funded country the government also gains from the lower real interest rate on
government debt at time 7. Suppose that this government follows the same strategy
as the government in the PAYG country, that is, the gain of the lower real interest rate
is used to compensate the elderly at the time of the inflation shock:

AZ'  1+n p Ny 0B
o - B*(1+Ry) o7 (46)
The change of old-age consumption at 7 is:
ocy"  SFaR,r  azPf
ag e o ag
_ LR Fy _ gF 9P
= L [sF(1=1") =B (14n)] 5 (47)

Using the same method as for the PAYG country above, we can write:

SF(1—9F) = 11'; (1+n)B (48)

1
x

——
>1

which implies that S¥(1 — 4F) > (1 +n)B and the term between brackets in equa-
tion (47) is positive. This means that the effects of an unexpected inflation shock are

still negative for the elderly, that is, agg < 0. Even though the government in the

funded country uses the whole interest gain to compensate the pensioners, they still
experience welfare losses.

So in an open economy the PAYG country gains from an unexpected inflation shock
at the expense of the funded country. It takes advantage of the fact that the funded

15We assume that the two countries have the same level of government debt in the initial steady state,
ie, B = BP = B.
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country owns a relatively large part of the total supply of government bonds in the
two economies. It is actually the case that:

ocy” _ acyt

ac o

so the effects on old-age consumption are opposite to each other. In case the two

(49)

countries are of equal size, i.e., if v = 1, the gain of the elderly in the PAYG country is
exactly as large as the loss of the elderly in the funded country. If v > 1, the funded
country is relatively large and there will be more capital flows to the PAYG country.
The larger v, the more the PAYG country can profit from these capital flows and the
larger the gain of unexpected inflation is. There is no possibility, however, that the
PAYG country compensates the funded country for its loss and the union as a whole
experiences a Pareto improvement. It is true that the gain in old-age consumption in
the PAYG country is larger than the loss of the old in the funded country in casev > 1,
but this is exactly offset by the fact that the funded country has more inhabitants.

Scenario 2

Instead of transferring the whole gain of the lower interest rate to the elderly alive
at the time of the shock, the government in the PAYG country can also decide to
compensate those elderly in such a way that they do not experience any welfare gains
or losses. This means that these people get full compensation but do not gain as was
the case when the whole advantage was transferred to them. The rest of the gain is
used to pay off some of the government debt, to decrease the debt burden for future
generations. The compensation is such that the consumption of the elderly at T does

not change:
azet  sP P N
3 ——?(1—7 )(1+Rb)f (50)
The fall in government debt is then:
dBY 1+ R} %)
521:(1+n$[BW1+n)—5W1—7%};; (51)

Suppose that from period T 4 1 onwards the government debt is kept constant again,
but then at this lower level. Future generations indeed profit from the lower debt
burden because the interest obligations on the debt and thus the debt tax paid by the
young decrease:

aTf, oBP
‘Ti%l::(Rb_'”)‘ii%l (52)

Suppose that the government in the funded country also fully compensates the el-

derly at time T:
ozt SF F N1 OB
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As the gain of the lower interest rate was smaller then the loss of the elderly, the
funded country has to use government debt to be able to give full compensation. The
rise in government debt is equal to:

ai%l = (1111;{’;2 (B (1+4m) —$T(1=9")] aa’[? (54)
so that future generations have to pay a higher debt tax:
B,F
angl = (R, —n) affgl (55)
The total amount of government debt in the two countries does not change:
aBafH vaBaEH _
g 1 Jj{i\] P P P F F ry] 9Bz 0
e [B (1+n)—SP(1—~P) +vBF(1+n) —vST(1 -y )} e

because the term between the brackets equals zero as can be seen from equation (25).
So the rise of government debt in the funded country and the fall in government debt
in the PAYG country exactly cancel. This implies that the capital-labour at T + 1 will
not change.

In the next period people adjust their inflation expectations and demand a higher

nominal rate of return:
aRlI;,]TJrl _ 1+ Ri\] aET,BT+1 (57)
ag B 9
so that the real rate of return is back at its old level. The debt tax in the PAYG coun-

try is lower at T 4 1, which affects savings positively, while the debt tax is higher for

inhabitants of the funded country, which decreases their savings. So it is ambiguous
what happens to the capital-labour ratio at T + 2. Simulations show, however, that
these effects more or less cancel and that the effect on the capital-labour ratio is neg-
ligible. This implies that the effect on the debt tax determines the long-run welfare
effects of this policy. Future generations in the funded country lose and people in the
PAYG country gain.

The utility effects of the use of government debt and the policy described here are
shown in Figures 6 and 7 by the lines with the diamonds. Inflation rises unexpectedly
at time t = 7. Comparing the utility effects of this scenario with those of the scenario
described in the previous section where only government debt was used (the solid
lines), shows indeed that the generations after the unexpected inflation shock gain
in the PAYG country and lose in the funded country. This implies that the negative
long-run spillovers of the PAYG scheme for the funded country become larger.
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Unexpected inflation

Figure 6: Change in U* Figure 7: Change in U”

:
L R | dwp)
003 d(UF) —— d(UP)n)

—+—d(UF)(m) oal i = = = dup)®

~0.05 L L L L L L L ~02

6 6
generation generation

Notes: The dotted line in Figure 6 refers to the case where both countries use a funded scheme,
where no government debt is used and no surprise inflation is created. The solid lines demon-
strate the utility effects in case one country uses a funded scheme while the other country has
PAYG pensions. The lines with the diamonds indicate the effects where not only government
debt is used but also unexpected inflation is created. The inflation rate rises to 3.58 percentage
point. The elderly at the time of the unexpected inflation shock are fully compensated and the
rest of the gain/loss is transferred to future generations in the form of a lower/higher debt
tax. The case where both countries rely on PAYG pensions is denoted by the striped line with
the bullets in Figure 7. As explained in the main text there are no capital flows between the
two countries in that case and the gain of surprise inflation is exactly high enough to compen-
sate the elderly. Therefore the line with the diamonds (unexpected inflation) coincides with
the solid line (only government debt) in case both countries have a PAYG pension scheme.

The two scenarios discussed in this subsection show that the governments in both
countries can decide how the total gain or loss of unexpected inflation is shared be-
tween generations. The main result is, however, that unexpected inflation is always
advantageous for capital-importing PAYG countries, while in funded countries there
are always some generations that lose. The gains of unexpected inflation for PAYG
countries will be larger the larger the debt burden is. In the coming decades the pub-
lic finances will be put more under pressure because of the ageing of the population.
In case government debt is used to cope with the ageing costs, the incentive of PAYG
countries to put pressure on the central bank to accommodate and create surprise in-
flation will rise. On the other hand will unexpected inflation harm funded countries
more if PAYG countries issued large amounts of nominal government debt. The con-
flict of interest on monetary policy between PAYG- and funded countries will there-
fore be reinforced if population ageing raises government debt in PAYG countries. If
the decision-making process of the central bank is not completely transparent and it
is not clear how the central bank will react to these conflicting interests, inflation risk
may rise when public debt levels are high. This scenario will be analysed in the next
section.
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5 Inflation risk

In the previous section we showed that PAYG governments have an incentive to lobby
for surprise inflation when their debt burden is large. If it is not completely clear how
monetary policy is determined inflation risk may rise, that is, inflation risk rises with
the level of government debt!®. In this section we will analyse this scenario. This
means that inflation risk is a function of the level of government debt in the PAYG
country:

2 (P P
0% (Bfi1) = ABL (58)
where A shows the responsiveness of inflation risk to government debt, so when gov-
ernment debt changes inflation risk also changes:

a0 0B}
a—gf =A afgl (59)

Government debt in the funded country does not affect inflation risk as the funded
country does not have an incentive to lobby for unexpected inflation.

Inflation risk has a direct effect on the portfolio choice of consumers and the vari-
ance of the portfolio. Following the calculations in Appendix D we get the following
system of equations:

OKip1 _ 9Kppy O 90}, (60)
9 | e AHV(A4n)— SE%AU% — Sy, B, 0C
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and: X )
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3~ o

16The increase in riskiness of government bonds in case government debt rises can also be interpreted

as a rise in default risk.
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For a given rise in the riskiness of government bonds people would like to switch to
stocks and this effect will be stronger in the funded country. The intuition for this
result is twofold. First, people in the funded country do not receive a safe PAYG pen-
sion benefit during retirement, which makes them relatively more risk averse (com-
pare the denominators of equations (19) and (18)). Second, in the initial steady state
inhabitants of the funded country own a relatively large part of the total amount of
government debt in the two countries because they save more and invest a larger part
of their savings in government bonds than the PAYG country. The upward pressure
on 7y causes the nominal rate of return on government bonds to rise to make sure that
government debt is financed. This is effect 9 in equation (61) and the rise of R{,\] has to
be larger in case the PAYG country has integrated capital markets with a country that
uses a funded pension scheme instead of PAYG pensions.

The rise in R increases the debt tax and implies lower savings, which affects the
capital-labour ratio negatively. A lower capital-labour ratio in turn, affects wages
negatively so that savings continue to decrease. As can be seen from equation (60)

there is an extra effect 10 on the capital-labour ratio. This is the indirect (second-order)

P

effect of changes in ((T;%t)P and E(R,,, .4,

which affect savings in the PAYG country.

The higher riskiness of government bonds makes bonds much less attractive to hold
and the return on government bonds has to rise to a much larger extent than the
return on stocks to make sure that the capital markets clears. This implies that the
excess return of stocks over bonds will fall.

The fall in savings implies that 7 has to fall in case both countries use a PAYG
scheme. When the two countries use different pension schemes the effects on port-
folio choice are not that straightforward, however. The equilibrium condition on the
bond market, equation (25), shows that the part of savings invested in bonds in the
two countries together ((1 — ") + (1 — 7)) has to rise in case total savings (S” + SF)
decline. Simulations show that the movement of 7 is opposite to the movement of
vP. People in the funded country move to stocks; they move away from the asset that
becomes more risky. People in the PAYG country, on the other hand, move to gov-
ernment bonds. Consumers in the funded country invest more in stocks even though
the excess return on stocks falls, so the direct effect of the higher risk on bonds domi-
nates for these people. They can do this because people in the PAYG country put less
weight on risk in their portfolio decision and decrease 7 in response to the lower
excess return.

In Figures 8 and 9 we compare the utility effects of a longevity shock in the different
cases. The dotted line in Figure 8 shows the utility effects for the funded country when
it has an integrated capital market with a country that uses a funded scheme too. In
that case no government debt is created and inflation risk will not rise. The solid lines
show the effect in case one country uses a funded system and the other country relies
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Inflation risk

Figure 8: Change in UF Figure 9: Change in U”
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Notes: The dotted line in Figure 8 refers to the case where both countries use a funded scheme,
where no government debt is used and inflation risk does not rise. The case where both coun-
tries rely on PAYG pensions is denoted by the striped lines in Figure 9. The solid lines demon-
strate the utility effects in case one country uses a funded scheme while the other country has
PAYG pensions. The lines with the diamonds indicate the effects where not only government
debt is used but inflation risk also rises. Inflation risk ((T,ZT) rises with 0.08 to 0.09.

on PAYG pensions. The diamonds denote the case where inflation risk also rises. The
spillovers are determined by the relative change of the capital-labour ratio. A rise in
inflation risk increases the interest rate on government debt, which implies a higher
debt tax and lower savings. This results in a smaller capital-labour ratio and lower
wages and utility is negatively affected!”. This implies that the negative spillover
effects in the long run increase for the funded country.

Figure 9 shows that the change in utility effects in the PAYG country after a rise in
inflation risk is much larger in case the PAYG country has a common capital market
with a funded country (the solid lines), compared to the case where it shares one
capital market with a country that also uses a PAYG scheme (the striped lines). This
means that higher inflation risk affects residents in the PAYG country more negatively
in case they form a monetary union with a funded country. The reason for this result
is that in that case a large part of government bonds is in the hands of citizens of the
funded country and because these people are more risk averse, the rise of the nominal
interest rate on government bonds has to be much larger compared to the case where
both countries rely on PAYG pensions. This implies that the effects on the debt tax
and thus the negative effects on savings and the capital-labour ratio are also much
larger. This shows that the PAYG country cannot share the adverse effects of higher
inflation risk with the funded country, which was the case for example with the use

7Higher inflation risk also has a direct negative effect on utility because people are risk averse. This
direct effect is negligible compared to the negative utility effects of the higher debt tax, however.
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of government debt. The positive long-run spillovers of having a common capital
market with a funded country are therefore smaller for people in the PAYG country.

In contrast to unexpected inflation, a rise in inflation risk has adverse effects in both
countries of the monetary union. Inflation risk rises in case PAYG countries have a
large debt burden, which results in conflicting interests between PAYG- and funded
countries about the creation of inflation. If the decision-making process about mone-
tary policy is not completely transparent, it is not clear what the final outcome will be
for inflation and this uncertainty raises inflation risk. The fact that both funded- and
PAYG countries lose from a rise in inflation risk shows that it may be in the interest
of both countries that government debt levels stay at low levels. In case government
bonds are treated as more risky when debt levels are high, there is a trade-off for
the PAYG country between the short-run benefits of debt and the increase in inflation
risk this debt induces. This implies that not only funded countries in the EMU benefit
from the rules in the Stability and Growth Pact, but that PAYG countries may benefit
from these rules as well. Moreover, the independence, credibility and transparency
of the ECB is important for all countries to prevent an increase in inflation risk.

6 Conclusion

The ageing of the population will confront governments in developed countries with
serious challenges. As a large number of countries rely on pension schemes that are
financed on the basis of Pay-As-You-Go, the rise of the number of retirees relative to
the number of working people forces governments to think about the way their pen-
sion systems are organised. This paper analyses how countries that rely to a different
extent on PAYG pensions affect each other when PAYG governments use debt. This
will benefit the initial generations, but future generations will lose as government
debt crowds out capital. The utility effects spill over to the funded country that does
not use government debt. The initial generations gain from the higher rates of return,
while later generations are affected negatively because wage levels fall. This implies
that the use of government debt by the PAYG country increases both the positive
short-run spillovers and the negative long-run spillovers for the funded country.

I also show that in a monetary union where a PAYG country has a joint capital mar-
ket with a funded country, unexpected inflation will affect the PAYG country posi-
tively. In a closed economy, unexpected inflation is only a matter of redistribution
from the old to the young- or future generations and can be implemented in such a
way that no generation gains or loses. The reason why unexpected inflation creates a
net gain in the PAYG country when it forms a monetary union with a funded country
is that capital flows from the funded country to the PAYG country, so that part of the
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government bonds of the PAYG country is in the hands of citizens in the funded coun-
try. Therefore, part of the costs of unexpected inflation are transmitted to the funded
country, while the gain of the lower debt burden does not change and a net gain re-
sults. So when a PAYG country forms a monetary union with a funded country it has
an incentive to put pressure on the central bank to increase inflation unexpectedly.
The gains from unexpected inflation for the PAYG country will be larger the larger
the level of government debt is. In the coming decades the ageing of the population
will put the public finances more under pressure and when PAYG countries finance
their increased pension obligations by issuing more debt, the incentive of PAYG gov-
ernments to lobby for surprise inflation will rise. It will lead to negative spillovers for
the funded country when the central bank gives in.

These opposing utility effects of surprise inflation in the PAYG country and the
funded country imply that there are conflicting interests between the two countries
about the direction of monetary policy. Because the monetary policy strategy is not
completely transparent, it is not clear how the central bank will react to these conflict-
ing interests. As a consequence, inflation risk may rise with the level of government
debt. Higher inflation risk makes government bonds less attractive to hold and the
rate of return on bonds will have to increase to induce people to buy the existing stock
of government bonds. This increases the debt tax and lowers savings and the capital-
labour ratio, and both countries experience negative utility effects from the rise in
inflation risk. Actually, the PAYG country experiences negative spillover effects from
the fact that they form a monetary union with a funded country in case inflation risk
increases. This result arises because the funded country owns a relatively large part of
the government bonds and people in the funded country are more risk averse as they
do not receive a safe PAYG pension benefit. This implies that these people need to be
compensated more in order to be willing to hold the more risky government bonds,
that is, the rate of return on government bonds has to increase more in case a funded
pension scheme is in place. The rise in the debt tax and its negative consequences
will therefore be larger in the PAYG country when it forms a monetary union with a
country that uses a fully funded pension scheme instead of a PAYG pension system.

All the scenarios analysed in this paper show that in the long run funded countries
are affected negatively by the fact that other countries in the monetary union rely
on PAYG-financed pensions when these countries use government debt to cope with
the ageing costs. The use of government debt itself has negative long-run spillover
effects for funded countries. Moreover a high debt burden may lead to unexpected
inflation or a higher inflation risk, which both increase the negative spillover effects
even more. In the coming decades it will therefore be important for funded coun-
tries that the rules of the Stability and Growth Pact are met, so that debt levels of
PAYG countries do not rise to too high levels. The use of government debt by PAYG
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countries to cope with the costs of ageing will benefit the initial generations in these
countries that suffer most from ageing. Future generations, however, are harmed by
the larger debt burden. In a monetary union part of this burden can be shifted to the
funded country. The debt burden for the PAYG country can be reduced by an unex-
pected rise in inflation when this country successfully lobbies at the central bank. If
this lobbying only raises perceived inflation risk, the negative effects of a rise in the
riskiness of government bonds in response to a higher level of public debt cannot be
shared with the funded country, however. It may therefore also be in the interest of
PAYG countries to obey the fiscal constraints stated in the Stability and Growth Pact
to prevent that government debt rises to too high levels. Moreover, it is important
for all countries that a central bank like the ECB is independent, credible and trans-
parent about its monetary policy strategy, so that it is clear how monetary policy is
determined and the risk of inflation does not rise when debt levels are high.
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A Derivation variances

In this appendix I derive the variances of the log gross returns.

A.1 Return on capital/stocks
Take the logarithm of optimality condition (3) and recall the assumption that 6 = 1:
log(1+ Ri;) = log(a) +1og(As) + (v — 1) log(K;) (64)

Now define log(1 + Ry ) = r; and log X; = x;, where X; can be any variable, with
the exception of the returns. Now we can write:

tirr1 = log(a) + ape1 + (0 — 1)kes (65)
The expectation of r¢ ;11 at time t is:
Eiripp1 = log(a) + Erarq + (& — 1kiyq (66)

The variance of 7, ;11 can be derived using equations (65) and (66). Note that there
is no expectations operator E; in front of k;y; in equation (66). The capital stock is
determined by the savings and portfolio decisions made in the previous period. This
implies that the capital stock at time ¢ + 1 is already known at the end of period ¢.

A.2 Return on bonds

Taking logs of equation (6) gives:

1
log(1+ Ry;) = log(1+ Ri\,]t) +log <1 n m) (67)

which can be used to write:

1
et = +10g () 9

1+ 7Tt+1) (69)

These two equations can be used to the derive the variance of r ;1.

Eirprpn = r{,\,’tH + E¢log (
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B Portfolio choice

B.1 PAYG country

Using equation (17) we take logs of the portfolio-return Euler condition, i.e., j = p:
1
log1 = log <1+P> + log(Cty’P) + E; {— log(Cgrlf) +log(1+ Rg,tﬂ)]

1
+ EVart [— log(Cgrl;) +log(1+ Rg,tﬂ)] (70)

%(cgt)P+ ( ok COV’(Ctﬂf pt+1)

where we used the Jensen’s inequality condition for a lognormal random variable X
(see also footnote 5):

1
log EtXt—',-l = Et log Xt+1 + 5 Vart log Xt+1 (71)
Equation (70) can be rewritten to:
E . 1 1 E.r 1 2 \P 1 2\P C oP . P
tct+1 Ct og 150 P + Etr pt+l + 5 5 (0zf)" + 5 (Upt) OVe\Cii1r Tyt

(72)
where

(‘TcZOt)P

Var; [log(C% )]

(U;%t)P = Var; [log(l +R1;,t+l)]

In the same way we can derive the log of the Euler equation of the return on bonds,
we call this the benchmark-return Euler condition:

1 1
Efct+1 - Ct = log < +p> + Eirpii1 + 5 ( oor)’ + 5 ‘Tbt Cov; (C?fli 7’b,t+1) (73)

Now subtract the benchmark equation (73) from portfolio-return equation (72):

1
Etr;;,tﬂ E¢tpiin + 2(( pt)P — o) = [Covt(cffl; rﬁ,Hl) - COVt(C?fl? rb,tH)} (74)

First we derive the terms on the left-hand side of equation (74). As the return on the
portfolio is a linear combination of the return on stocks and the return on bonds (see
equation (15)) and the log of a linear combination is not the same as a linear combina-
tion of logs, we follow Campbell and Viceira (2002) and use a Taylor approximation of

the nonlinear function relating log individual-asset returns to log portfolio returns'®.

18This approximation holds exactly in continuous time and is an accurate approximation over short
discrete time periods. One may wonder, however, whether this approximation can still be used in a two-
period OLG model with social security, where one period is around 30 years. Viceira (2001), Campbell
and Viceira (2002) and in particular the detailed calculations of Barberis (2000) show that the magnitude
of the horizon effects are negligible, which implies that the approximation is still satisfactory for longer
holding periods.
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First note that equation (15) can be written as:
1+ Rﬁ,m =1+ Rpspi1+ 71 [(1+ Resi1) — (1+ Rppi)]

Dividing by (1 + Ry 1) gives:

P
1+Rp't+1:1+71’[1+Rk¢+1_1] (75)
T+ Ry P L1+ Ry
The log of equation (75) is:
”5,t+1 — Tpip1 = log [1 + ’yf(exp(rk,tﬂ —Tpip1) — 1)} (76)

f(rk/tJrl —7’b,t+1)

Now we take a second-order Taylor expansion of f(-) around ¢ s 1 — 411 = 0, which
gives:

1
Tpie1 R Tope1 + 01 (Totpa = Tope1) + 5 1 (=)0 (77)

where U]%ib,t = Var;[log(1 + R si1) — log(1 + Ry 1)) = 0F + 0f — 20k, is the vari-
ance of the excess return of the risky asset over the benchmark return. From equation
(77) we know that:

1
Etfﬁ,m ~ Eitper1+ 71 (Eitkpsr — Erppn) + 5 71— 'Yf)‘Tl?—b,t (78)

Using equation (77) and (78) we can derive the variance of the log gross portfolio
return:
P P
(U;%t) = 05 + (7 )20F_ s + 271 Ok bt (79)
where 0y, j; is the covariance of the excess return with the benchmark return, that is,

Ok—ppt = Cove[log(l+ Ryry1) —log(1+ Rpi1);108(1+ Rppi1)] = Okpp — O'Zi.

We derive the terms on the right-hand side of equation (74) using the lifetime budget
constraint of an individual. Equation (16) can be rewritten to:

ZP
oP _ P P __ TBP t+1 Y,P
Cih = (1 + R”’Hl) [Wt A 1+ R?m G ] 0

Taking logs gives:

ZP
W —TP—TB’P—|—¢—CY’P
A R T

log C/) = log(1 + R} ,.1) +log (81)

which is equal to:

oP __ P P B,P P P y,P
Ciy1 = Tpe4 + log {exp Wy —expT; —expT,” + eXP(Zt+1 - rp,t+1) —exXp & } (82)
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We approximate the term between the brackets with a first-order Taylor expansion

— EtTP 19.

P
around r P41

pt+1

oP . P P B,P p P y.P
Ciq N Ty +10g [exp wr—expT —expT +exp(ziq — Eiry i) —expo ]

It

exp(zfyq — Et”;lo),tﬂ)

- I, (Vﬁ,m - Et”g,tﬂ)
Zt
(83)
The term z; can be rewritten to:
o Z7 N PAYG pension benefit
TR RY 1) exp(—3(c2)P) Sf +Zf,; ~ expected old-age consumption

(84)

so z; is the part of expected old-age consumption financed by PAYG pensions.

Now define y; = logl; + ZtEtrg,tHr so that we can write:

h Pt T Yt — 2T (85)
Etcgfl ~ Et7§/t+1 + Y — 2t Etr£,t+1 (86)

Equation (85) and (86) can be used to derive the variance of the log of old-age con-
sumption and the covariance between the log of old-age consumption and the log
portfolio return:

(02)" = (1—z)*(op)" (87)

Covy(cyly; roir1) = (L—z)(o)f (83)
and the covariance with the log benchmark return:
Covi (el rhie1) = (1 —z) 0 + (1 — 20)Y{ Ok_p e (89)

Equation (87) shows very clearly that safe PAYG pension benefits lower the variance
of old-age consumption.

Substituting equations (78), (79), (88) and (89) into equation (74) gives:

1
vt (Eetiper — Evtpesn) + 5 VO + 71 Okmbpt = (1= 26) () 207y s

(90)
+(1 = 20)7] O
Dividing by 7} and rearranging gives:
P Etrkp1 — Eetppn + %ff;%_b,t Zy  Ok—bbt
T = 2 > (91)
(1—z)og 4, 1—z 07,

OThis is comparable to the approximation of a linear budget constraint in Campbell (1993).
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Using the fact that:

1

Eirpr1 = Eflog(1 + Ry pq1) = log E¢(1 + Ry pq1) — 5 U;%t (92)
1

Etrb,tJrl = Et log(l + Rb,t+1) = log Et(l + Rb/tJrl) — E O’;i (93)

gives the expression for " in terms of simple returns (equation (18)).

B.2 Funded country

In the funded country contributions of the young (T}) are invested and returned to
them with interest in the next period when they are retired (ZfC 1), that is, Zf =
(1+ R;t +1)Tf. The funded scheme has fixed contributions, which implies that con-
tributions to the pension scheme are exactly offset by an equal reduction in private
savings. This means that the pension fund is neutral and the economy behaves in
exactly the same way as if there were no pension scheme. This makes the deriva-
tion of the optimal portfolio decision a lot more simple, as we do not have to take
a first-order Taylor approximation of the consumer’s budget constraint to obtain the

covariance between the returns and old-age consumption.

Taking logs of the portfolio-return and benchmark-return Euler condition and sub-
tracting gives (see equation (74)):
1
Etr£,t+1 — Eirpp + E((U,%QF —op) = COVt(C?fl) Tpis1) — COVt(C?fl) rpie1)  (94)

We can use the second-order Taylor approximation of 7,41 to derive:

1
Etrlgrprl ~ Erpr+ 'Yf(Etrk,tJrl — Etrppr1) + > 7 (1 - ’Yf)”i&h,t (95)

2
(05)F ~ o+ (75) Ot pt + 271 Ok—bybt (96)
The budget constraint of an individual in a funded country is:
F

z
OF _ F r B,F t+1 Y,F
b = (1+ R ) [wt ST G ] (97)

Using the fact that Z{,; = (1+ R,41) T}, equation (97) can be written as:

Coh = (14 RE, ) Wi = TPF = F | (98)
... Y,F _. .
Dividing by C, " gives:
ngli F Wi — TtB'F
o - (1 +RE, +1) - 1 (99)
8t
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In case of a logarithmic utility function people consume a fixed proportion of their
wealth, which implies that the term g; is constant. Taking logs gives:

log ng —log CtY’F =log(1+ Rﬁ,m) +log g (100)

which gives:
c?fl = cty’F + 7£,t+1 +log gt (101)
Ecify = o' +Erf, +logg (102)

Equations (101) and (102) imply that the variance of the log of old-age consumption
equals the variance of the log portfolio return, that is, (0%,)" = (¢7;)F, and that:

Covi(cffy rhin) = (o) (103)
Covi(c)f rues1) = 0f + YOk ppr (104)

Substituting equations (95), (96), (103) and (104) into equation (94) gives:

1
Vi (Etripr — Evrpeen) + 5 VEOF e+ Vi Okmbor = (V1 )0%_pp + Vi Okppr  (105)

Dividing by 7! and rearranging gives:

Eirgr1 — Ettppyr + 3 02
’)/F — ’ ’ 2%k b,t (106)
t 0,2
k—b,t

Or in simple returns:

oF = log E;(1+ Riti1) —log Et(1+ Rppi1)  Gk—pt
F—

Ty Ly 1o
C Savings
C.1 PAYG country
Using equation (86) and the definition of y; we can write:
Eicyly = Evrpiyq +1ogls (108)

Substitute this equation into the log portfolio-return Euler condition (72):

P 1 1 p 1 p )
logly —¢{” =log <1+P> + 2 (UCZDt) + > ((Trz,t) — Covy (c‘t’fl; ”5,t+1) (109)

Using equations (87) and (88) this can be written as:

1 p 1
logl; — cf’P ~3 z? <U§t) = log <1+p> (110)
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This can be rewritten to:

7P 1 1 -1
w0197 ¢ o] ()
E/(1+ Rﬁ,m) exp(— (U;%t)P)

NI—

(111)

P
where I used the fact that Etrﬁ,tﬂ = E¢log(1+ REJH) =log E;(1+ Rg,tﬂ) -3 (Uz-t) .

Equation (111) can be used to derive the optimal solutions for consumption when
young and savings:

1+ zP
= £ [wt—TtP—TthM I W ]
1+p+exp [i Z%(U%t)l’} E(1+R,, 1) exp(—3(c5)")
(112)
1,202 \P
o exp [i Z3 (Upt) } (Wt P TB’P)
= t t
14+ p+exp [% zf(a%t)P}
ZP
_ L+p . t+1 . — (113)
1+p+exp [% zf((fgt)l’} E:(1+R, ;1) exp(—3(05)")

C.2 Funded country

Substituting equation (102) into the log portfolio-return Euler condition (72) we can
write:

1 1 F 1 F
log gt = log <1+p> + 5 (Ugot) + > (U§t> — Cov; (C?Sf1?7’£,t+1> (114)
F
Using the fact that (0,) F= ((7@) and equation (103) we can write:

1
log gt = log (W) (115)

Using the definition of g; in equation (99) we can derive the optimal solutions for
consumption when young and savings:

yr _ 1+p _ mBF
C, = 55, 0 <Wt T, ) (116)
1
F _ __ pBF
Si = 1o P (Wt T, ) (117)



D Government debt

In this appendix we show the derivation of the first-order difference equations in
case the government uses debt instead of taxes to finance the pension benefits. The
so-called debt tax TP* to keep the debt dynamics sustainable is levied on the young.

Linearise equation (23) with respect to { around the initial steady state:

asP asF 0Ky 1 N 0Bf.

oot
+trv—=(1+v 118
Simplifying gives:
0Ky _ 1 |asf  9sf 9B/, 119)
o 1+v | dC ¢ o
From equation (22) we can derive the change of savings in the funded country:
F B,F
95 _ 1 oW, dT, (120)
af 2+p \ 9C oC

The total derivative of savings in the PAYG country is?:

asP asP o(op)" asPow, asPaTP  asP aTthP+ asf OERy, 4
ol  a(cZ)P 9 OW: o0 9T/ o0 ~ 9TPP ol  OERD,, ag

pt
(121)
Using equation (21) we can derive:
P 122(1+p)ex 2Py T p

asth_Z ( P) P( ( )) W—TP—TB’p—|— ; Z —

a(apt) [ ZZ 0—2 +1+p] L E(1+Rp>exp(_§<0-p) )
1(1+p)zP
|exp(322(03)) +1+p| E(1+ R exp(—1 (3)7)

P exp(L 22(02)P
95! p(z2°(cy)") -0 (123)
W, exp(322(02)P) +1+p

P P ex 1.2 0.2 P
osf _ asf PGZ(%)) (124)
a7~ AT~ exp(32(3)P) +1+p

asP (1+p)Z" exp(—; (7)) o 125)

2
ERpir [op(32(09)") +1+p] [BO+ RE) exp(~1 (63)")]
In order to derive the change in (U%t)P we first need to know how 7! changes:

oYy _ 1 OEiRys1 1 OEiRyp 441 (126)
o (1—z)of JEQA1+Ry) 9 (1—z)of ,E(1+Ry) 9

20We do not take into account the second-order effects on z;, as this complicates the analysis to a large

extent.
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where:

OERyi1 _ (a—1)E(1+ Ry) 0Kpy1
o B K ag (127)
OERyr1 _ E(1+Ry) ORjys (128
o 1+ RY o
Then the changes in " and ((T;%t)P are:
ov{ _ 1 a—10Kep 1 IR}, 1y (129)
¢ (1—z)o2,| K 9o 1+R) o
ag (1-z)0? , K 9 1+RY 3€
The changes of W; and Eth,t 41 are given by:
BWt - aW aKt
% - Ko (131)
ERpi1 _ E(Ry) ~E(Ry) [a—10Kn 1 9Rj, 13
o (1—z)? , K oC 1+R)Y 9
L7~ DEQA+RY) 9Ky | (1—9")E(L+Ry) ORp
K ag 1+ R} ag
Using all these equations we can write equations (120) and (121) as:
osf aW 9K, 1 9T} 133)
a  (2+p)Kal 2+p I
! ep(JR@)NW K, ep(J2(D)") (o1 aTh”
9 lexp(3 22(03)P >+1+p]1<3€ exp(322(02)F) +1+p \ 9¢  9C
4 P 29P0f , + 200y |a—1 oKip1 1 ORY 4
% (1-z)02, K 97 1+RY 9o
L oop JERY—E(Ry) [a—10Kiy 1 Ry, (138
Bl (1—z)e2, | K 9 1+RV o
L 7@ —1EQ+RY)Kis  (1-9")E(L+Ry) IRy
K ol 1+ RN ol
where S[I;% = a( )P and SR = aEtaRSﬁ see equations (122) and (125).
Now use the other dynamic equation (24) to derive:
aKt+1 1 P aS P a’)’t aS F ')’t
= — 1
3 T 0% ag +S 3 +vqf a7 L +vS o (135)
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Using equation (119) we can rewrite this equation to:

oSt pOBF

0Kip1 1 V(,YP_7 )y 28 7 +’Y

g (1-")(1+v)

o 9 ¢
The change of ! is given in equation (129). The change of 7} is:

1, gp O, GF 0N ] (136)

a—19K 1 ORj
K 9 1+RN of

E)’yf_ 1

o o,

Substituting this information into equation (136) and simplifying gives:

(137)

oK1 1 R} B v(y" =P ,(1+RY) asf 7o ,(1+R)) 9B},

9 KT d(vSF + 22) aC dSF4+25) o
(138)

where ® = [(1+0)K(1—9")0f_,+(1-2) (vSF + £2)] (1+RY)

> 0. Equation (138) can be rewritten

(vSF+52)K
to:
IR}, 4 _ oK v(y" —9")ef (1 + R}Y) asf N Pt ,(1+R}Y)oBL 4 (139)
aC ag vSF + % aC vSF + % aC
Use this equation to substitute for aRgé“ in equation (134):

osf _ exp(GR(ep)")aW 9K, exp(37(0))") aTP? L
0~ Jexp(32(2)7) +1+pK 0 exp(12(R)P) +1+p \ & &
P { LS v(y? —9F)(2yPo2 , + 200 4p) OST

oz © VSF(1—2) + 5P Fa

_’)/ (2’}/ O'k b+20'k bb) aBtH
vSF(1—2z) 4 SP o

, 0Kip1 P E(Ry) — E(Rp)
+SRP{AR;¢ aC + [(T=7")E(1+Rp) — -2, |
e (1-2) 9B, v(rP—")ok ,(1-2) osf
vSF(1—2z)+SP o vSF(1—2z)+SP al
(140)
where
>0
_ 2970 + 20k 5y PK— (1—a)(1+R})
B = (1—z)02, K(1+RY) >0 (14D)
A, = [EQRQ)—E(R)][PK - (1—a)(1+R})]
R = (1—2z)02 ,K(1+RY)
YA -a)E(1+Ry) (1—9")E(1+R,)®
- 2 - R <0 (142)
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Substituting equations (133) and (140) into equation (119) and simplifying gives:

K1 aW oK, Quarpt 1 arp" 1 a1y

ol YK o YF o ¥YP of ¥P oC

_ 1 anJrl anH (143)
1+v—ShA.—St | a¢  Pag
where:
O=1+ VSFZ ’))’ {Sg%(Z’yPU]?b"f—ZUkb,b)
(144)
- Sk (1= 9")E(1+ R)(1 =)0} 4+ S}, [E(R) ~ E(Ry)] | 20
’YP P p 2 p
— 555 (Z’yptflg_b + ZUkb,b)} % 0
(145)

|exp(322(02)") +1+p] (2+p) [14+v = SEAL — Sk Ar, |
g = 20 (146)
exp ( 22(0%)P ) (2+p)+Qu [exp( zz(crz) )1 +p}
{exp(%ZZ(Ug)P) +1 +p} [1 +v— SZT)%A‘Tr% - SﬁpARP}
exp < ZZ<U’%)P>

¥ = (24p) [14+v - 858, — Sk Ar,| 20 (148)

P =

20 (147)

Equations (143), (139) and (133) together give the system of equations in Section 3.
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