An OLG-Model with a Leontief Production Function and the Golden Rule of Accumulation

by

G. Carlie Geerdink & Peter J. Stauvermann(




Draft, 30.12.2005

Abstract: In this paper we combine an OLG-model with a Leontief Production to develop a new growth model. To give the model a microeconomic foundation which is based on conflict theory. In principle we assume, that marginal production theory plays no role in determining the factor prices, instead of this technical explanation, we assume that the wage rates and interest rate are determined by a bargaining process between workers and capital owners. With the help we can show that both Harrod problems can disappear. Additionally we are able to analyze the transition path to an equilibrium. 
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Introduction


Harrod (1939) and Domar (1946) were the first who have formalized a theory on economic growth, where they implicitly made use of a Leontief-production function. Today, this theory is rarely used in mainstream economics. The most prominent models of today are the models of Solow (1956) and Romer (1986) and other endogenous growth models. The main critique against the Harrod-Domar approach is that it misses microeconomic foundations. Additionally, some neoclassical authors assume that capital is malleable, but this assumption can be doubted. 


The aim of this paper is to resolve the first problem. The neoclassical approach, makes use of technically determined factor prices. We instead assume that institutional arrangements are responsible for the factor prices and shares of labor and capital. The factor prices in neoclassical economics are determined by the marginal productivity theory. Since 50 years, the distribution of income is explained in mainstream economics by the theory of Clark (1899). His theory is based on the assumption that, the nowadays conventional neoclassical, production function is differentiable, linear-homogenous and that each factor has diminishing returns. Consequently, each factor of production is paid by its marginal product. This also holds for the wage rates: The marginal product of labor equals the wage rate in equilibrium. Although this model was severely attacked in the past by economists like J. Robinson (1934,1953/54),
 Pasinetti (1977), Sraffa (1960), Labini (1995) and others, this theory has survived. Its advantage is that the model is easier to handle from a mathematical view.  

All together this is maybe the reason, why the Leontief production function is not so prominent in economic theory like the Cobb-Douglas production function.

In reality, wage rates are often the result of a bargaining process between employers and employees, and not determined by marginal productivity. The reason is that it mostly impossible to determine the marginal product of labor or it would be too costly to determine them. Consequently, only the average productivity of labor will be taken into account as a proxy in the bargaining process.  

In addition, we can doubt if production processes behaves like a neoclassical production function, which is still a black box. Furthermore it is questionable whether capital malleable? We have reasons to believe that this is not the case It makes no sense if two workers work with one computer, one desk and one chair. The marginal product of the second worker is obviously zero. The same argument holds for many other examples. In my view, the acceptance of the neoclassical production function is highly based on its mathematical practicability. 


In this paper we want to show that it is possible to resolve the distribution problem of the Leontief production function with the help of a conflict success function, which was introduced by Tullock (1980). In determining the distribution between labor and capital, this means that both employees and employers must stake a part of their expected income to bargain about the distribution. These stakes are lost, if a labor dispute will arise. The amount of the stakes depends on institutional arrangements, especially on the labor laws (e.g. is allowed to found a union, who has to pay in the case of a labor strike, what are the obligations of employers etc.) The labor laws determine a part of the stakes. To formalize this we work out a small model below to highlight the most important features. 
II The Model  


Let us assume that the production is given by a Leontief production function:
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where A is a positive constant parameter, representing the overall productivity, L is the quantity of labor force and K is the quantity of capital. The question is how will output of production be distributed between labor force and capital? To resolve this, we assume that the employees are able to strike and that the employers are able to lock out the employees. Additionally, it is assumed that institutional rules for a labor dispute exist and how to use these possibilities in a legal way. Here we assume that the labor share of income depends on a conflict success function 
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, which has the following form:
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and
(2B) 
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Here the function 
[image: image5.wmf](

)

C

L

g

g

,

1

a

-

 represents the labor share of the aggregate income. The variables 
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 represent the power of employees and employers which stem from the institutional arrangements on labor disputes,
 especially labor laws. These variables are exogenous determined The variables 
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 represents the loss of working time caused by a strike and/or the contributions to labor unions and 
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 represents the loss of working hours caused by locking out the employees and/or the contributions to employer associations. That means that the function 
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 represents the capital share of income. The production function per capita is given by: 
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Then the wage per capita is given by 

(4)
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The interest factor 
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 is given by

(5)

[image: image17.wmf](

)

[

]

C

L

C

L

C

C

C

C

C

L

g

k

y

g

g

G

G

g

G

g

K

L

K

A

g

g

R

-

+

+

+

+

=

-

=

,

min

,

a

.

Both the employers and the employees want to maximize their income shares. That means that the employees maximize (4) and the employers maximize (5), if both parties are risk-neutral. Here we assume that both parties behave like in a Cournot-Nash competition. That means that the workers maximize their stakes (4) given the optimal stakes of capital owners and the capital owner maximize their stakes (5) given the optimal stakes of the workers. After a little manipulation, we get the best response functions of both players, workers and capital owners;
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Equating the two best response functions leads to the optimal stakes for as well the workers as the capital owners.
(6)
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This is the interior solution. Because we want to show the effect of institutional setting on income distribution, we assume that no interior solution exists. This can be done without loss of generality. So we apply the Kuhn-Tucker conditions, and we come to the result, that the stakes are zero, if 
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 In this case the distribution of income is only determined by institutional rules. Here we analyze only this case.
 The factor prices are then given by: 

(8)
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and 

(9)
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It should be noted, that the differences between (8) and (9) and equations (4) and (5) are a result of a corner solution.
Now we have to analyze two different cases, one where 
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Case 1

If we assume that the capital intensity 
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the corresponding wage rate is;
(11)

[image: image30.wmf](

)

Ak

w

a

-

=

1

. 

However, if we assume that 
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Case 2
In the case that 
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and the interest factor is 
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Now we have used “conflict theory” to give a microeconomic foundation of income distribution, in case of a Leontief production function. 
Now we summarize the results, where we make use of time indexes as subscripts to analyze the dynamics of the model: 
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Graph 2.
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The graph on the left describes the relation between the capital intensity and the interest factor and the graph on the right describes the relation between the capital intensity and the gross wage rate.  

III The Dynamics

In order to introduce the dynamics of the model we use the OLG-model of the Diamond (1965). Individuals live for two periods; in the first period they are working and in the second they are retiring. We assume that all individuals have the same utility function and that the utility function obeys the conventional neoclassical assumptions and it is homothetic.
 That means, the utility function depends on the consumption in first period of life 
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 and on the consumption in the second period of life 
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This utility function is maximized with respect to the budget constraints: 

(15)
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where 
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is the gross wage rate per worker unit and 
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 is the real interest factor. Maximizing (14) with respect to (15) gives the following savings function
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Now we can analyze the economic evolution of the above described economy. We assume that the labor force is growing with the rate n and we assume that the depreciation rate is 100 % per period.
 Now we have to investigate the dynamics of the economy in two cases. 
Case 1

The first is 
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. Additionally, we assume, as has been motivated in the previous section, that only the institutional rules are decisive for the income distribution. Then the interest factor is given by (10) and the wage rate by (11). That means that unemployment exists as long as all employed workers want to work full time. The unemployment rate is given by 

(17)
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The growth factor of the economy is given by: 
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Moreover, the growth rate per capita is given by

(19)
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If 
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 holds, the economy will grow and the unemployment will decrease until K=L is reached. 
If 
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 holds, the production per capita will decrease and the unemployment will increase.
Proof:

(20)
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This result holds by assumption. 

It can also be easily seen by looking at (20). We know that 
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Here we assume that no kind of unemployment insurance exists. Therefore, we must assume that the unemployed will die, after they got children.
 

Case 2

Now we come to the second case, where 
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. The reason for the behavior of accumulation of capital is that individuals save, given the expected interest rate of the next period. Because of the fact that there is no coordination mechanism for the aggregate savings, the result will be an over accumulation of capital. With respect to this the production is not efficient, because 
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In this case, the growth factor of the economy is given by: 

(21)
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and the growth factor per capita is given by

(22)
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Because the overall growth factor and the per capita growth factor both depend on the capital intensity in period t and t+1 we have a closer look at the capital intensity in both periods
The capital intensity in period t+1 is given by 
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. and in period t+2 it is given by 
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That means that the capital intensity in period t+1 is the same as in period t+2, This results in the equation below;
(23)
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Now we have to look at two possible cases as before. At first, we assume that 
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 holds. There is no unemployment and immediately a steady state will be reached, because the per capita growth rate in period t+1 is zero. We get a steady-state capital intensity of: 

(24)
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The steady-state equilibrium is locally stable. 

Prove: To prove that we look at the capital market clearing condition:

(25)
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Total Differentiating with respect to 
[image: image75.wmf]t

k

 and 
[image: image76.wmf]1

+

t

k

 at the point 
[image: image77.wmf]*

1

k

k

k

t

t

=

=

+

gives:

(26)

[image: image78.wmf](

)

1

0

1

0

1

2

1

1

<

=

+

-

÷

÷

ø

ö

ç

ç

è

æ

¢

÷

÷

ø

ö

ç

ç

è

æ

-

=

+

+

+

n

k

A

k

A

dk

dk

t

t

t

t

a

b

a

.

Obviously, the steady-state equilibrium is locally stable. The steady-state equilibrium is also globally stable, because of the fact, that the wage rate will be constant if the capital intensity is greater than one and hence the savings function depends only on the value of 
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 the steady-state equilibrium will be reached immediately. The steady state has the following characteristics, where the capital intensity is given by equation (24):
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If we assume that 
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 there exists only equilibrium at the origin. 
In case where the interest elasticity of savings is zero we get the following figure Notice that this applies for the case that 
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Fig. 3

We can interpret fig 3 in the following way: If an economy starts with a capital intensity lower then 1, the economy will realize a constant positive growth rate, until that the capital intensity per head will exceed one in the next period. If that is the case, the interest rate will be lower than in the previous periods. If the capital intensity will be greater than one, the wage rate is independent from the capital intensity and constant. A steady-state equilibrium will be reached at 
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 after the next period. However, we should note, that in equilibrium capital is over accumulated, because the part 
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 of the capital stock is not productive. 
In principle, the government could tax away this part of capital stock without harming anybody and could use this for alternative expenditures to increase the welfare (e.g. pay-as-you-go-by pension system, redistribution of income, public health care etc.). 

IV Golden Rule of Accumulation 


In the previous section we have shown that a steady-state will be reached at 
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, but in principle that steady-state is inefficient in the sense that capital is over-accumulated. From efficiency point of view this is undesired situation. What can, in principle, be done to increase efficiency and to avoid over accumulation of capital?

To illustrate and make this point clear, let us assume that the government would introduce a lump-sum tax, so that the savings per capita will satisfy the following condition: 
(29)

[image: image95.wmf](

)

[

]

(

)

1

1

1

1

=

+

-

-

÷

ø

ö

ç

è

æ

n

t

A

A

a

a

b

. 

The tax revenue 
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will be given to the old generation as for example an old-age security payment. This is a new stable equilibrium. Why is this equilibrium pareto-superior to all other equilibrium constellations? The reasoning is that the wage rate is constant, if 
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, which will be given to the old generation as an old age security payment. The working generation will not be harmed, because the decrease of income is compensated by the pension payment. Just as this generation all following generations will not realize a welfare loss. Insofar, the golden rule of accumulation is given by: 

(30)
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That means that the per capita growth factor equals the fertility factor.
  

IV Results and Interpretation


In general, we have shown that the two Harrod problems are solvable. In Harrod’s model there exists only an unstable steady equilibrium, if it exists at all.  In this paper we developed a model where an unique and stable equilibrium exists, given that the institutional framework is stable. There is however no guarantee that this equilibrium will be reach like in the neoclassical way. Giving the fact that savings rate will be too low, the economy will run into a deep depression. 


However, just as with any other growth model our model should fulfill the stylized facts of Kaldor. If we assume that all economies are on the transitions path to the steady-state, we can state that our model fulfills all these stylized facts: the output per capita increases, the capital-intensity increases, the capital-output ratio is constant, the long-run profit rate is constant, the distribution of income is constant, and the per-capita growth rate is independent of the per-capita income .We add two additional stylized facts of Romer (1989), which are also fulfilled, that is, the growth rate depends on the investment rate and the fertility and the per-capita growth rate are negatively correlated.
In general the steady state is combined with an inefficient allocation of factor inputs, because labor is more scarce than capital. This is of course an inefficient allocation and therefore undesirable. In the last part of the paper we have shown that is possible to avoid this inefficiency by introducing a pay-as you go pension system. However, there exists a steady-state equilibrium, which is stable as long the institutional framework within the economy is  stable, the savings behavior is stable, the fertility behavior is stable and if there are no frictions caused from outside. Whether all these conditions are fulfilled can be doubted and that is just what Keynes had in mind. These doubts can be justified by wars, international trade, and so on. If there are some of such instabilities it must be feared, that the condition for a steady-state equilibrium will be violated. 
If we compare the original equilibrium condition of Harrod we our model is not surprising, that there are similarities. To see this we compare the analogous condition of 
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 in the Harrod model with our result, namely  
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. We can conclude that the optimal growth path will be identical to the 45°-line in fig. 3. But Harrod takes only the equilibrium 
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 into account, because this is the only constellation where no resources, neither capital nor labor, are wasted or unemployed. However, there are is an infinite number of steady states, if the Harrod conditions are not fulfilled. The steady-state capital intensity would only depend on the starting conditions of the economy and the institutional rules of distribution between labor and capital income. In the case, that the second angle is reached between 45°-line and the horizontal line 
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 his condition is a kind of golden rule of accumulation. Because in general the steady state is combined with an inefficient allocation of factor inputs, because labor is more scarce than capital. In so far Harrod was absolute right. 

If there are some of instabilities within the economy it must be feared, that the condition for a steady-state is not fulfilled. Additionally, we see that the revised Harrod-model is not very different from the neoclassical model, it is like a stylized form of it. The only difference between the both models is, that marginal productivity plays no role in the revised Harrod-model.  

We summarize concluding the two cases. One case is that the growth rate of capital is lower than the growth rate of labor force and the contrary. Let us look at first at the worst cases, or let us call these cases, the Marxian Case or Malthusian case.
 In this case we have 
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, what means that the growth rate of capital is lower than the growth rate of labor force. The economy is never sustainable and will disappear after some time, because the production will be zero. 

The second case and the more interesting one is 
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. In this case, we got at first a phase of positive per capita growth, and then we end up in a steady state with full employment. If we assume that in the world of today capital is more scarce than labor, this model seems to be an adequate approach to reality. That means that the neoclassical economists are right, that they expect to reach a long run steady state, but this was never questioned by John Maynard Keynes and his fellows. His point was that: "In the long run, we are all dead."
  


Finally, in our paper we developed a Harrod-Domar model with a microeconomic foundation. The main problems Harrod himself has raised are solved under specific conditions, but one problem is still existing, the problem of unemployment. In addition, the conclusion is that only the government is able to avoid unemployment and over-accumulation of capital. The advantage of this model is that we are able to analyze situations outside the steady state, which is very complicate in the neoclassical growth model of the Diamond type.  

On the other hand this model delivers some good news, in the long run a steady-state could be reached if the product of labor share, the savings rate and the productivity parameter is bigger than or equal the growth factor of labor force. If this condition is not fulfilled, the government has two possibilities to enhance the economic situation at first to introduce an adequate tax system to reach a steady state and at second to change the institutional arrangements on labor disputes and the solution mechanisms of them. In addition we have shown that in general an inefficient steady-state will be reached. So it is useful to reduce the over-accumulation by taxing the income.  

Additionally, we have shown that Hussein & Thirlwall (2000) are right to write that in principle the AK model of new growth theory is identical to the Harrod-Domar model, where the Harrod-Domar approach seems to be more convincing.
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( We  thank Bert Steenge for initiating us to write this paper and we thank Lutz Arnold and Heinz Holländer for their suggestions and comments. All errors are ours. 


� Robinson (1934) states “To some writers the theory of marginal productivity appeared as a grand moral principle which showed that what a social class gets is, under natural law, what it contributes to the general output of industry”


� For different formulations of the conflict success function, see e.g. Hirshleifer (1989) or Skaperdas (1996). 


� I think Harrod (1974) had this in mind, because he wrote (p. 244): “In practice, distribution is determined in part by institutional arrangements.”


� Maybe some readers think that it would be better to subtract also the stake of the capital owners, but this would not change the qualitative results. 


� If we would assume that the number of firms and employees is going to infinity, the stakes of both sides would go to zero and we would get the identical results. See e.g. Geerdink & Stauvermann (2006).


� If these conditions are not fulfilled, there will be a loss of income caused by labor disputes. Of course, this outcome is inefficient. Then the institutional arrangements in the economy are inefficient. In the next paper, we will take into account the influence of the expected unemployment rate on the bargaining power of labor.   


� Stauvermann (1997) gives an exact description of the characteristics of this utility function.  


� Here we do not investigate into the definition of the rate n. It could be interpreted as the fertility rate but also as an exogenous rate of technical progress or as a combination of both rates.   


� It is no problem to introduce unemployment insurance. However, to make the analysis as easy as possible, we made our assumption.  


� Please note that � EMBED Equation.3  ��� in this situation. 


� Marx thought that the labor class would change the institutions at some point of time. Contrary to this Malthus believed that the economy would end up in a state where much people will die of starvation, like in low-developed countries.    


� Taken from Felderer & Homburg (1987).





PAGE  
1

_1170239389.unknown

_1195711262.unknown

_1197230466.unknown

_1197235494.unknown

_1197361743.unknown

_1197369068.unknown

_1197369334.unknown

_1197363419.unknown

_1197366993.unknown

_1197361755.unknown

_1197360141.unknown

_1197360925.unknown

_1197360124.unknown

_1197234839.unknown

_1197235317.unknown

_1197235482.unknown

_1197235326.unknown

_1197234960.unknown

_1197232564.unknown

_1197234488.unknown

_1197234555.unknown

_1197234648.unknown

_1197232587.unknown

_1197230483.unknown

_1197230866.unknown

_1197227434.unknown

_1197228591.unknown

_1197229551.unknown

_1197228482.unknown

_1196338938.unknown

_1197227057.unknown

_1197227323.unknown

_1197227051.unknown

_1196338657.unknown

_1196338789.unknown

_1196338869.unknown

_1196338370.unknown

_1172388785.unknown

_1173777846.unknown

_1175504206.unknown

_1195468795.unknown

_1195469295.unknown

_1195505434.unknown

_1195468959.unknown

_1195467943.unknown

_1174719704.unknown

_1174719731.unknown

_1173777865.unknown

_1173778449.unknown

_1172404068.unknown

_1172462939.unknown

_1172463900.unknown

_1173777796.unknown

_1172464639.unknown

_1172463833.unknown

_1172462781.unknown

_1172462799.unknown

_1172462658.unknown

_1172403984.unknown

_1172404019.unknown

_1172403878.unknown

_1172399688.unknown

_1170574036.unknown

_1170575194.unknown

_1170575302.unknown

_1170575472.unknown

_1170575289.unknown

_1170574734.unknown

_1170574785.unknown

_1170574201.unknown

_1170573847.unknown

_1170573934.unknown

_1170573966.unknown

_1170573910.unknown

_1170333368.unknown

_1170572617.unknown

_1170389531.unknown

_1170240273.unknown

_1170325004.unknown

_1170240247.unknown

_1169043310.unknown

_1169896503.unknown

_1169897629.unknown

_1170235193.unknown

_1170239311.unknown

_1170235271.unknown

_1169898156.unknown

_1169900136.unknown

_1169900559.unknown

_1169897844.unknown

_1169896559.unknown

_1169896639.unknown

_1169896536.unknown

_1169895993.unknown

_1169896229.unknown

_1169896465.unknown

_1169043384.unknown

_1169043493.unknown

_1169031215.unknown

_1169042953.unknown

_1169043150.unknown

_1169042891.unknown

_1169031048.unknown

_1169031187.unknown

_1169031034.unknown

